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Preface 


This book is designed for researchers, graduate students, educators, and 
practitioners with an interest in mathematical analysis in particular and in 
mathematics in general. The book aims to present theory, methods, and 
applications of the chosen topics under several chapters that have recent 
research importance and use. Emphasis is made to present the basic devel- 
opments concerning each idea in full detail, and also contain the most recent 
advances made in the corresponding area of study. The text is presented in a 
self-contained manner, providing at least an idea of the proof of all results, and 
giving enough references to enable the interested reader to follow subsequent 
studies in a still developing field. There are 20 selected chapters in this book 
and they are organized as follows. 

The chapter “Spaces of Asymptotically Developable Functions and Applica- 
tions” presents the functional structure of the spaces of asymptotically devel- 
opable functions in several complex variables. The authors also illustrate the 
notion of summability with some applications concerning singularly perturbed 
systems of ordinary differential equations and Pfaffian systems. 

The chapter “Duality for Gaussian Processes from Random Signed Measures” 
proves a number of results for a general class of Gaussian processes. Two fea- 
tures are stressed, first the Gaussian processes are indexed by a general measure 
space; second, the authors “adjust” the associated reproducing kernel Hilbert 
spaces (RKHSs) to the measurable category. Among other things, this allows 
us to give a precise necessary and sufficient condition for equivalence of a pair 
of probability measures (in sample space), which determine the corresponding 
two Gaussian processes. 

In the chapter “Many-body Wave Scattering Problems for Small Scatterers 
and Creating Materials with a Desired Refraction Coefficient,” formulas 
are derived for solutions of many-body wave scattering problems by small 
impedance particles embedded in an inhomogeneous medium. The limiting 
case is considered when the size a of small particles tends to zero while their 
number tends to infinity at a suitable rate. Equations for the limiting effective 
(self-consistent) field in the medium are derived. The theory is based on a 
study of integral equations and asymptotic of their solutions as a tends to 
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zero. The case of wave scattering by many small particles embedded in an 
inhomogeneous medium is also studied. Applications of this theory to creating 
materials with a desired refraction coefficient are given. A recipe is given 
for creating such materials by embedding into a given material many small 
impedance particles with prescribed boundary impedances. 

The chapter “Generalized Convex Functions and their Applications” focuses 
on convex functions and their generalization. The definition of convex function 
along with some relevant properties of such functions is given first, followed by 
a discussion ona simple geometric property. Then the e-convex function is gen- 
eralized and some of their properties are established. Moreover, a generalized 
s-convex function is presented in the second sense and the paper presents some 
new inequalities of generalized Hermite—Hadamard’s type for the class of func- 
tions whose second local fractional derivatives of order a in absolute value at 
certain powers are generalized s-convex functions in the second sense. At the 
end, some applications to special means are also presented. 

The chapter “Some Properties and Generalizations of the Catalan, Fuss, and 
Fuss—Catalan Numbers” presents an expository review and survey for analytic 
generalizations and properties of the Catalan numbers, the Fuss numbers, the 
Fuss—Catalan numbers, the Catalan function, the Catalan—Qi function, the 
q-Catalan—Qi numbers, and the Fuss—Catalan—Qi function. 

The chapter “Trace Inequalities of Jensen Type for Selfadjoint Operators in 
Hilbert Spaces: A Survey of Recent Results” provides a survey of recent results 
for trace inequalities related to the celebrated Jensen’s and Slater’s inequalities 
and their reverses. Applications for various functions of interest such as power 
and logarithmic functions are also emphasized. Trace inequalities for bounded 
linear operators in complex Hilbert spaces play an important role in Physics, in 
general, and in Quantum Mechanics, in particular. 

The chapter “Spectral Synthesis and its Applications” presents a survey about 
spectral analysis and spectral synthesis. The chapter recalls the most important 
classical results in the field and in some cases new proofs for them are given. 
It also presents the most recent results in discrete, nondiscrete, and spherical 
spectral synthesis together with some applications. 

The chapter “Various Ulam—Hyers Stabilities of Euler-Lagrange—Jensen 
General (a, b; k =a + b)-Sextic Functional Equations” elucidates the historical 
development of well-known stabilities of various types of functional equations 
such as quintic, sextic, septic, and octic functional equations. It introduced a 
new generalized Euler-Lagrange—Jensen sextic functional equation, obtained 
its general solution and further investigated its various fundamental stabilities 
and instabilities by having employed the famous Hyers’ direct method as well 
as the alternative fixed point method. The chapter is expected to be helpful 
to analyze the stability of various functional equations applied in the physical 
sciences. 

The chapter “A Note on the Split Common Fixed-Point Problem and its 
Variant Forms” proposed new algorithms for solving the split common fixed 
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point problem and its variant forms, and prove the convergence results of 
the proposed algorithms. The split common fixed point problems have found 
its applications in various branches of mathematics both pure and applied. It 
provides a unified structure to study a large number of nonlinear mappings. 

The chapter “Stabilities and Instabilities of Rational Functional Equations 
and Euler—Lagrange—Jensen (a, b)-Sextic Functional Equations” comprises the 
growth, importance and relevance of functional equations in other fields. Its 
fundamental and basic results of various stabilities are presented. The stability 
results of various rational and Euler-Lagrange—Jensen sextic functional 
equations are investigated. Application and geometrical interpretation of 
rational functional equation are also illustrated for the readers to study similar 
problems. 

The chapter “Attractor of the Generalized Contractive Iterated Function 
System” deals with the problems to construct the fractal sets of the iterated 
function system for certain finite collection of F-contraction mappings defined 
on metric spaces as well as b-metric spaces. A new iterated function system 
called generalized F-contractive iterated function system is defined. Further, a 
method is presented to construct new fractals; where the resulting fractals are 
often self-similar but more general. 

The chapter “Regular and Rapid Variations and some Applications” presents 
an overview of recent results on regular and rapid variations of functions and 
sequences and some their applications in selection principles theory, game the- 
ory, and asymptotic analysis of solutions of differential equations. 

The chapter “n-Inner Products, n-Norms, and Angles Between Two Sub- 
spaces” discusses the concepts of #-inner products and m-norms for any natural 
number n, which are generalizations of the concepts of inner products and 
norms. It presents some geometric aspects of n-normed spaces and v-inner 
product spaces, especially regarding the notion of orthogonality and angles 
between two subspaces of such a space. 

The chapter “Proximal Fiber Bundles on Nerve Complexes” introduces prox- 
imal fiber bundles of nerve complexes. Briefly, a nerve complex is a collection 
of filled triangles (2-simplexes) that have nonempty intersection. Nerve com- 
plexes are important in the study of shapes with a number of recent applications 
that include the classification of object shapes in digital images. The focus of 
this chapter is on fiber bundles defined by projections on a set of fibers that are 
nerve complexes into a base space such as the set of descriptions of nerve com- 
plexes. Two forms of fiber bundles are introduced, namely, spatial and descrip- 
tive, including a descriptive form BreMiller—Sloyer sheaf on a Vietoris—Rips 
complex. The introduction to nerve complexes includes a recent extension of 
nerve complexes that includes nerve spokes. A nerve spoke is a collection of 
filled triangles that always includes filled triangle in a nerve complex. A natural 
transition from the study of fibers that are nerve complexes is in the form of 
projections of pairs of fibers onto a local nervous system complex, which is a 
collection of nerve complexes that are glued together with spokes common to 
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the nerve fibers. A number of results are given for fiber bundles viewed in the 
context of proximity spaces. 

The chapter “Approximation by Generalizations of Hybrid Baskakov Type 
Operators Preserving Exponential Functions” deals with the approximation 
properties of the certain Baskakov—Szasz operators. It estimates the results 
for these hybrid Baskakov—Szasz type operators for exponential test func- 
tions. It also estimates a quantitative asymptotic formula for such operators. 
Mathematica software is used to estimate the results. 

The chapter “Well-Posed Minimization Problems via the Theory of Mea- 
sures of Noncompactness” presents an analysis of the minimization problems 
for functionals defined, lower bounded and lower semicontinuous on a closed 
subset of a metric space. The main focus is on the well-posedness of mini- 
mization problems from the viewpoint of the theory of measures of noncom- 
pactness. The minimization problems for several functionals defined on some 
Banach spaces are also investigated as well. Thus, the chapter clarifies the role 
of the theory of measures of noncompactness in the general approach to the 
well-posedness of minimization problems. 

The chapter “Some Recent Developments on Fixed Point Theory in General- 
ized Metric Spaces” discusses some important developments in the fixed point 
theory in metric spaces. Various advancements are explained in detail through 
useful and applicable results along with examples in generalized metric spaces. 

The chapter “The Basel Problem with an Extension” presents some historical 
aspects to the famous Basel problem, which a number of brilliant mathemati- 
cians attempted, and which had remained unsolved for over 90 years. It was 
the genius Euler who provided a masterful solution and laid the foundations to 
the famous Riemann zeta function and the analysis of series. The chapter then 
investigates a related Euler sum and provides an explicit analytical representa- 
tion, a closed form solution. The related Euler sum also represented in terms 
of logarithmic and hypergeometric functions. The integrals in question will be 
associated with the harmonic numbers of positive terms. A few examples of 
integrals provide an identity in terms of some special functions. 

The chapter “Coupled Fixed Points and Coupled Coincidence Points via Fixed 
Point Theory” focuses on the study of the coupled fixed point and coupled coin- 
cidence point problems for single- and multi-valued operators. The study of this 
chapter is based on appropriate fixed point theorems in two types of general- 
ized metric spaces. Some applications are also given to illustrate part of the 
abstract results presented in this chapter. 

The chapter “The Corona Problem, Carleson Measures, and Applications” 
reviews the developments and generalizations of the Corona problem, the 
results on Carleson measures themselves and some applications of Carleson 
measures, in several different settings, starting from the disc in C (where the 
corona problem was originally set) arriving to the unit ball in C”, to bounded 
strongly pseudoconvex domains and even to domains in the quaternionic 
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space. Both the corona problem and the Carleson measures still need investi- 
gation, as many open problems have not been solved yet. The open problems 
are also highlighted in this chapter. Carleson measures were introduced by 
Lennart Carleson in 1962 to solve an interpolation problem about bounded 
holomorphic functions called the corona problem. 

The editors are grateful to the contributors for their timely contribution and 
co-operation throughout the editing process. The editors have benefited from 
the remarks and comments of several other experts on the topics covered in 
this book. The editors would also like to thank the book handling editors at 
Wiley and production staff members for their continuous support and help. 
Finally, the editors offer sincere thanks to all those who contributed directly or 
indirectly in completing this book project. 


August 25, 2017 Michael Ruzhansky 
London, UK 


Hemen Dutta 
Guwahati, India 
Ravi P. Agarwal 
Texas, USA 
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1.1. Introduction and Some Notations 


This chapter is a short review of some results concerning asymptotic 
expansions in several complex variables, and summability. Different notions 
of asymptotic expansions have been developed in literature in last decades, 
trying to generalize classical results regarding asymptotics in one variable, 
dating back to H. Poincaré, and further developed by Wasow [1], Ramis [2], 
Ecalle [3], Balser [4], Braaksma [5, 6], and many others. In several variables, 
as main contributions, let us mention those of Gérard and Sibuya [7] in the 
1970s, Majima [8, 9] in the 1980s, and more recently the notion of monomial 
asymptotic expansions and monomial summability of Canalis-Durand et al. 
[10]. It is also worth to mention here that the notion of composite asymptotic 
expansions, developed by Fruchard and Schafke [11], has been very useful in 
the treatment of singularly perturbed linear differential equations. 

We shall review mainly the notion of strong asymptotic expansions of Majima 
and monomial asymptotic expansions of Canalis-Durand, Mozo, and Schafke, 
and clarifying some relations between them. These notions will be applied to 
several problems concerning summability of solutions of systems of ordinary 
differential equations ODEs and Pfaffian systems. Concerning Pfaffian systems, 
we will state some recent progresses of S. Carrillo, see [12] for complete details. 

This chapter does not intend to be complete at all, the objective is only to 
present, in the opinion of the authors, some of the more relevant contributions 
concerning this wide theory. For the new results presented here, relevant pre- 
cise references are given in the text. Such a survey, as we know, does not exist in 
the literature, so we think that it may be useful as a starting point for researchers 
in the area. 
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Some of the main notations used throughout the text will be the following: 


N will denote the set of natural numbers including 0, and N* = N\ {0}. 
a, b, z,...(boldface) will denote vectors: a = (4,, 4), ...,d,,), and so on. 
Ifa, b € R”, a < b means that V i, a; < b;. 

Ifa, b € R”, a < b means that V i, a; < b,. 

0 :=(0,0,...,0). 


If U is an open set in C”, O(U) is the set of holomorphic functions on U. 
Similarly, C®(U) will denote the set of C® functions on U, identifying C” & R2”. 

C[[x]] is the ring of formal power series in the variables x. 

C{x} is the ring of convergent power series (at the origin) in the variables x. 

Ifa < band R> 0 (or R= +00), V(a, b; R) will denote the sector of radius R 
and opening between the rays arg z = a and argz = J, that is, the set 


{zEC; a<argz<b, 0<|z| <R}. 


Note that we are not restricted to the case b — a < 2x. If b—a > 2z, the sec- 
tors are to be understood in the Riemann surface of log z, that is, the universal 
covering of C\{O}. 

Ifa < band R > 0, V(a, b; R) will denote the polysector 

V(a,,b,; Ry) X V(do, by; Ry) X ++ +X V(a,, 6,3 R,,). 


In general, multiindex notation will be freely used throughout the text. So, x? 
will denote Ce i » sexi", N! is N,!%.N,!@--+N,!%, and so on. 


1.2 Strong Asymptotic Expansions 


The notion of asymptotics in one variable was introduced by Poincaré, trying to 
give a meaning to the notion ofa sum for divergent series, that had been contro- 
versed and widely study since the times of Euler and Abel and was developed by 
different authors during the twentieth century, as Birkhoff, Wasow, Hukuhara, 
and Sibuya. Some good expositions with emphasis in the history, of the the- 
ory of divergent series, are due to Ramis [13, 14]. An important improvement 
was done at the end of the 1970s by Ramis with the introduction of the theory 
of Gevrey summability, generalizing Borel summability. The objective was to 
give a meaning to the formal power series appearing as solutions of systems of 
ODEs with irregular singular points. In other words, to define a sum (or several 
sums) for these series. It turns out that not every solution of a system of ODEs 
with irregular singular points is summable in this sense, but nevertheless it was 
shown in the next years that solutions of these systems are multisummable, 
that is, choosing a direction in the complex plane that avoids a finite number 
of directions, the formal series solutions can be uniquely decomposed as a sum 
of formal series, and a process of k-summability (with different values of k) can 
be applied to each of these summands in order to obtain a true holomorphic 
solution of the system. 


Spaces of Asymptotically Developable Functions and Applications 


Different essays were done in order to generalize this notion to several vari- 
ables. Asymptotics and summability with parameters were used by different 
authors, from Wasow, Hukuhara, and others, but this was not a true complete 
notion of summability in several variables, that could be used, for instance, to 
study systems of partial differential equations. The first notion that clearly gen- 
eralized that of Poincaré was due to H. Majima, who in 1983 presented what he 
called strong asymptotic expansions, and applied in 1984 to the study of inte- 
grable connections. 

In this section, we shall recall the notion of strong asymptotic expansions. In 
the Gevrey case, his work was generalized by Haraoka [15]. Further develop- 
ments of this notion were established by Zurro [16], Hernandez [17], Galindo 
and Sanz [18] and the second author, among others. 

Given a < b, and R > 0, denote V the polysector V(a, b; R). 


Definition 1.1 A total family of coefficients in V is a family of holomorphic 
functions 
P= (f,(Z) €OV,); B#IC {1,2,...,0}, a EN}. 
Given such a family, let us define, for N € N®, the N-approximant of F as 
AppyrF= Yo CD. SY f,@)-2;' € OV), 


O#JC{1,2,...,n} ayeN 
a, <Ny 


where N’ denotes []_,N, /° = {1,2,...,a}\J. 


ie] 


Definition 1.2 Let V be a polysector in C”, f € O(V), and F a total fam- 
ily of coefficients in V. We will say that f admits F as a strong asymptotic 
expansion in V if for every N € N", and every strict subpolysector W of V (see 
Remark 1.1), there are constants C(W,N) > 0 such that, ifz € W, 


f(z) — Appy(FY(z)| < C(W,N) - |Z]. 


If s = (81, S5,...,5,,) € [0, c]”, the asymptotic expansion is called of s-Gevrey 
type if there exists constants C(W) > 0 and A(W) > 0, depending on the sub- 
polysector W, such that C(W,N) can be chosen as 


C(W,N) = C(W)- A(W)N! . NIS, 


Remark 1.1 In this remark, and throughout the text, we will say that W is a 
strict subpolysector of V if it is bounded, and moreover, 


W C(V,U {0}) x---x(V,,U {0}). 


We will denote this situation as W < V. 


Let us denote A(V) (resp. A,(V)) the set of functions on V admitting a strong 
asymptotic expansion (resp. of s-Gevrey type). They are differential C-algebras. 
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In particular, if 6 € N” and f admits a family F as a strong asymptotic expan- 
sion, the derivative D’f admits G, where 


(a, + B,)! 
G= { eat) E OV); Bq, (Zye) = me - DI Uarahts)} : 
as strong asymptotic expansion. The unicity of the asymptotic expansion can 
be deduced from the following fact: take, for instance, N = (1,0, ...,0),7 = {1}. 
Then, we have that 


If 2) — folZa +++ »2)| < CCW,N) - |Z I. 


in a proper subpolysector W. Taking limits when z, tends to 0, we have 


So G54) = lim f(2). 


ZEW 


Stability under derivation allows us to conclude. Due to this unicity, the total 
family of coefficients of strong asymptotic expansion for a function f is denoted 
as TA(f). Denoting f, = Teas 2 the formal power series 


Let 


is the formal power series of asymptotic expansion of f, denoted as FA(f). In 
the particular case, this series, when expanded with respect to any variable, 
has coefficients holomorphic in a common disk around the origin in the other 
variables, then it determines the family TA(f), and we will say that f has the 
series FA(f) as strong asymptotic expansion at the origin. 


Definition 1.3 A total family of coefficients F = Ua, (Zje)} in V is called 
consistent if each Le (z;-) € A(V;.) and moreover the family 


Fy = oe by (Zyuyne)s y # j c I} 
equals TA(f,, (Zje))- Iff € A(V), the family TA(f) is a consistent one. 


The following characterization turns out to be very useful in order to work 
with strong asymptotic expansions in polysectors: 


Theorem 1.1 Let V bea polysector in C” and f € O(V). The following con- 
ditions are equivalent: 


1. f € A(V). 

2. If W < V, every derivative D’f is bounded in W. 

3. If W < V, the restriction f|, can be extended to the whole space C” as a 
C®-function (considering C” = R”). 
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Proof: (1) > (2) is evident, as strongly asymptotically developable functions are 
bounded in subpolysectors and the C-algebra A(V) is stable by derivation. 

(2) => (3). The subpolysector W is 1-regular in the sense of H. Whitney: for 
every Z, € W, there exists a neighborhood U of z), and a constant C > 0 such 
that, ifx,y € UN W, a rectifiable curve y exists in W joining x and y and such 
that its length /(y) satisfies a bound 


ly) <C-|x-y|. 


Given z, € OW, let us take a sequence {z,,}_, in W converging to zy. Ifr,s EN, 
a curve y,, exists joining z, and z,, and such that /(y,,) < C - |z, — z,|. Then 


b n 
i b Dif (y(t) rut) dt 
a i=1 


< Cynl(y,s) < CinC|z, = eels 


f(z) —f(@)| = 


where C, is a bound for the first derivatives of f. The sequence {f(z,)}°, isa 
Cauchy sequence, so f can be extended to z). The same argument allows us to 
extend to W all the derivatives of f. 

As W is 1-regular, these extensions define a C®-function in the sense of Whit- 
ney, and the result follows. 

(3) = (1). Consider a C® extension Fy of f|y,, and define 


Soy Zo) 2= 7 » DY (Ey, Z)) 


on W,., functions that patch together giving a holomorphic function in V,.. 
These functions define a total family of coefficients F. Taylor integral formula 
allows us to show that, on W, 


C, 
f(z) — Appy(F)@)I| < x -|2NI, 


where Cy is a bound of DNf(z) on W. oO 


In classical asymptotics in one variable, Borel—Ritt theorem is of great utility: 
It says that every formal power series is the asymptotic expansion of some func- 
tion in an arbitrarily chosen sector. There is an analogue for strong asymptotic 
expansions, as follows: 


Theorem 1.2 (Borel-Ritt) Given a consistent family F of coefficients on a 
polysector V, there exists a function f € O(V) such that TA(f) = F. 


Sketch of proof: In [8], Majima proves a weaker result. More precisely, he shows 
that given a formal power series f(z) € C[[z]], there exists a function f € A(V) 
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such that FA(f) = ve . He follows the same idea as in the classical proof in one 
variable: from the expansion 


f@= DV fz, 


aeN 


he constructs a function 


n d : 
fa) = Ye-T(1-e0(S)) a 
aeN" j=l zi 


j 
defining d, , and p; appropriately in order to guarantee that the previous expres- 
sion defines a holomorphic function in the polysector, and the bounds of the 
definition of the strong asymptotic expansion are verified. A modification of 
this proof is presented in [9] to show the general case stated here. He employs 
induction on nv, assuming in each step that part of the functions Soy Ze) are 
zero. 

Let us mention that another proof may be done as follows: a consistent family 
F verifies regularity conditions (in fact, it is formally holomorphic), and so, 
defines a C®-function in the sense of Whitney (see [19] for precise definitions 
and details). So, there exists F(z), a C® function, defined in a neighborhood of 
0 in C”, such that the restriction of its derivatives coincide with the functions 
Soy: Truncated Laplace transform of F(z) defines an element of A(V) and this 
allows us to conclude. Oo 


Strong asymptotic expansions may be defined from one variable asymptotic 
expansions using functional analysis techniques. For, let us consider the space 
A(V). For every W < V and f € N", define 


Pw pf) t= sup{|D*f(z)|; z € W}. 


This number exists, by Theorem 1.1, and defines a family of seminorms 
{Pw} w.p that provides A(V) with a Frechet space structure. If E is a Frechet 
space and V a polysector, the space A(V;E) of strongly asymptotically devel- 
opable functions with values in E may be defined. It turns out that there are 
natural isomorphisms A(V, x V,) = A(V,; A(V,)) [17], and this allows us to 
make recurrence on the number of variables. 

Returning to Theorem 1.1, let us denote R(W) = C™(W)N O(W), that is, 
the space of holomorphic functions in W that are C® in the sense of Whit- 
ney in the compact set W. Due to the regularity of W, this implies that they 
can be extended as a C®-function to the whole space C”. So, we have that 
A(V) = lim R(W). The space R(W), as asubspace of C*(W), is a nuclear space 


W<V 
[20, 21], and hence, A(V) is also nuclear. As A(V) is dense in C®(W), it can be 
shown that in fact, A(V, X V>) & A(V,)®A(V;), where ® denotes the topo- 
logical tensor product, as defined by A. Grothendieck. Precise details may be 
found in [22]. 
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Let us comment briefly further properties of strong asymptotic expansions. 


1. Consider a multidirection d = (d,,d,,...,d,) on a polysector V(a,b;1r); 
d; = e%, where a, < 0, < b;. Assume that f € O(V) is a holomorphic and 
bounded function having a strong asymptotic expansion on d: the bounds 
are verified when restricting to this multidirection (which in fact defines a 
n-dimensional real space). Then f € A(V), that is, the asymptotic expansion 
exists in the whole polysector. This result is shown in [23], and generalizes 
a result for the one variable case stated by Fruchard and Zhang [24]. 

2. From the sheaf of Whitney C®-functions, Honda and Prelli construct in 
[25] the sheaf of strongly asymptotically developable functions by applying a 
functor of specialization. This functional setting appears to be rather inter- 
esting for future applications, and it deserves further development. 


Most of the main results presented in this section have been stated in the 
context of the so-called Poincaré asymptotics. In the Gevrey case, they are still 
valid, with more or less straightforward modifications. In the literature on the 
subject you can find complete statements and proofs. Let us, nevertheless, men- 
tion some interesting issues concerning the Gevrey case. 

For, recall that in one variable, Watson’s lemma says that if f € O(V) has a 
series F as s-Gevrey asymptotic expansion, and the opening of the sector V is 
strictly greater than sz, then f(z) is unique, and therefore is called the sum of 


f@inV. 
In the context of strong asymptotic expansions, a similar result is the follow- 
ing one: 


Theorem 1.3 Let V be a polysector, f € A(V) having a total family of coef- 
ficients F as s-Gevrey strong asymptotic expansion. Then, if for some j, the 
opening of V; is greater than s,x, f is unique. 


In order to give a proof of this result it is enough to use the fact that A(V) = 
A(V;; A(V;.)), and techniques of topological vector spaces. In [26], the reader 
can find precise details in a rather more general setting. 


1.3. Monomial Asymptotic Expansions 


Several existing examples in the literature may lead us to a different notion 
of asymptotic expansions in several complex variables, more precisely, asymp- 
totics expansions with respect to a monomial. Let us state here, as an example, 
one of these situations concerning resonant holomorphic foliations. 

Martinet and Ramis [27] studied the analytic classification of resonant holo- 
morphic foliations in dimension two, that is, foliations generated by a 1-form 


o = xdy + Eya(x, y)dx, 


7 


8 


Mathematical Analysis and Applications 


where a(0, 0) = 1,€ = p/q € Q,. Such a 1-form turns out to be formally equiv- 
alent to a certain formal normal form. In order to study the analytical equiva- 
lence, they introduce the space of formal power series 


BS (U 10») [ylln (U op») [Ix]. 


r>0 r>0 


Elements f € £ define a formally holomorphic map, in the sense of Lojasiewicz. 
Considering the map p : C? > C? defined by p(x, y) = (x”y4, x, y), define 


Brg = J e(OW, x D, lu). 


r>0 


In fact, B,. a B isa formal space. But, if considering s-Gevrey series in u, they 
turn out to be different. Moreover, from s-Gevrey asymptotic expansions in 
u, with coefficients in the variables x and y, functions in two variables may be 
defined as representing a kind of asymptotic expansions “in x’ y?” Martinet and 
Ramis define also a notion of summability with respect to this monomial, but 
with the warning that “La notion de resommabilité 4 plusieurs variables reste 
peu claire [- - -]” [27, Section 4.3]. The notion of monomial summability we will 
present here will clarify these definitions. 

This example, and another ones that can be found in the literature (see, for 
instance, Chapter X in [28]) lead us to state a notion of asymptotic expansion 
and summability that depends on a monomial. This is what we will do briefly 
in the sequel. 


Definition 1.4 Consider a monomial xy, p, q € N*. A monomial sector in 
xy? is a set 
H,g(4, 637) = {(%, 9) € C*; O< [xl yl <7, a < arg(x?y4) < b}. 
By analogy, the number b — a is called the opening of the monomial sector. 
Given a monomial x’y4, denote Ep the set of analytic functions in a neigh- 


borhood of the origin D(0;R), such that its power series expansion at the 
origin is 


n,m 
ei 
nm 


where 4, = O if > pandm > q. E will denote the set Up. ,Ep, with obvious 
identifications. 


Definition 1.5 Let f be a holomorphic function defined over a monomial 
sector IT = II, ,(a, b; R), andf € C[[x, y]]. We will say that f has f as monomial 
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asymptotic expansion at the origin, or x’y?-asymptotic expansion, if the 
following conditions are satisfied: 


1. There exists R > 0 such that 
fen = DAG” oy", 
n=0 


where f(x,y) € Ep. 

2. For every proper subsector II C1] (ie., HW =T,,(a’,b's1’), with a<a' < 
b' <b, r’ <r), and every N EN, there exists a constant C(II, N) > 0 such 
that 


N-1 
fess — Di fale, W(o¥)"| < CCPL N) - [ay 1%, 


n=0 
over II. 
The asymptotic expansion is called of s-Gevrey type if, moreover: 
1. f (x, y) is of s-Gevrey type in x’ 4, that is, there exists R’ < R such that 
fi WI Ior) < KA"AN, 


for some constants K and A > 0 (here, ||-|| denotes the supremum norm 
on D). 

2. C(I, N) can be chosen as C(II, N) = CBNN'!5, where C and B depend only 
on I, but they do not depend on N. 


The definition of monomial asymptotic expansion is equivalent to the fol- 
lowing one: There exists a family of holomorphic functions defined in a fixed 
neighborhood of 0, f(x, vy) € O(D(O; R), such that, given a monomial subsector 
Il <IMandN EN, 

If, 9) — furl DS COL) - |x? y1%, 


on II, for appropriate constants C(I, N). 
Let us observe that if a formal series f(x, y) is the s-Gevrey monomial asymp- 
totic expansion of a function f(x, y), writing 


POY = Di fam¥", 


the coefficients of i (x, y) satisfy bounds 
aml < CA"*™ + min{n!5/?, m!5/7}. 
Equivalently, 7 (x,y) isa = -Gevrey series in x (with coefficients holomorphic in 


a common neighborhood of 0 in y), and =-Gevrey series in y (with coefficients 
holomorphic in a common neighbourhood of 0 in x). 
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The main tools to study monomial asymptotics and summability are the fol- 
lowing operators, T and 7, which allow us to reduce monomial asymptotic 
expansions to asymptotic expansions in one variable. Let us define first the 
operator T, acting on the space of formal power series. 

For, given a formal power series ri (x,y) € C[[x, y]], consider the filtration by 
the powers of x? y1, and let us write uniquely 


Fay) = ¥ file. yoy", 
n=0 


where F(X, y) € A(x? y4), the set of series such that x’? does not divide any of 
its terms. Define 


A 


T : C{lx,y]] — A@’y) [4], 


Fano Lien. 
n=0 


Note that (Th) wy, x, y= rf (x,y). A similar operator can be constructed 
in the analytic setting: consider f(x,y) € OUD), N=TII,,(4,b;r) being a 


x?y1-sector. Suppose first that (p, g) = (1, 1). The function f (.) is defined if 


a<argt<b, a < |y| <r, and so, it admits a Laurent expansion 


f (.y) => 40y" 


neZ 


Ifn < 0, the term f,,(t)y” can be rewritten, taking into account that ¢ = xy, as 
1 
n 
F,Oe" - ee 


Define g,,(t) = = -f_,(£), and consider 


Tf(t,x,y) =) g(x" + Yi F,(oy". 
n>0O n=0 
It is defined on V(a, b; R) x D(O; R), for appropriate R > 0 small enough, and it 


verifies Tf (xy, x, y) = f(x,y). 
For a general monomial x”y1, f(x, y) € O(I]) can be decomposed as 


fan= DY xfer, 
O<i<p 
O<j<q 
where f,(¢.n) € OUD, M=Tq,)(4,b;7). This decomposition is obtained 
explicitly solving a Vandermonde type linear system. Applying the previous 
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operator T, we obtain a holomorphic function Tf : V(a,b;R) x D(0;R) > C 
such that: 


1. Tf(x?y1,x, y) = f(x,y). 
2. Fixing t € V(a,b;R), the Taylor expansion at the origin is an element of 
A(x? y4). 


This function Tf is uniquely determined. It allows us to transfer asymptotic 
properties of f to asymptotic properties of Tf, in the new variable t. More 
precisely: 


Theorem 1.4 Let Il=II, (a,b; R) be a x?y4-sector, af € C[[x, y]]. Assume 
that Tf (t,x, y) = Dan f(x, yt", where f(x, vy) € A(@’y4), and all the functions 
F,(*, y) have a common disk of convergence. Then, the following conditions are 
satisfied: 


1. f has f as x”y1-asymptotic expansion over IT. 
2. Tf has Tf as t-asymptotic expansion. 


Moreover, if we assume that the asymptotic expansions are of s-Gevrey type, 
then the previous equivalences are still valid. 


This transfer between monomial and classical summability allows us to define 
properly summability with respect to a monomial. 


Definition 1.6 Let s>0, k= - and fx, y) € C[[x, y]] be given. Let 
=I, ,(4, 5; R) be a x’y1-sector. We will say that f is x?y7 — k-summable 
in II if b— a> sn, and there exists f(x,y) € O(M) having f(x,y) as s-Gevrey 
asymptotic expansion in IJ. An adaptation of Watson’s lemma allows us to 
prove the unicity of such /. In fact, functions having the null series as s-Gevrey 
monomial asymptotic expansion with respect to x’y? are exactly the functions 
that are exponentially small, that is, in each proper monomial subsector, they 
satisfy bounds 


A 
lf, »)| < C exp ( ie) 

i is called x?’y1—k-summable in a direction 0€R if there exists a 
x’y1-sector II, bisected by 6, of opening greater than sz, such that f in 
x? — k-summable in IL. 

We will say shortly that fa is x’ y? — k-summable if it is «’y? — k-summable in 
every direction with finitely many exceptions modulo 2a. The space of x” y4 — k- 


summable series will be denoted by Roe 


In one variable, it is crucial to establish the result about the “incompatibility” 
of summability in different levels (i.e., with respect to different values of k). 
More precisely, J.-P. Ramis shows that if a formal power series f(x) € C[[x]] 
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is both k,- and k,-summable, with k, # k,, then it is convergent (this result is 
known as Ramis’ Tauberian theorem). In order to make a precise statement of 
a similar result for monomial summability, we must first notice that, if M > 0, 


there is a natural equality Re = Ra So, in order to compare two algebras 


Re and Re S we must take into account this fact and assume that there does 
not exist M. > 0 such that (Mp, Mq, M/k) = (p’, q’,1/k’). A particular case is 


the following: 


Proposition 1.1 If0 <k <k’, then Ree R= C{x,y}. 


(2.4) (2.4) 
1/k q Re 


then Tf i is both k’- and kK-summable as a series in t with coefficients in A(x’ y). 
Applying Ramis’ Tauberian theorem, Tf i is convergent, so it is ve 
Consider now the general case: 


This is a consequence of the properties of the operator T: If f ER 


Theorem 1.5 Consider the differential algebras Ree and Ree Then, if the 
three numbers p/p’, q/q’, and k/k’ are not equal, R’? 9 R”'” = C{x,y}. 


1/k 1/k! 


Proof: In [12], two different proofs of this interesting result are shown. We will 
follow schematically the first of them. 

If p/p’ = q/q' # k/k’, it is the previous proposition. Assume p/p’ # q/q’. 

If k'/k > max{p/p’,q/q’}, it is enough to observe that Thi is a k-summable 
series in t, and moreover, it is max{p/p’,q/q'}/k'- Gevrey, so it is convergent. 
Analogously, if k’/k < min{p/p’, q/q'}. 

Suppose now that p/p’ < k'/k < q/q’. Positive numbers s,, 55, s,s’, exist such 
that 


8, +5,=1; s,/p=s)/p'; 
s+8,=1;  8,/q=s)/q’. 


Fixing (xp, ), the formal series in z, f(z\/?x9, 22/4yy) = f(Z/? x9, 21/1 yo) is k- 
and k’-summable, so, ifk # k’, it is convergent. From this, it can be deduced that 
f converges, using complex analysis standard arguments. If k = k’, consider a, 
: (2.9) (bp,bq) ) ) 
bwith p/p’ < a/b < q/q' and observe that Re = ie 4 Asis = Rt .o 
Remark 1.2 As has been said before, another proof using properties of 

blow-ups is given in [12]. 


Let us finish this section linking monomial asymptotic expansions with 
strong asymptotic expansions. For, assume p= gq = 1, and let us consider 
f<€eOdD), 1=T1,,(4,b;R) a function admitting a monomial asymptotic 
expansion with respect to xy. Let V,, V, be two sectors in C, such that 
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V, x V, CIL If W, < Vi, Wy < V,, there exists I = 1, ,(4, b; R) a xy-sector 
strictly contained in I, and such that W, x W, CII. 

If i is the monomial asymptotic expansion of f in II, Tf ~ Tf as asymptotic 
expansion in the variable ¢ in D x V, V being the sector V(a, b; R). Restrict Tf 
to Dx W, W = V(G,b; R), D C D; it can be extended as a C®-function to the 
whole space C? x C. As f(x,y) = Tf(x,y, xy), the restriction of f to W, x W, 
admits a C® extension to C”. As a consequence, f has a strong asymptotic 
expansion in V, x V,. We have shown: 


Theorem 1.6 Monomial asymptotic expansion implies strong asymptotic 
expansion. More precisely, if a holomorphic function defined over a monomial 
sector IT has a monomial asymptotic expansion, then it has a strong asymptotic 
expansion when restricted to every polysector included in IT. 


1.4 Monomial Summability for Singularly Perturbed 
Differential Equations 


Let us apply the notion of monomial summability to the study of the so-called 
doubly singular systems of ODEs, summarizing here the main results of 
[10, 29]. For, let us consider a differential system as follows: 


wre = f(x,€,2), (1.1) 


where f is a holomorphic function f : D > C! defined in a neighborhood of 
(0,0,0)€CxCxC’, f(0,0,0) = 0. Assume that this equation has invertible 
linear part, that is, Lo, 0, 0) is an invertible matrix. Such a system has a unique 
formal solution 
2(x, €) = > Z AEX". 
n>0 

Implicit function theorem allows us to assume that z),(€)=90, that is, 
Joo(€) = 9. Assume, for simplicity, that p = gq = 1, and write 


fee = Lf owz. 
ij 


Plugging in the series Z(x, €) in the equation leads to a recurrence equation as 


NEL,,(E) = fo nsil€) t+ fi olO)Zn41 (©) a ee 


and the z,,,.(€) turn out to be unique, holomorphic functions in a neighborhood 
of the origin. A majorant series argument shows that z(x, €) is 1-Gevrey in x. 
A similar argument, using Nagumo norms, shows that 2(, €) is also 1-Gevrey 
as a formal power series in e. Precise details of these computations may be 
found in [29] and [10]. See also [30] for details concerning Nagumo norms and 
for a precise and detailed study of systems analogous to (1.1) but with p = —1. 
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Consider now the linear case, that is, 
aren = A(x, €)z + b(x, €). (1.2) 
x 


This system, from the point of view of summability with respect to x and € 
separately, has been studied in [29]. Again, assume p = q = 1, and apply Borel 
transform B to (1.2), with respect to x. If Z = 5(z), we obtain an equation 

ECZ a Ap, (E)Z = Ae, €) * Z + b, E), 


where A(¢, €) denotes the Borel transform of A(x, €) — Ao,(€), and b(¢,€) the 
Borel transform of b. As Ao,.(0) is invertible, this equation may be solved for € 
small enough, and the solution extends in every direction that avoids the eigen- 
values of Ao,.(0). If d,, d5, ...,d, are the directions of these eigenvalues, then we 
obtain the following theorem. 


Theorem 1.7 2(x, €) is 1-summable in x in direction d, for every d such that 


d;<arge+d<dj,,, € small enough. 


Using the fact that summability implies unicity if the opening of the sectors 
are wide enough, it is also shown in the aforementioned paper that 2Z(x, €) is 
1-summable in ¢, in every direction d such that 


d,<argx+d<d, 


41, & small enough. 


Moreover we have the following lemma: 


Lemma 1.1 __ If a formal power series in two variables, 
Cc 
ev 
Dai 
ij=0 


is 1-Gevrey on x, and 1-Gevrey on y, and 0 < s < 1, then it is also a (s, 1 — s)- 
Gevrey series in both variables, that is, there exists positive constants C and A, 
such that 


lay| < CAMS. 


This result follows easily from the inequality 
min{n!,m!} <n!8-m!'*. 


So, the problem of the summability in both variables x and € can be stated. In 

this context, in [29] it is shown that 2(x, €) is (s, 1 — s)-summable. The sum is 

here defined via a weighted Borel—Laplace transform: from the formal solution 
2(x, €) = > Zyx'e’, 


ij 
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construct 


Z(%, €) = Bo yx, 6) = > 


ij 


‘ xe 
'T1+sit+(—s)j) 


This turns out to be convergent, and a weighted-Laplace transform may be 
applied, in the form 


woe? 


/ z,(xt', et’ )e ‘dt, 
0 


from which the sum is obtained, for more details, see [29]. 
The nonlinear case is studied in [10], using monomial summability. More pre- 
cisely, it is shown the following result: 


Theorem 1.8 Consider the system of differential equations 
ries = f(x, €,2Z), 


withf : DCCxCxC’+C’, xo, 0, 0) an invertible matrix. Then, the unique 
formal power series solution is «’€7-1-summable. 


The proof is rather technical, and uses Banach fixed point theorem in an 
appropriate space obtained after applying the operator T to the system of dif- 
ferential equations. 

Monomial summability may be related with Borel—Laplace transforms, with 
weighted variables, in order to construct the sum. Using this, it can be shown 
that Theorem 1.8 implies easily that the only formal power series solution in 
summable with respect to either the variable x, or with respect to the variable 
€, obtaining similar results to those previously obtained in the linear case. In 
fact, in [31], the following result is shown: 


Theorem 1.9 Let f be a 1/k-Gevrey series in x”y1 (Definition 1.5). Then f 
is xy? — k-summable in direction d if and only if for some s € (0, 1), f is k — 
(s, 1 — s)-summable in direction d. 


So, both approaches to asymptotic expansions in monomial sectors coincide. 
We will not explore this in these pages, precise details are given in [12, 31]. 


1.5 Pfaffian Systems 


One of the main applications for asymptotic expansions in several variables 
concerns doubly singular Pfaffian systems, with normal crossings, that is, sys- 
tems of differential equations of the form 


Ce) 
Pitty - =fi(«, y, Z), (1.3) 
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Pay pe y,Z), (1.4) 


where z € C!, é jf, holomorphic functions defined in a neighborhood of the 
origin in CXC xC’, and p,, q, Py qo € N*. The system is said to satisfy 
the complete integrability condition, or, shortly, to be completely integrable, 
if the equality 


d of, 4 
i yDewy, Z) — afi ae ee VB) — Prfa} + ty 7 oh ay 


holds, for every (x,y,z) € C x Cx C’. These systems have been studied by 
Gérard and Sibuya [7] and by Majima [9]. Let us summarize here some of the 
main results obtained by these authors, concerning mainly the asymptotic 
behavior of the solutions. 

For instance, Gérard and Sibuya studied Pfaffian systems of the simplified 
form (with respect to the previous one): 


fe) 
a = fix. 9,2), (1.5) 


F) 
ae = fy(x, y,Z), (1.6) 


with the hypothesis of the invertibility of the linear parts of both parts of the 
system, that is, of the matrices 


21.,0,0) and 22(0,0,0), 


and assuming complete integrability. It can be shown by indeterminate coef- 
ficients that there is a unique formal power series f(x, y) solution of (1.5) and 
(1.6). Write this solution as 


FON = Vf" = Dif 0" = DY fani¥”- 
m>0 n>0 n,m20 


This solution, by classical results on holomorphic ordinary differential 
equations (ODEs), turns out to be p-summable in x, and g-summable in y, 
considering summability with respect to one variable, parameterized by the 
other one. This second condition means that there exists a finite number of 
directions 


{d,,d,,...,d,}, 


such that ifd ¢ {d,,d,,...,d,,}, there exists f,(x, y) € O(D, x V,), where D, is 
a disk, V, = v(a- = —6,d+% +5;r), 6 > 0, with 


< CAMM!/4|y|™_ 


Lal%I)— YD) fom” 


m<M 
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Write 
Sul% y) = YD San o*, 
k=1 


with g7,(y) € O(V,). We have bounds 
1 fe Y) = Xnc fomOV” 
° (2) 
2ni J, 


@kt1 


0) - DY fon” 


m<M 


CAMM 11/4] y|4 
< ae ear, gE 


— YAM qgi4/aj,,)! 
Qn ret = eA aa 


where y denotes a circle of radius r around the origin. So, each function g;,(y) 
turns out to be q-summable, with sum )),,, flan" = Six(). AS it is also a conver- 
gent series, then g,,(y) in fact converges in a neighborhood of 0. So, the family 
of functions g,,(y) glue together defining a function that coincides with g,(y) 
around the origin, so f,(x, y) glue in f(x, y), holomorphic in x, y, and solution of 
the equation. Then f(x, y) converges. This is an adaptation of the proof given by 
Sibuya [32]. 

In the framework of strong asymptotic expansions, Pfaffian systems have 
been studied by Majima [9]. He considers systems (1.3) and (1.4) assuming 
that at least one of the matrices A = “0, 0,0),B= 20, 0, 0) is invertible, and 
proving several results. Under this assumption, and under complete integrabil- 
ity condition, he manages to show that the only formal solution of this system 
has a strong asymptotic expansion. In fact, this can be deduced from Majima’s 
results about the existence of strongly asymptotically developable function 
solutions of systems of ODEs, and the hypothesis of complete integrability. 
More precisely, the following result is shown: 


Proposition 1.2 Let us consider the Pfaffian system 


0. 
xPitlyn ee =fi(x, y, Z), (1.7) 


0 
xPryfrtl 5 =f, (0); 2). (1.8) 


Suppose that the system is completely integrable. Assume that F is a consistent 
total family of coefficients of strong asymptotic expansion, defining formally 
a solution of the Pfaffian system. Let V, x V, be a strictly proper sector with 
respect to (A, B) (see Remark 1.3). Then, there exists f € A(V) solution of the 
system, having the family F as the strong asymptotic expansion. 


Remark 1.3 The condition of V being a strictly proper sector with respect to 
(A, B) means the following: V is contained in II, Nn TI,, where 


TN, =, 441.457); Uy = Wp, ¢,(42, 42512), 
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such that the interval [a,, b,] (considered in S!) does not contain completely a 
negative interval for A, that is, an interval where exp(- 2) is exponentially 


Fou 


flat, A being an eigenvalue of A, and the same with [a,, b,], 2 Garg 


), wan 
eigenvalue of B. 


The family F that appears in the statement can be obtained from a formal 
power series f(x,y) solution of the system, so, this would mean that such a 
formal power series is summable in appropriate polysectors. The existence of 
f(x,y) follows from the invertibility of A, B, and from the complete integrability 
of the system. These are very technical results, that we will not be developed 
further here, whose complete proofs are given in [9]. They can be generalized, 
assuming that at least one of the matrices A and B is invertible. 

The conditions on the polysectors (they are strictly proper with respect to 
(A, B)) allows us to think that monomial asymptotics could be used. More- 
over, if (p),9,) # >, qo), two different levels of summability seem to appear, 
which would imply convergence. But complete integrability condition implies 
very serious restrictions on the Pfaffian system (1.7), (1.8). More precisely, we 
have the following proposition. 


Proposition 1.3. [33] 


Let us consider the Pfaffian system (1.7), (1.8), and denote A = “LO, 0, 0), 
B = ~(0,0,0). Then: 
(1) Ifp, < p, or gq, < q,, then A is nilpotent. 
(2) Ifp, < p, or gq, < q, then B is nilpotent. 
(3) Ifp, = py =P, Gq, = q. = ¢. Then, for every eigenvalue y of B, there exists 
an eigenvalue A of A such that qd = py. 


So, we must be careful when imposing integrability condition in these singu- 
larly perturbed Pfaffian systems. It may happen that this integrability condition 
forbids the system to have invertible matrices of the linear part at the origin. At 
least, this happens for a great number of values (p,, Py, q;, g,). Nevertheless, in 
the absence of complete integrability condition, even if the existence of a formal 
solution cannot be guaranteed, if it exists, we can provide useful information 
about it regarding summability. More precisely we have: 


Theorem 1.10 Consider the Pfaffian system (1.7) and (1.8), with previous 
notations. 


1. Suppose that a formal solution exists. If A and B are invertible, and (py), q,) # 
(P>, >), then the solution is convergent. 

2. If the system is completely integrable and A is invertible, there is a unique 
formal solution, x”:y%-1-summable. 


3. 


Spaces of Asymptotically Developable Functions and Applications 


If the system is completely integrable and B is invertible, there is a unique 
formal solution, x?2y”-1-summable. 
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2.1. Introduction 


While reproducing kernel Hilbert spaces (RKHSs) play an important role in 
the analysis of Gaussian processes, there is a mismatch between the measur- 
able setting of stochastic analysis on the one hand, and the more traditional 
setting of RKHSs on the other. To see this, recall that a RKHS is a Hilbert space 
# of functions on some prescribed set, say X, such that the values f(x) of func- 
tions f from # are reproduced via the inner product in #. By contrast, in 
stochastic analysis, one studies system of random variables, which is of course 
formulated in a measurable category, details are given below. Hence, the better 
framework for these applications is that of measure spaces (X, &) and suitable 
Hilbert spaces of measurable functions defined on it. But, since measurable 
functions are not defined in the pointwise sense, the more traditional and geo- 
metric approach of Aronszajn et al. to RKHS theory is not amenable to the 
measurable category. Going back to the pioneering work of Aronszajn [1, 2], the 
motivation for the study of RKHSs was derived primarily from Greens function 
analysis in the study of partial differential equations (PDE) and from the study 
of Hilbert spaces of analytic functions Bergman et al., and for this, the pointwise 
setting appears natural and fruitful. We note that, historically, the applications 
of RKHS theory to probability theory came later, and so it is not surprising that, 
by necessity, the use of Hilbert space geometry is different there. 

The purpose of the present chapter is to offer a duality theory for Gaussian 
processes, on the one hand, and to develop a remedy to the above mentioned 
problem with the reproducing property for Hilbert spaces of measurable func- 
tions on prescribed measure spaces (X, &), on the other. 

Discussion of the literature. The theory of RKHS and their applications is 
vast, and below we only make a selection. Readers will be able to find more 
Mathematical Analysis and Applications: Selected Topics, First Edition. 
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cited there. As for the general theory of RKHS in the pointwise category, we 
find useful [3-7]. The applications include fractals [1, 8, 9]; probability theory 
[10-16]; and application to learning theory [17-20]. 

Organization of the chapter. This chapter is organized as follows: the sections 
in the first half of the chapter cover new research advances; and in order to 
make the whole chapter useful to a wider readership, including nonexperts, the 
later sections will therefore cover such background material as is needed, with 
an emphasis on the theory of Gaussian processes, and RKHSs, and especially 
on their interconnections. 


2.2 Reproducing Kernel Hilbert Spaces (RKHSs) in the 
Measurable Category 


Motivated by applications to stochastic processes, we propose here the follow- 
ing generalization of RKHSs in the usual sense of Aronszajn [1, 2] (also see 
[17-19]), but now to a measurable framework. In the traditional approach, 
the starting point is a positive definite (p.d.) function K : X x X > C, which 
is defined pointwise, and X is a given set. The “p.d.” requirement is that, for 
all p EN, and all x, € X, 1 <i<p the pxp matrix (KK; %) Vig is positive 
semidefinite. The RKHS # is then defined as the Hilbert-completion of the 
space of functions (on X), 


DVEKC.m), & EC (2.1) 


with respect to ||-||z- defined as follows: 


=) Ye Kes). (2.2) 
ij 


For recent applications, we refer to [20-22]. 


2 
H 


DEK») 


The measurable setting 
Since stochastic processes are formulated in the language of probability, it is 
important that the elements in H be suitably determined measurable func- 
tions; and that the new inner product then be redefined in this measurable 
setting. 


Definition 2.1 Let X be a locally compact Hausdorff space, and let & be the 
corresponding o-algebra of Borel measurable subsets of X. Let A be a positive 
measure on (X, &), that is, A is defined to be o-additive on &. 


We shall consider Hilbert spaces # C Ee (A). (The subscript loc for “local” 
is important, that is, the requirement is that 


[irras <0 (2.3) 
B 
for all B € &s.t. A(B) < cw, andallf € #.) 
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We shall denote by 
Bey i= {BEB | AB) < ow}. (2.4) 


Definition 2.2 A pair (#, A) as above is said to be p.d. if and only if, for all 
BE Baw 


sup 
fEH, \Ifllv<1 


[ya < 00. (2.5) 


Remark 2.1 At the outset our setting is that of general o-finite measure 
spaces (X, #); but for some considerations it will be useful to assume that X be 
a locally compact Hausdorff space, and in that case the prescribed o-algebra 
B will be the Borel subsets of X. We shall then be working with C,(X) = the 
continuous functions of compact support. 


Remark 2.2. (The reproducing property) The RKHSs are of great use in 
part, because of what is called the reproducing property. 

In the case when K is given as in (2.1) and (2.2) above, then the corresponding 
RKHS # (K) is a Hilbert space of functions f on X, and we have 


FOM=aCGEKEM gop We EX, Vf € H(K). (2.6) 


Now in the measurable category, (2.6) does not make sense since functions are 
not defined pointwise. 


Remark 2.3 In the proofs below, we shall mostly restrict attention to real 
valued functions, but all arguments easily extend to the complex case. 


Lemma 2.1 Suppose (#, A) is as above. 


(i) Then, for VB € &;,, a!K® € H such that 


i fda=(f,K*\4, WREk. (2.7) 
B 


(ii) Setting K(-,B) = K®, B € &,,,, note that x +> K(x, -) is then a measurable 
field of random signed measures on (X, &), and that 


py (A,B) = (K*, K®) y 
= i: K(x, B)dA(x) = i K(y, A)dA(y). 
A B 


Then py is p.d.on &,, X Bey. 
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Proof: (i) By the assumption (2.5), the mapping # > f — I|,fda is a bounded 
linear functional on #, so by Riesz theorem, 4!K(-,B) € # s.t. (2.7) holds. 

For part (ii), note that (2.8) follows from (2.7) with f = K“; and it is immediate 
that py is p.d. on By, X Byy- Indeed, for Vp € N, V(AjP_, in By, and V(E,)?_, 
in R, we have 


LY Desere nd) =D DEK 9 
L J i j 


2 
[Be 


Remark 2.4 Let (#, A) beas specified in Definitions 2.1 and 2.2. In this case, 
the corresponding reproducing property takes any one of the following equiv- 
alent forms (see the setting (X, 4, #H, A, K) as in Definitions 2.1 and 2.2): 


(1) For all B € &,,, we have # Cc L* (A), and 


> 0. oO 


H 


| fd =(fO,KOB)) v7, VBE Bim EX. (2.9) 
B 
(2) Setting K°(-) = / (y)K(-, dy(€ H), then we have 


[fot =F.K Vy, Ve EC(X), Vi Ee #. (2.10) 
When (#, A) is given as above, andf € H, we set 1, to be the signed measure 
up(B) = (fO.KCB)x, BE Bin: (2.11) 

We shall show below that du, = fd locally (see Lemma 2.2). 
Definition 2.3 Let (X, 4) be as above. Let pz be the positive definition 


function on &;,,, X Bgn as in (2.8). We denote # “’°")(p,,) the corresponding 
RKHS in the sense of Aronszajn’s. 


Lemma 2.2 Let (%, A) be as above, that is, p.d. For f € #, we set Hy to be 
the signed measure (2.11) on &,,,, that is, H(B) := (fC), KC, B))y, BE Ben’ 
then uy < A, and du;/da =f in Lj (A). 


loc 


Proof: We now show that if A(A) = 0, then ,(A) = 0. But for VB € B,,, we 
have 


0= [Ko B)dA(x) = [Koandion (2.12) 
A B 
and so by approximation 


i py)K(y, A)dA(y) = 0, (2.13) 
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for Vp € C,(X), and 
CR 4 S0, (2.14) 


Since {K? |g € C,(X)} is dense in #H, we get (f(-), K(.,A))y = u,(A) = 0, 
which is the desired conclusion. 
But, by (2.13) and (2.14), we have 


/ of da =. Ke = | CRG ays 
x 
= i eydu(y), Ve € C(X), 
xX 


and so the conclusion dip /dA =f in L} (A) follows. oO 


loc 


Remark 2.5 (The Radon—Nikodym-derivative) Fix 
(X, &), assume (#, A) is p.d. Thus, A is a positive measure 
on (X, B) s.t. (2.5) holds; set w,(A) = (f(...), KC, A)) x, 
VAE BVP EH. 

Then, for ae. x wrt A, there exists A;€ B,, i= 
1,2,---, s.t. A(A,) > 0, x ENA,, so that (see [23] and 
Figure 2.1) 


: Hy(Aj) 
lim 
isco A(A;) 


= f(x). Figure 2.1 The 
sequence (A,)*°, in 
This is a way to make precise the local Radon—-Nikodym = Afin +t A(A;) > 0, a5 
derivative, du, = fda. oe 


Corollary 2.1 Let A bea positive regular measure on a locally compact Haus- 
dorff space X with Borel o-algebra &; and let H be a Hilbert space s.t. (2.5) 
holds; that is (#, A) is p.d. Then the functions f € # are in TP (A). 


Proof: Given f € #H, we proved that the signed measures y;(B) = 
(f, KC, B))%, BE Bg, are well defined, and locally py « A, with du,/da = f 
(locally), that is, for VA € B,,, we have 


yy(A) = i) fda. q 


Corollary 2.2 Let (#, A) be as above; and let { f;};<, be a fixed ONB in #, 
or a Parseval Frame, then, for all B € &;,, we have: 


K'@) =>) ( | fii) fio); (2.15) 
i=1 B 
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with convergence in the # -norm, and 


co 2 
|K?||2, = [ian ; (2.16) 
= DI fi 
Proof: Note that 
ly = YK Ae SK) (Parseval) 
i=1 
co i) 2 
=P => [ie n 
i=l i=] |/B 


Definition 2.4 Let (X,&) be a measure space as above, and let A be a pos- 
itive measure on (X, &). Let X 3 x+> K(x,A), A © &, be a random signed 
measure. We say that (A, K) is p.d. iff, for Vk, V{A;}-_,4; © Bans {€}4€ €C 
we have: 


>» > 4 / K(x, A,)dA(x) > 0. (2.17) 
3 A; 


When (2.17) is satisfied for a fixed pair (A, K), let H be the correspond- 
ing Hilbert space completion. In this case, of course, A € Y,(H) (see Defi- 
nition 2.5). 


Theorem 2.1 Let (#, A) be as above, that is, p.d. 


(i) Forallf € #, set HB) t= (f(-), KC, B)) 7, VB € Bg, that is, Hy isasigned 
measure for Vf € #. Then py « A, f € Ly (A), and 
OFF 
da 
defined in Dk); as a Raodon—Nikodym-derivative. 
(ii) Let py, be as in (2.8), that is, p.d. on B,, X B,,, and let H“"(pz,) be 


the corresponding RKHS. Then, for allf € %, we have pp € Hp), 
with 


- (2.18) 


lMpllgeumoy,) = Ife VEX. (2.19) 


More precisely, the functions in #“'"S»(p5,) are signed measures on 
(X, &); and the map 


T — (Aronsz)/_, 
H>f I p= fA € # (p9%)> (2.20) 


is an isometric isomorphism from # onto H# “(ps ). 


Duality for Gaussian Processes from Random Signed Measures 


Proof: For part (i), see the proof of Lemma 2.2. 
To prove part (ii), we will need the following: 


oO 


Lemma 2.3 Set Tf = py; for all f € #, where yp, is the signed measure on 


(X, B), given by u(A) = (f, KC, A)) z VA © Ben; then 
My E€ Oe), vf EX. 


(2.21) 


Proof: Givenf € #, we must prove that: Vp € N, Vé, € R, and VA; € &,,, 1 < 


i < p, there is a constant Cy < oo s.t. 


2 
DE u(AD . Cy Dssex (A;,A)), 
i tod 


where py(A;,A;) = f, K(x, A,)dA(a), Vi,j = 1,...,p. 
Proof of (2.22). Set y(«) = D7, &:74,(@), then 
2 


LHS 99) a (ro. ‘i WK, ) 
H 
2 


<IIFIIT (by Cauchy-Schwarz) 


J vooxe. dy) 


H 
bene i K(x,A,)da(x) 
ij A; 
= SIR YD e60x Ai A) 

ij 


= If | allele rons2 = RHS 02.99). 


Lemma2.4 LetT: # > HS)(p,,) be as in (2.20). Then 
T*(py(A,)) =K(,A), VA € Ben. 


=I, 


Proof: Let f € H, and py(A,-) € H“™ (pz), A € B,,; then 
(Tf, Pa (As) a cssonss = pA) = (fC), KC A)) 


so that the conclusion follows. 


(2.22) 


oO 


Lemma2.5_ Let (#, A) be as above, then span{K(-,A)} 4e@,, is dense in X#. 


Proof: To see this, let g € # and assume that (g(-),K(,A)) a. =0,VA € &,,. 
Then (g, K®)z = 0, Vp € C,(X), where K®(-) = [ @(y)K(, dy). It follows that 


a edu, = Yi gpgdd = 0, 


which implies gdA = 0, so that g = 0 a.e.-A; thus g = 0. 
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Proof: It remains to prove that T is an isometry, that is, ||H,|] gros = Il flly- 
Note that every f € # is ||-||z--limit of finite sums 


SM EKGA), EER, A; © Ben: 


From the definition, Tf = iy is the []-I] con» limit of finite sums 


>; Epo, Aj) ra Ee R, A; E Ben 


Now we have 


| DeKcAal, =D DEs(KC.4).KC.4p) 
J 


i 


= Ds Dssex (A;,A;) 
ij 


=[Seortaif. 


which yields the desired conclusion. Oo 


2.3 Applications to Gaussian Processes 


Given (#, A), p.d. (see Definition 2.2), there is a centered Gaussian process 
{W 4} seg, realized on a probability space L?(Q, P). The Gaussian process is 


determined by 
E[W,]=0, W, €L°(Q,P), and (2.23) 
ELW, We] = py (A,B) = (K4, K*) », (2.24) 


VA,B Ee &,,,. Note that 


E[exp(iW,,)] = exp (-5 px(A,A)), AE Ben» (2.25) 


determines the process. 
For all measurable functions g on (X, &), we may define the corresponding 
Ito-integral / dW; details below. 


Theorem 2.2 If {f;} <x isan ONB in #, and Z,(-) ~ N(0, 1), iid, then 


W,= y ( [12) Z;, and (2.26) 


/ odW = ) ( 7 ofa) Z (2.27) 
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Proof: This isan immediate application of the new RKHS # = # “s2), Apply 
Kolmogorov’ extension principle to pz, we get a Gaussian process {W 4} ,eg, 
satisfying conditions (2.23) and (2.24), so that 


H > K* =K(.,A) > W, €VO,P) (2.28) 


is isometric from # into L?(Q,P), where ||K“||} = E[|W4!7] = py (A.A), 
VA © B,,. 
We introduce 


Kee / PY)K(-, dy VE H) 


as a dense space of vectors in # ; and then the new Ito isometry may be realized 
as 


2 
K? p> / edW, ||K®\|Z =E / pdw ; (2.29) 
Since L?(Q, P) is complete, we conclude that (2.29) extends to H > L?(Q, P) 
as an isometry. Hence, # is realized as a closed subspace in L?(Q, P). 
Now (2.26)—(2.27) follow from Corollary 2.2. 
Details: Given € > 0, pick a measurable partition of X, that is, {A;} C Bey, 
A, NA, = 9 ifi # j, and UA; = X, so that 


<e, yy, €A;. 
H 


K? — }'e0)K(.A)) 


With a net a of partitions, max A(A;) = 0, we get as an application of our 
(#, A) analysis: 


for all a = (A,), B = (B,). By (2.28), and Kolmogorov, we then get 


<€, 


Ye@)K-.Ad) — YeO)K.B) 
; j 


H 


2 


<eé. 


E Eos, - Yeo) Wp, 
i j 


Hence, the induced net N? = )},g(x,) W,, is convergent in L?(Q, P), and the 
limit 


jf eAW =lim } ox), 
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is the generalized Ito-integral; with this approach it is clear that (2.29) then 


yields 
[| [oer 


2 
= ||K*||2, = i ot) i DK (e, dy)d A(x) 


= ' (x) ‘| PEW, dW,]. o 


Corollary 2.3 Let (X,%,H, 1) be as above. Let {Wy }jcg, be the Gaussian 
process with E[W,,] = 0, E[W, W,] = (K4, K®) » = py(A, B). Then we get an 
Ito-integral [ dW s.t. 


[oe 


More precisely, 


2 
= |IK*|2, = 0K,o. (2.30) 


eK p= _) P(x) / Py) K(x, dy)dA(x) 


(2.31) 
= [ 0 f ooretw.awy. 


Theorem 2.3 Let (X,&%,H, A) be as above, and let {Wa haea,, be the cor- 
responding Gaussian process. Denote by / gdW the Ito-integral constructed 
from Theorem 2.2. Then 


: le'/ oi = eke (2.32) 


where ¢ is a measurable function on (X, B) s.t. pK, @ < o (2.30). 


Proof: LetA € B,,, then 


ETW,,"*'] = 0, 
E[W3"] = (2n — pu(_[xc.aaie) 
where 
(2n—-1)!! = oe = (2n — 1)(Qn — 3)---5-3-1. 
It follows that 


2n 
= (2n —1)!"(9K,@)". 


[few 
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: 


(@K,@)" = e299, 


Now 


q [eo] a y oa : | / caw 


(=) 


n!2" 


Tl 
Ms 


which is the desired conclusion. oO 


Remark 2.6 We get the results, even when there is not an obvious Gelfand 
triple in the framework of (2.32). 


Theorem 2.4 Let (X,¥,#H, A) be as usual and let {Wa haeg,, be the corre- 
sponding Gaussian process realized on L?(Q, P). Set K?(-) = ye g(y)K(-, dy). Let 
{fi tnexn be an ONB in #. Then TFAE: 


(i) f edW € LQ, P); 
(ii) K° EH; 
(iii) Y°, |f @f,dal’ < co, and then 


ifodw| _ o-sIKPlZ (2.33) 


If any one of the conditions (i)—(iii) holds, then 


2. 
: [ / oaw = |IK*|2, = 0K,o: 


and if (Z,,(-)) is a system of i.i.d N(O, 1), we then have 


/ odW = > ( / of,di) Vin (2.34) 


Proof: See Theorems 2.2, 2.3, and Corollary 2.3 for details. Oo 


(e 


Example 2.1 (i) Let A bea positive measure on (X, &), and consider the func- 
tion p, on &,,, (see (2.4) and Section 2.2) defined by 


p,(A,B) =AANB), VA,BE Byn. (2.35) 


It is immediate that p is positive definite. 

We denote by # ‘4""5%(9,) the associated RKHS in the sense of Aron- 
szajn. The corresponding pair (#,A) in the measurable category is 
H =L1(X,A), and the isometric isomorphism # > HE (p,), f > py, 
with || fll) = ITH pl zz caronser¢p, is simply f > fda. 

(ii) In the special case where X = [0, 1] = the unit interval, and 1 = dx = the 
restriction of Lebesgue measure to [0,1], then the RKHS # "")(p,) is the 
usual Cameron—Martin Hilbert space [20, 24, 25] 


{f measurable | f’ € L7(0, 1), f(0) = 0}, 
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1 
leona =f UCP ae 
- 0 


Note that this H “"°"*( ,) is the RKHS of Brownian motion [3—5, 8]. 


Corollary 2.4 Let (Q, F ,P) bea probability space, and let (X, #) be a mea- 
sure space. Let {W4}4cq@,, be a Gaussian process such that W, € 1?(Q, F ,P) 
for VA € &,,, and FLW] = 0. For measurable functions g on (X, &), let 
/edw be the corresponding Ito-integral, defined for measurable functions @ 


such that E I gaw|’| < ©. 
Let A be a positive measure on (X,.@). Then there is a Hilbert space H C 
L? (A) such that (#, A) is p.d. (see Definition 2.2), and 


loc 


E[W, We] = py (A,B) = (K4, K®)\y, VA,BE Ben, (2.36) 
if and only if 
E Jw, [ vaw| 7 [0% VWAEB,, VeEC(X). (2.37) 
A 


Corollary 2.5 Let (#, A), W, and (Q, F , P) be as above, that is, {Wa hice, 
is a Gaussian process on L?(Q, P), indexed by &,,,, such that E [W, ‘. gdw| a 
[eda holds for all p € C,(X), where { gdW denotes the Ito-integral. 

A function F in L?(Q,P) has the form F = { gdW, for some g € L? (A) if 
and only if there is a finite constant C = C; such that, for Vp, V{E}4, €; € R, 
V{A,}), A; © Bens 


2 


< CY) D6 0x Ai). (2.38) 
ij 


P 
Y GEW FI 
i=1 


2.4 Choice of Probability Space 


In Section 2.3, we make reference to an as of yet unspecified probability space 
(Q, F , P), and a Gaussian process { Wg} z-g, , indexed bya fixed measure space 
(X, &). In the present section, we shall keep the above assumptions placed on 
(X, &). The notation &,, refers to a fixed positive measure A on (X, ¥), so 
Bey t= {BE ZB|AB) < oo}. 

We showed in Corollary 2.4, that when a Hilbert space # is given such that 
for all BE &,,, 


sup 
SEH MHz <1 


| faal < 00, (2.39) 
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that is, with a finite constant in (2.39) depending on &, we then get a RKHS in 
the measurable category, and H C Ly. 

As an application of Kolmogorov’s extension principle, we showed that a 
Gaussian process W = W™”, indexed by &;,, exists, subject to the conditions 
from (2.23) to (2.24). However, in general, there are many choices of probability 
spaces (Q, ¥ , P), which realize this Gaussian process W” . To be more precise, 
the Gaussian process W™ satisfies the following conditions: Each random 
variable W”, A € &;,, is Gaussian, with distribution N(0, ||K“||?,) where 
K4 € # isas specified in Lemma 2.1, so we is Gaussian with mean 0, and 
variance ||K“||?,. But it also follows that, for Vk EN, V{A;}<, from B,,, the 
system 


(WWE e+ WH) (2.40) 
has a joint Gaussian distribution on R‘ with mean 0, and with k x k covariance 
matrix, given by the entries 
EW We 1 = (Ky. Ky.) = Px (Ap A); (2.41) 


see Theorem 2.2 and Corollary 2.4. 
Below, we identify two choices of probability space (Q, F , P), which serve to 
realize the process outlined in (2.40), and in Section 2.3. 


Choice 1. 
Q= IIR = the infinite Cartesian product; (2.42) 
N 
F =the cylinder o-algebra of subsets of Q; (2.43) 
P = X,N(0, 1), (2.44) 


that is, P is the infinite product measure on Q constructed from the fixed stan- 
dard Gaussian 
g(x) = e3* on R, (2.45) 
2a 
and each coordinate a copy of R. 

In this realization, we must use the representation { wr }pem,, from Theorem 
2.2. Indeed, it follows from (2.26) to (2.27), and the iid. condition for Z,, Z,,---, 
that {we }pem,, Will then satisfy the conditions outlined in (2.40) and (2.41). 
Note that we may use the same P (2.44) for all the Gaussian processes W™ , so 
for all possible Hilbert spaces H subject to (2.39). 

Choice 2. This is the opposite extreme (of choice for the sample space Q); 
hence, the probability measure P will depend on the choice of #. 

Details: 


Quy, = MX, B) = all signed measures on (X, ¥); (2.46) 
F sy = the cylinder o-algebra of subsets of M(X, ZB); (2.47) 
P™) = a probability measure in (Qgy, F yy) (see (2.53) below). (2.48) 
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We now proceed to describe P™. The construction of P™) will have the prop- 
erty that the process { wr }aeg,, takes the form 


Wi (u) = MA), (2.49) 


for VA € &;,, and Vu © M(X, FB). 
Now fix (# , A), subject to condition (2.39). Then for each finite system 


a :=(A,,:*+ ,A,), A; © By; (2.50) 
we consider z, : M(X, B) — R‘, 


MUX, B) > pp — (u( Aj), w(Ar) , +++ (Ag) € RA. (2.51) 


Equip R* with the joint Gaussian g, with mean 0, and covariance matrix 
[Px (A, Alia and we set P,, the unique probability measure on (Qyy, F gy) 
determined by 


P,° a, = 8. (2.52) 


Using standard Kolmogorov extension theory, we note that the system of 
measures {P,} is consistent, and that therefore, there is a unique probability 
measure P™? on (Qyy, Fg) such that 


P*) .qgi=g (2.53) 


for all a as in (2.50). 

With this, it is then clear that (2.49) defines the desired Gaussian process 
realized in (Qy, Fyn, P™) as per construction (see also (2.46)—(2.48)). 

Equivalence of P“” and P‘~»), Let (X, B) bea fixed measure space specified 
as above; and let A be a positive measure on (X, #). Let H;, i= 1,2, be two 
Hilbert spaces, #; C Li (A) such that both pairs (#,, A), i = 1,2, are p.d.; in 
particular, #, € H(A), i = 1,2. 

Let P‘~), i= 1,2, be the corresponding probability measures on (Q, ¥ ) = 
(Qyy, Fyn), as specified in (2.48). Recall, setting 


W2(H) = H(B), Be Ben» HE MX, B), (2.54) 


we get that {Wz}ze@,_ is a Gaussian process; but it has different distributions 
relative to the two probability spaces (Qy, Fan, P”), i = 1, 2; in particular, 


Epa lW4We] = px (A,B), i=1,2; (2.55) 


see (2.36) in Corollary 2.4. 
The following result follows from our present Section 2.3, and a result of 
Jorsboe [13]. 


Corollary 2.6 Let X,%,A,H;,P™, i = 1,2, be as specified above. Then the 
two probability measures P? are equivalent if and only if there is an ONB 
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{fi} nen for H; see Corollary 2.2, and scalars c,, > 0 with Y”, (1 —c,,)? < 00, 
and 


KOGA > ¢ ( | fai) fy), (2.56) 
n=1 A 


for a.a.x (wrt A), A © Bey. 


2.5 A Duality 


Fix a measurable space (X, &) as in Definition 2.1, where X is locally compact 
and Hausdorff, and & is a Borel o-algebra of subsets of X. We shall consider 
the following duality: 


Definition 2.5 Fix a positive measure 4 on (X, &), and set 


H# (A) : = {Hilbert space H on (X, B) | For Ve € C,(X) 


sup { [ofa . IIflly < i} 2 coh. (2.57) 


If H is a Hilbert space of measurable functions on (X, &), set 


[ ofeal. wile <1} <oo}., 


L(H):= {signed measures 4 | sup { 


(2.58) 
and 
LKH)={AE L(H) | A is positive}. (2.59) 
Lemma 2.6 The following are equivalent: 
sup {| [fad]. fe x. fle <1} <0 VA € B,,. (2.60) 
A 
¢ 


sup | [ wfad). fe #, \lflly~ < i} <o, VepEC(X). (2.61) 


Proof: By Riesz’ theorem, (2.60) => VA € &;,, 4! K4 € # st. 
| faA= OK x (2.62) 
A 
and (2.61) <=> Vo € CX) AlK® s.t. 


i Of da =(f,K) xp. (2.63) 
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To show that (2.60) => (2.61): The RHS of (2.62) is o-additive, so it is a signed 
measure on (X, B), (A) := (f, K4) 4. We see that Wp KASE EetA); dup = 
fda, and from (2.62), 


[tou [ody 


= / OF.KC, dy) y 
= (ro. [ eK.) » Ve EC (x); 
H 


so that K?(-) = v3 o(y)K(-, dy) € #, we see that (2.63) holds. It is clear that K? 
in (2.63) is unique. 
The converse direction (2.61) => (2.60) is clear. Oo 


Definition 2.6 (Multipliers) Let (X,@) be as above. Fix (#, A) such that 
AE L(H). We then have H Cc Li (A). A measurable function g on (X, &) is 
said to be a multiplier if the operator M,f = gf, f € H, is bounded H > #H. 
The corresponding adjoint operator will be denoted Mj. The set of all multipli- 
ers will be denoted Multp (#). 


Theorem 2.5 Let (X,&, #H , A) beas above, and let g be a measurable function 
on (X, &), then TFAE: 


(i) g € Multp (#), and 
(ii) g dA € L(#) (see Definition 2.5). 


Proof: If g € Multp (#), then for all A € &,,, andall f € H, we have 


[see = (of. K(-.A)) 9 


But M7(K(-,A)) € # by assumption, and so the condition for gdA € (#) is 
satisfied. 

Using (2.66), the reader will note that the argument works in reverse, so we 
also have (ii) =>(i). Oo 


(2.64) 


Corollary 2.7. Let (X,%,#H, A) be as above, and suppose g € Multp (XH), 
then 


Kaa A) = My(K,(-,A)), VAE Bin: 


Given (X, &, A), let H € H(A). Then we may define a random signed mea- 
sure K(-, B), for all B € &;,, (see Lemma 2.1). 
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There are two associated RKHSs: 


e #: Hilbert space of measurable functions on (X, &); 


e # ‘Arons?): The RKHS determined by the positive definite kernel py on &;,, 
(2.8), where 


pylA, BY = Re, VA BE Be. 


Note that # “"°"* consists of functions on &,,, and it depends on both H 
and A. 


There are many solutions to # € X (A), that is, to the Hilbert factorization 
problem (2.57), but they are all isomorphic to an associated Aronszajn RKHS. 
Thus, the two RKHSs are isometrically isomorphic via 


H . ge Aronsz) 7 > Hp. (2.65) 


See Figure 2.2. 
The converse problem: 
Given (X, ZB) anda p.d. function p : # x & > Roor C), that is, 


Dd GAA) > 0 (2.66) 
ij 


holds for Vp € N, Vé, € R, VA; € Z,1 <i < p, then we get an Aronszajn RKHS 
H (p), consisting of functions on &. 

Not every p.d. function on & corresponds to a pair (#, A). Given p : BX 
B — R p.d.,, we place two additional conditions on it: 


(i) VA € &, p(-,A) is a signed measure on (X, &). 


(ii) There exists a positive measure A on (X, &) s.t. p(-,- A) « A for all A € &, 
and denote the Radon—Nikodym derivative 


dp(-, A) 
K(.,A) = 2.67 
(-,A) U (2.67) 
or equivalently, 
dp(x, A) = K(x, A)d A(x). (2.68) 


KH 


ye (A, B) = KA, K® : SE ~ IE (Aronsz) 
sl ee i" ae Be, be a oe ~ (f () : a Cs A) T isom. 


RKHS(Aronsz) | a 


Mf 
JH (Aronsz) 


Figure 2.2 The RKHSs % ~ H 2), H 3 f -—> py, © HOM), 
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Then for A,B € &,, we have 


px (A, B) = | K(y, B)daVy) = Fi K(«, A)dA(x). 
A B 


This is a p.d. function on &,, x B,,. 
We get H from (K, A) as defined in (2.57); and the isomorphism # —> 
KH cual O70 0 8 My. 


Theorem2.6 A€ P(H(A)), and H € K(L(H)). 


Proof: See See Section 2.2, especially Lemmas 2.1, 2.2,and Theorem 2.1. oO 


2.A Stochastic Processes 


... from its shady beginnings devising gambling strategies and counting corpses 
in medieval London, probability theory and statistical inference now emerge as 
better foundations for scientific models, especially those of the process of thinking 
and as essential ingredients of theoretical mathematics, ... 

— David Mumford. From: “The Dawning of the Age of Stochasticity.” [26] 


Early Roots 
The interest in positive definite (p.d.) functions has at least three roots: 


(1) Fourier analysis, and harmonic analysis more generally, including the 
noncommutative variant where we study unitary representations of 
groups [27-43]. 

(2) Optimization and approximation problems, involving for example, spline 
approximations as envisioned by Schéenberg [18, 44—49]. 

(3) Stochastic processes [24, 50-55]. 


Below, we sketch a few details regarding (3). A stochastic process is an indexed 
family of random variables based on a fixed probability space. In our present 
analysis, the processes will be indexed by some group G or bya subset of G. For 
example, G = R, or G = Z, corresponds to processes indexed by real time, or 
discrete time, respectively. A main tool in the analysis of stochastic processes 
is an associated covariance function (2.A.14). 

A process {X, | g € G} is called Gaussian if each random variable X, is Gaus- 
sian, that is, its distribution is Gaussian. For Gaussian processes, we only need 
two moments. Therefore, if we normalize, setting the mean equal to 0, then 
the process is determined by its covariance function. In general the covariance 
function is a function on G x G, or on a subset, but if the process is stationary, 
the covariance function will in fact be a p.d. function defined on G, or a subset 
of G. 
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We will be using three stochastic processes, Brownian motion, Brownian 
Bridge, and the Ornstein—Uhlenbeck process, all Gaussian, and Ito integrals. 

We outline a brief sketch of these facts below. 

A probability space is a triple (Q, F , P) where Q is a set (sample space), F 
is a (fixed) o-algebra of subsets of Q, and P is a (o-additive) probability mea- 
sure defined on ¥. (Elements E in ¥ are “events,” and P(E) represents the 
probability of the event E£.) 

A real valued random variable is a function X : Q > R such that, for every 
Borel subset A C R, we have that X—!(A) = {@ € Q| X(@) € A} isin ¥. Then 


uy(A)=P(X-"(A)), AEB (2.A.1) 


defines a positive measure on R; here & denotes the Borel o-algebra of subsets 
of R. This measure is called the distribution of X. 

The following notation for the P integral of random variables X(-) will be 
used: 


E[X] := [Xoxro 
Q 


denoted expectation. If uy is the distribution of X, and y : R > R is a Borel 
function, then 


[veux E[y o X]. 
R 


An example of a probability space is as follows: 


Q= Ute: 1} = infinite Cartesian product 
N 


= {{@;}ien |@; € {+1}, ViEN}, and (2.A.2) 


‘S 


: subsets of Q specified by a finite number of outcomes (called “cylinder 
sets”) 
1 


+ + + + + ut 
P: the infinite-product measure corresponding to a fair coin (2 :) measure 


for each outcome @;. 


The transform 
hy(A) = co) (2.A.3) 
R 


is called the Fourier transform, or the generating function. 
Let a be fixed, 0 < a < 1. A random a-power series is the function 


X,0) = Yoa, o=(@)€2. (2.A.4) 
i=l 
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One checks that the generating function for X, is as follows: 
dyy (A) = [] cosa’, ER (2.A.5) 
k=1 


where the R.H.S. in (2.A.5) is an infinite product. Note that it is easy to check 
independently that the R.HLS. in (2.4.5), F,(A) = [[2, cos(a* A) is p.d. and con- 
tinuous on R, and so it determines a measure. 

An indexed family of random variables is called a stochastic process. 


Example 2.A.1_ Brownian motion 


Q: all continuous real valued function on R; 
F : subsets of Q specified by a finite number of sample-points; 
P: Wiener-measure on (Q, F ). 


For a €Q, t ER, set X,(@) = w(t); then it is well known that {Xi heer, is a 
Gaussian-random variable with the property that: 


ev Ptdy x ER, t>0, 
2nt (2.A.6) 


X) = 0, and 


du (x) = 


whenever 0 < t, < t, <--- <t#,, then the random variables 


XX, -X, XX, (2.A.7) 


Figure 2.A.1 Gaussian distribution dpty (x) = ee dx, t > 0 (variance). 
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Figure 2.A.2_ Monte-Carlo simulation of Brownian motion starting at x = 0, with five sample 
paths. (“Monte-Carlo simulation” refers to the use of computer-generated random 
numbers.) 


are independent. (The R.H.S. in (2.4.6) is Gaussian distribution with mean 0 
and variance t > 0, see Figure 2.A.1.) 
In more detail, X, satisfies: 


(1) ELX,] = 0, for all ¢; mean zero; 

(2) FL] = = t, variance = ¢; 

(3) E[X,X,] =s At, the covariance function; and 

(4) E[(Xy, — Xz, (Xp, — Xa,)] = Ila, 2119 [4g, bg]|, for any pair of intervals. 


This stochastic process is called Brownian motion (see Figure 2.A.2). 


Lemma 2.A.1 (The Itointegral) Let {X,},<g, be Brownian motion, and let 
f €L*(R,). For partitions of R,, z : {t;}, t; < t,,,, consider the sums 


Sx) = VEX, -X,,) €VQ,P). (2.A.8) 


Then the limit (in L?(Q, P)) of the terms (2.A.8) exists, taking limit on the net 
of all partitions s.t. max,(¢,,, — t,) > 0. The limit is denoted 


| “f (dX, € L°(Q,P), (2.A.9) 
0 


and it is called the Ito-integral. The following isometric property holds: 


aa {] = | . if (ode. (2.4.10) 


Equation (2.A.10) is called the Ito-isometry. 
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Proof: We refer to [24] for an elegant presentation, but the key step in the proof 
involves the above-mentioned properties of Brownian motion. The first step is 
the verification of 


ELISA = YF G?G - t-), 


which is based on (2.A.7). Oo 


An application of Lemma 2.A.1: A p.d. function on an infinite-dimensional 

vector space. 

Let S denote the real valued Schwartz functions. For g € S, set X(g) = 
J, v(t)dX,, the Ito integral from (2.A.9). Then we get the following: 


E[e*@] = en allelia (2.A.11) 


where E is the expectation w.r.t. Wiener-measure. 
It is immediate that 


F(g) := eal, (2.4.12) 


that is, the R.H.S. in (2.4.11), is a p.d. function on S. To get from this, an asso- 
ciated probability measure (the Wiener measure P) is nontrivial [24, 56, 57]: 
The dual of S, the tempered distributions S’, turns into a measure space, 
(S’, F ,P) with the o-algebra F generated by the cylinder sets in S’. With 
this we get an equivalent realization of Wiener measure (see the cited papers); 
now with the Lh.s. in (2.A.11) as E(--- ) = /,,---dP(-). But the p.d. function F 
in (2.4.12) cannot be realized by a o-additive measure on L”, one must pass to 
a “bigger” infinite-dimensional vector space, hence S’. The system 


SSLAIR) SS’ (2.A.13) 


is called a Gelfand-triple. The second right hand side inclusion L? G S’ 
in (2.4.13) is obtained by dualizing S @ L?, where S is given its Frchet 
topology [58]. 

Let G be a locally compact group, and let (Q, ¥ , P) be a probability space, 
F a o-algebra, and P a probability measure defined on #. A stochastic 
L?-process is a system of random variables {X,hreq Xy L?(Q, ¥ ,P). The 
covariance function cy : GX G > C of the process is given by 


Cx(81,85) =EIX,X,] We.) € GXG. (2.4.14) 


To simplify, we will assume that the mean E[X,] = JoXdP(o) = Oforallg €G. 
We say that (X, 6] is stationary iff 


cx(hg,, hg,) = cy (2,2), WheG. (2.A.15) 
In this case, cy is a function of g7"g,, that is, 


E[X,,.X,] = Cx(ZiH), VSrH €G (2.4.16) 
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(setting # = gy in (2.A.15).) 
The covariance function of Brownian motion E[X,X,] is computed in 
Example 2.B.1 below. 


2.B Overview of Applications of RKHSs 


In a general setup, RKHSs were pioneered by Aronszajn in the 1950s [1, 2]; and 
subsequently, they have been used in a host of applications. 

The key idea of Aronszajn is that a RKHS is a Hilbert space #, of func- 
tions f on a set such that the values f(x) are “reproduced” from f and a vector 
K, in #x, in such a way that the inner product (K,,K,) =: K(x,y) is a p.d. 
kernel. 

Since this setting is too general for many applications, it is useful to restrict 
the very general framework for RKHSs to concrete cases in the study of par- 
ticular spectral theoretic problems; p.d. functions on groups is a case in point. 
Such specific issues arise in physics [59, 60] where one is faced with extending 
p.d. functions F, which are only defined on a subset of a given group. 


Connections to Gaussian Processes 


By a theorem of Kolmogorov, every Hilbert space may be realized as a 
(Gaussian) RKHS, see for example, [53, 61, 62], and Theorem 2.B.1. 


Definition 2.B.1 A function c defined on a subset of a group G is said to be 
positive definite iff 


> x AjA,clg; \g;) = 0 (2.B.1) 


i=1 j=l 


for all EN, and all {A;}_, CC, {g,}’_, C G with g-*g, in the domain of c. 


From (2.B.1), it follows that F(g7!) = F(g), and |F(g)| < F(e), for all g in the 
domain of F, where e is the neutral element in G. 

We recall the following theorem of Kolmogorov. One direction is easy, and 
the other is the deep part: 


Theorem 2.B.1 Kolmogorov A function c : G —> C is positive definite if 
and only if there is a stationary Gaussian process (Q, F , P, X) with mean zero, 
such that c = cy, that is, c(g),g.) = E[X, X,,] (2.4.14). 


Proof: We refer to [53] for the nontrivial direction. To stress the idea, we 
include a proof of the easy part of the theorem: Assume c = cy. Let {A;}'_, CC 
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and {g;}"_, C G, then we have 


LY VAA ees) = ||Y 2x, | ] Eo. 
j 


i 


that is, c is p.d. oO 


Example 2.B.1 Let Q = [0,1], the closed unit interval, and let H := the 
space of continuous functions € on Q such that £(0) = 0, and & € L(0, 1), 
where & = <é is the weak derivative of &, that is, the derivative in the 
Schwartz-distribution sense. For x,y € Q, set 
K(w, y) =x Ay = min(x,y); and 
K,.(y) = K(«, y). 


Then in the sense of distribution, we have 
(K,)’ = Xo,x]> (2.B.3) 


that is, the indicator function of the interval [0, x] (see Figure 2.B.1). 
For &,,€, € #H, set 


(2.B.2) 


(Ené)e = ' “E@ Uda 
Since L7(0, 1) c L1(0, 1), and €(0) = 0 for € € #,, we see that 

E(x) = | ; Edy, & €17,1), (2.B.4) 
and # noe of continuous functions on Q. 


Claim 2.B.1 The Hilbert space H is a RKHS with {K,},<o aS its kernel (G3). 


0 x 1 0 x 1 


Figure 2.B.1 K, and its distributional derivative. 
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Proof: Let € € #H, then by (2.B.4), we have: 


1 I 
€(x) = i, Xo (ydy = Ks" (dy 
0 0 
=(K,6)y%, We €Q. oO 


Remark 2.B.1_ In the case of Example 2.B.1, the Gaussian process resulting 
from the p.d. kernel (2.B.2) is standard Brownian motion. 


Reproducing Kernel Hilbert Spaces Induced by Graphs 


By an electrical network (Figure 2.B.2), we mean a graph G of vertices and edges 
satisfying suitable conditions that allow for computation of voltage distribution 
from a network of prescribed resistors assigned to the edges in G. The math- 
ematical axioms are prescribed in a way that facilitates the use of the laws of 
Kirchhoff and Ohm in computing voltage distributions and resistance distances 
in G. It will be more convenient to work with prescribed conductance functions 
con G. Indeed with a choice of conductance function c specified we define two 
crucial tools for our analysis, a graph Laplacian A(= A,, ) a discrete version of 
more classical notions of Laplacians, and an energy Hilbert space #;. 

Large networks arise in both pure and applied mathematics, and more 
recently, they have become a current and fast developing research area 
[63-68]. Applications include a host of problems coming from graph theory, 
internet search engine algorithm, and social networks [69-72]. Hence, of the 
recent applications, there is a change in outlook from finite to infinite. 

In traditional graph theoretical problems, the whole graph is given exactly, 
and we are then looking for relationships between its parameters, variables and 
functions; or for efficient computation algorithms. By contrast, for very large 
networks (like the Internet), variables are typically not given completely, and 
in most cases they may not even be well-defined. In such applications, related 


' 
¢ I ‘ 
1 


Figure 2.B.2 Examples of configuration of resistors in a network. 
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data can only be extracted by indirect means; hence, random variables and local 
sampling must be used as opposed to global processes. 

The motivation derives from learning, where “learning” is understood 
broadly to include machine learning of suitable probability distribution or 
samples of training data. Machine learning is a field that has evolved from the 
study of pattern recognition and computational learning theory in artificial 
intelligence [17, 19, 48, 73, 74]. It explores the construction and study of 
algorithms that can learn from and make predictions on limited data. Such 
algorithms operate by building models from “training data” inputs in order to 
make data-driven predictions or decisions [75-77]. 

Recent development includes an analysis of a class of large (infinite) 
weighted graphs, via kernel theory, and an harmonic analysis of associated 
Perron-Frobenius transfer operators [20, 78]. One reason for this approach is 
that statistical features in such an analysis are best predicted by consideration 
of probability spaces corresponding to measures on infinite sample spaces. 
Moreover, the latter are best designed from consideration of infinite weighted 
graphs, as opposed to their finite counterparts. An example of statistical 
features that are relevant even for finite samples is long-range order, that 
is, the study of correlations between distant sites (vertices), and related 
phase-transitions, for example, sign-flips at distant sites. In designing efficient 
learning models, it is important to understand the possible occurrence of 
unexpected long-range correlations; for example, correlations between distant 
sites in a finite sample. Other applications of weighted graphs include statistical 
mechanics, such as infinite spin models, and large digital networks. It is natural 
to ask then how one best approaches analysis on “large” systems. 

A second reason for the use of infinite sample-spaces, and associated 
stochastic models, is their applications in designing efficient sampling pro- 
cedures. The interesting solutions will often occur first as vectors in an 
infinite-dimensional RKHS. Indeed, such RKHSs serve as powerful tools in 
the solution of a kernel-optimization problems with penalty terms. Once an 
optimal solution is obtained in infinite dimensions, one may then proceed to 
study its restrictions to suitably chosen finite subgraphs. 


Graph Laplacians on Infinite Networks 


For an infinite network G=(V,£), where V is the vertex-set, E denotes 
edges, an assignment of weights is a positive symmetric function c on E (see 
Figures 2.B.3-—2.B.5). In electrical network models, the function c : E — R, 
represents conductance, and its reciprocal resistance. Hence fixing a con- 
ductance function is equivalent to an assignment of resistors on the edges E. 
Functions on V typically represent voltage distributions, and the harmonic 
functions are of special importance. There is a naturally defined reversible 
Markov process, and a corresponding graph Laplacian A, [79-82] acting on 
an energy Hilbert space #,, computed from the conductance. 
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Figure 2.B.3. Covariance x y 
between vertices. 


V= Band V=2? 


Figure 2.B.4 Nonlinear system of vertices. 


° ° °o ° ° ° ° ° 
e e e e e e e e 
e e e e e e e e 


Figure 2.B.5 A binary tree model. 


A framework for analyzing the spectral theoretic properties of graph Lapla- 
cians on infinite networks is established in [83, 84]. Especially, this is applied to 
networks with a random time-varying conductance function, where c = c(£) is 
a second order stochastic process. 

Key tools in this analysis are Hilbert space models adapted to the problems 
at hand. Since the emphasis is statistical models and their harmonic analysis, 
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the setting will be infinite-dimensional Hilbert space, and careful choices of 
orthonormal bases (ONBs) [83-84]. The appropriate linear operators will be 
given by unbounded quadratic forms, but nonetheless have co X oo matrix rep- 
resentations. In this analysis, choices of selfadjoint extensions play an impor- 
tant role. Reason: Only the selfadjoint extensions have spectral resolutions. 


Discrete RKHSs 


RKHSs have been studied extensively since the pioneering papers by Aronszajn. 
They further play an important role in the theory of partial differential opera- 
tors (PDO); for example as Green’s functions of second order elliptic PDOs. 
However, the literature so far has focused on the theory of kernel functions 
defined on continuous domains, either domains in Euclidean space, or com- 
plex domains in one or more variables. For these cases, the Dirac distributions 
6, do not have finite # -norm. For RKHSs over discrete point distributions, it 
is reasonable to expect that 6, will in fact have finite H -norm. 

Anillustration from neural networks : An extreme learning machine (ELM) is 
a neural network configuration in which a hidden layer of weights are randomly 
sampled, and the object is then to determine analytically resulting output layer 
weights. Hence ELM may be thought of as an approximation to a network with 
infinite number of hidden units. 

In general when reproducing kernels and their Hilbert spaces are used, 
one ends up with functions on a suitable set, and so far we believe that the 
dichotomy, discrete versus continuous, has not yet received sufficient atten- 
tion. After all, a choice of sampling points in relevant optimization models 
based on kernel theory suggests the need for a better understanding of point 
masses as they are accounted for in the RKHS at hand. 

We are concerned with a characterization of those RKHSs #, which con- 
tain the Dirac masses 6, for all points x € V. Of the examples and applications 
where this question plays an important role, we emphasize three: 


(1) Discrete Brownian motion-Hilbert spaces, that is, discrete versions of the 
Cameron—Martin Hilbert space; 

(2) Energy-Hilbert spaces corresponding to graph-Laplacians; and finally 

(3) RKHSs generated by binomial coefficients. 
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3.1. Introduction 


In this chapter, we discuss a method for creating materials with a desired refrac- 
tion coefficients. This method is proposed and developed by the author and is 
based on a series of his papers and on his monograph [1]. The author thinks that 
these results may be new for materials science people although the results were 
published in mathematical and mathematical physics Journals. This is the basic 
reason for including this chapter in this book. This chapter should be useful to 
materials science researchers, physicists and engineers. 

Parts of this chapter are taken verbatim from the paper by the author [2]. The 
author thanks Springer for permission to use verbatim parts of the author’s 
paper, see also monograph [3]. 

There is a large literature on wave scattering by small bodies, starting from 
Rayleigh’s work (1871), [4-6]. For the problem of wave scattering by one body, 
an analytical solution was found only for the bodies of special shapes, for 
example, for balls and ellipsoids. If the scatterer is small, then the scattered 
field can be calculated analytically for bodies of arbitrary shapes, see [2, 7], and 
[1] where this theory is presented. 

The many-body wave scattering problem was discussed in the literature, 
mostly numerically, in the cases when the number of scatterers is small or the 
influence on a particular particle of the waves scattered by other particles is 
negligible. This corresponds to the case when the distance d between neigh- 
boring particles is much larger than the wavelength A, and the characteristic 
size a of a small body (particle) is much smaller than A, that is, d >> A and 
a<«<i.Byk= =, the wave number is denoted. 

In this chapter, the much more difficult case is considered, when a«d 
<< A. In this case, the influence of the scattered field on a particular particle is 
essential, that is, multiple scattering effects are essential. 
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The derivations of the results, presented in this chapter, are rigorous. They 
are taken from the earlier papers of the author, cited in the list of references. 
Many formulas and arguments are taken from these papers, especially from 
the paper by the author [2]. Large parts of this chapter are taken verbatim, and 
monograph [1] is also used essentially. In this chapter, we do not discuss electro- 
magnetic wave scattering by small bodies (particles). A detailed discussion of 
electromagnetic wave scattering by small perfectly conducting and impedance 
particles of an arbitrary shape is given in [1, 8], and also see [7]. 

A physically novel point in our theory is the following one: 

While in the classical theory of wave scattering by small body of characteristic 
size a (e.g., in Rayleigh’s theory) the scattering amplitude is O(a?) as a > 0, 
in our theory for a small impedance particle the scattering amplitude is much 
larger: it is of the order O(a"), where a > Oand x € [0, 1) are the parameters 
(see the text below formula (3.22) in this chapter). 

Can this result be used in technology? 

The practical applications of the theory, presented in this chapter, are immedi- 
ate provided that the important practical problem of preparing small particles 
with the prescribed boundary impedance is solved. 

The author thinks that an impedance boundary condition (BC) (condition 
(3.7)) must be physically (experimentally) realizable if this condition guarantees 
the uniqueness of the solution to the corresponding boundary problem. The 
impedance BC (3.7) guarantees the uniqueness of the solution to the scattering 
boundary problem (3.1)—(3.4) provided that Img, < 0. 

Therefore, there should exist a practical (experimental) method for produc- 
ing small particles with any boundary impedance ¢, satisfying the inequality 
Imé, < 0. 

The author asks the materials science specialists to contact him if they are 
aware of a method for practical (experimental) preparing (producing) small 
particles with the prescribed boundary impedance 

The materials science researchers are not familiar with the author’s papers 
on creating materials with a desired refraction coefficient because the author’s 
theory was presented in the journals, which are not popular among materials 
science researchers. 

Although the author’s results were presented in many of the author’s earlier 
publications, cited in references, the author hopes that they will be not only new 
but practically useful for materials science researchers. 

The basic results of this section consist of: 


(i) Derivation of analytic formulas for the scattering amplitude for the wave 
scattering problem by one small (ka « 1) impedance body of an arbitrary 
shape; 

(ii) Solution to many-body wave scattering problem by small particles, embed- 
ded in an inhomogeneous medium, under the assumptions a«d « A, 
where d is the minimal distance between neighboring particles; 
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(iii) Derivation of the equations for the limiting effective (self-consistent) field 
in an inhomogeneous medium in which many small particles are embed- 
ded, when a > 0 and the number M = M(a) of the small particles tends 
to infinity at an appropriate rate; 

Derivation of linear algebraic system (LAS) for solving many-body wave 
scattering problems. These systems are not obtained in the standard way 
from boundary integral equations; they have physical meaning and give an 
efficient numerical method for solving many-body wave scattering prob- 
lems in the case of small scatterers. In [8] for the first time, the many-body 
wave scattering problems were solved for billions of particles. This was not 
feasible earlier; 

Application of our results to creating materials with a desired refraction 
coefficient. 


~~ 


(iv 


~ 


(v 


The order of the error estimates as a > 0 is obtained. Our presentation fol- 
lows very closely that in [2], but it is essentially self-contained. Our methods 
give powerful numerical methods for solving many-body wave scattering prob- 
lems in the case when the scatterers are small but multiple scattering effects are 
essential [9-11]. In [9], the scattering problem is solved numerically for 10'° 
particles apparently for the first time. 

In Sections 3.1—3.4 wave scattering by small impedance bodies is developed. 

Let us formulate the wave scattering problems we deal with. First, let us con- 
sider a one-body scattering problem. Let D, be a bounded domain in R? with 
a sufficiently smooth boundary S,. The scattering problem consists of finding 
the solution to the problem: 


(V?+k*)u =0in Di :=R*\D,, 


Tu =0o0n S,, 
u=Uytv, (3.3) 
where 
ise es, (3.4) 


S’ is the unit sphere in R®, uw, is the incident field, v is the scattered field satis- 
fying the radiation condition 


v, ~ikv =0(=), r i= |x| > cw, v, := —, (3.5) 
r or 


Tu is the BC of one of the following types 
Tu=T\u=u (Dirichlet BC), (3.6) 
Tu=T,u=uy—¢,u, Img, <0 (impedance BC), 
where ¢, is a constant, N is the unit normal to S,, pointing out of D,, 
and 
Tu=T3,u=u, (Neumann BC). (3.8) 
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It is well known [12, 13] that problem (3.1)—(3.3) has a unique solution. We 
now assume that 


a:=05diamD,, ka<«1, (3.9) 


which is the “smallness assumption” equivalent to a « A, where J is the wave 
length. We look for the solution to problem (3.1)—(3.3) of the form 
etklx—y 

U(x) = U(x) + [se tho, (t)dt, gy) i= re aa (3.10) 
where d¢ is the element of the surface area of S,. One can prove that the unique 
solution to the scattering problem (3.1)—(3.3) with any of the BCs (3.6)—(3.8) 
can be found in the form (3.10), and the function o, in (3.10) is uniquely defined 
from the BC (3.2). The scattering amplitude A(f, a) = A(f, a, k) is defined by 
the formula 


ikr 
v= —AGp,a,b+0(2), 3) pst. (3.11) 
r r r 
The equations for finding o, are: 
[ t)o,(t)dt = —up(s), (3.12) 
5, 
Ao,-o 
Uy — 614g + a =f j g(s, t)o,(t)dt = 0, (3.13) 
Ss, 
Ao, — 
Uoy + ae =0, (3.14) 


respectively, for conditions (3.6)—(3.8). The operator A is defined as follows: 
0 
Ao :=2/ —g(s,t t)dt. 3.15 
o [ ON, g(s, t)o,(t) (3.15) 


Equations (3.12)—(3.14) are uniquely solvable, but there are no analytic formu- 
las for their solutions for bodies of arbitrary shapes. However, if the body D, is 
small, ka « 1, one can rewrite (3.10) as 


U(x) = Up(x) + g(*, 0)Q, + / Le(x, t) — g(x, 0)Jo, (dt, (3.16) 
5, 


where 


Q,:= [orto (3.17) 
5, 
and 0 € D, is the origin. 
If ka « 1, then we prove that 
, |x| >a. (3.18) 


le(x,0)Q,| >> i (g(x, t) — g(x, O)]o, (e)dt 


5S, 


Therefore, the scattered field is determined outside D, by a single number Q,. 
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This number can be obtained analytically without solving (3.12) and (3.13). 
The case (3.14) requires a special approach by the reason discussed in detail 
later. 

Let us give the results for (3.12) and (3.13) first. For (3.12), one has 


Q,= i o,(t)dt = —Cu,(0)[1 + 0(1)], a > 0, (3.19) 


1 


where C is the electric capacitance of a perfect conductor with the shape D,. For 
(3.13), one has 


Q, = —6,|$,|4O)[1 + 01)], a0, (3.20) 


where |S,| is the surface area of S,. The scattering amplitude for problem 
(3.1)-(3.3) with T = 1, (acoustically soft particle) is 


A,(B, a) = -= age +o(1)], (3.21) 
since 
rm (0) es aa We 
Therefore, in this case, the scattering is isotropic and of the order O(a), because 
the capacitance C = O(a). 
The scattering amplitude for problem (3.1)-(3.3) with T=, (small 
impedance particles) is: 


ms iS | 
A,(B, a) = —~—[1 + o(1)], (3.22) 

since u%(0) = 1. 

In this case, the scattering is also isotropic, and of the order O(€|S,|). 

If ¢,=O(1), then A, = O(a), because |S,| = O(@). If ¢ = o(+), 
K € (0,1), then A, = O(a?*). The case x = 1 was considered in [14]. 

The scattering amplitude for problem (3.1)—(3.3) with I =T, (acoustically 
hard particles) is 


_ u if uy = e***, (3.23) 


A;(B, a) = 


Here and below summation is understood over the repeated indices, a, = a - 


Cys H Cy denotes the dot product of two vectors in R°, p, g = 1,2, 3, {e,} is an 
orthonormal Cartesian basis of R°, |D,| is the volume of D,, Pq is the magnetic 
polarizability tensor defined as follows [7, p. 62]: 


, 1 
Byg 3= Dil i. t,0q(t)dt, (3.24) 
0), is the solution to the equation 


01,(8) = Ayo, — 2N, (5); (3.25) 


Pq" pq’? 
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N,(s) = N(s) + e,, N = N(s) is the unit outer normal to S, at the point s, that 
is, the normal pointing out of D,, and Ay is the operator A at k = 0. For small 
bodies, ||A — Ao|| = o(ka). 

If u(x) is an arbitrary field satisfying (3.1), not necessarily the plane wave 
ex, then 


Ge SE (Was aac 8 + Au). (3.26) 


The above formulas are derived in Section 3.2. In Section 3.3 we develop a 
theory for many-body wave scattering problem and derive the equations for 
effective field in the medium, in which many small particles are embedded, as 
a0. 

The results, presented in this chapter, are based on the earlier works of the 
author [1, 2, 7, 9, 12-34]. These results and methods of their derivation differ 
much from those published by other authors. 

Our approach to homogenization-type theory is also different from the 
approaches of other authors [35, 36]. The differences are: 


(i) no periodic structure in the problems is assumed, 
(ii) the operators in our problems are non-selfadjoint and have continuous 
spectrum, 
(iii) the limiting medium is not homogeneous and its parameters are not 
periodic, 
(iv) the technique for passing to the limit is different from the one used in 
homogenization theory. 


Let us summarize the results for one-body wave scattering. 


Theorem 3.1 The scattering amplitude for the problem (3.1)—(3.4) for small 
body ofan arbitrary shape is given by formulas (3.25)—(3.27), for the BCsT’,-T, 
respectively. 


3.2 Derivation of the Formulas for One-Body Wave 
Scattering Problems 


Let us recall the known result [12] 
o7 


/ t jae 
ONS — Jo, ( = 2 


concerning the limiting value of the normal derivative of single-layer potential 
from outside. Let x, € D,,,t € S,,,5,, is the surface of D,,,, a = 0.5 diamD,,,. 
In this section m = 1, and x,, = 0 is the origin. 


(3.27) 
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We assume that ka « 1, ad“! « 1, so |x — x,,| = d > a. Then 


etklx—t| ebkla—% | “ihe Pek) ( a 
it dil cuinrenn (140(ka+4)), 628 
An|x—t]  4alx—x,|~ Ag 2) 
‘ ka? 
klx —t] =k|x-—x,,|-—k(w-«%,,)°-(£-%,,) +0 a) (3.29) 
where 
d=|x-x,,|, @-4%,,)° (= ; 
|x — Xn 
and 
|x — tl a 
=1+0(4). (3.30) 
|x a Xml d 


Let us derive estimate (3.19). Since |t| < a on S,, one has 

&(s, t) = go(s, t)(1 + O(ka)), 
where g,(s, t) = a= 
Uy(0)| = O(a). Consequently, (3.12) can be considered as an equation for 
electrostatic charge distribution o,(t) on the surface S, of a perfect conductor 
D,, charged to the constant potential —u,)(0) (up to a small term of the order 
O(ka)). It is known that the total charge Q, = ie o,(t)dt of this conductor is 
equal to 


Q; = —Cuy(0) + O(ka)), (3.31) 


Since u(s) is a smooth function, one has |u(s) — 


where C is the electric capacitance of the perfect conductor with the shape D,. 

Analytic formulas for electric capacitance C of a perfect conductor ofan arbi- 
trary shape, which allow to calculate C with a desired accuracy, are derived in 
[7]. For example, the zeroth approximation formula is: 


4x|S,|" 
dsdt ” 
Is 4s. o 


and we assume in (3.32) that ey = 1, where €, is the dielectric constant of the 
homogeneous medium in which the perfect conductor is placed. Formula (3.31) 
is formula (3.19). If u(x) = e***, then u,(0) = 1, and Q, = —C(1 + O(ka)). In 
this case, 


CO = ry =|t-sl, (3.32) 


Q C 
A =—=-—T[l1 k 
1B, @) in Al + O(ka)], 
which is formula (3.21). 


Consider now wave scattering by an impedance particle. 
Let us derive formula (3.20). Integrate (3.13) over S,, use the divergence 
formula 


a hee i. Vu gdx = —k? i uydx = k*|D,|u(0)[1 + 0(1)], (3.33) 
5; D, D 


1 
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where |D,| = O(a°), and the formula 
-<. f Uuods = —¢,|S,|uo(O)[1 + o(1)], (3.34) 
5, 


which is valid because the body D, is small: in this case, u(s) ® u(0). 
Furthermore | ie g(s, t)ds| = O(a), so 


a [ as [ es. (ode = O14Q)) (3.35) 
S S, 


Therefore, the term (3.35) is negligible compared with Q, as a — 0. Finally, if 
ka « 1, then g(s, t) = g)(s,£)(1 + ik|s —¢| +--+), and 


Ce) Ce) 
— = — 1 ka)]. 3.36 
an t) an, £0 £)[1 + O(ka)] (3.36) 
Denote by A, the operator 
Ogo(s, t) 
Ayo = 2 t)dt. 3.37 
0F i ON, o,(¢) ( ) 
It is known from the potential theory [1] that 
0g,(s, t 
[Avvies= - [ ona, 2/ BD se PES: (3.38) 
8, §, s, ON, 
Therefore, 
Ao, — 06; 
ae Tae = —Q,[1 + O(ka)]. (3.39) 
S, 


Consequently, from formulas (3.33)—(3.39), one gets formula (3.22). 

One can see that the wave scattering by an impedance particle is isotropic, 
and the scattered field is of the order O(€,|S,|). Since |S,| = O(a’), one has 
OG 1S) = O@) if &, = O(4),« € 10,0. 

Consider now wave scattering by an acoustically hard small particle, that is, 


the problem with the Neumann BC. 
In this case, we will prove that: 


(i) The scattering is anisotropic, 
(ii) It is defined not by a single number, as in the previous two cases, but by a 
tensor, and 
(iii) The order of the scattered field is O(a?) as a > 0, for a fixed k > 0, that is, 
the scattered field is much smaller than in the previous two cases. 


Integrating over S, (3.14), one gets 


Q;= - V7u pdx = V7u,(0)|D,|[1 + 00)], a0. (3.40) 
D 


1 


Thus, Q, = O(a?). Therefore, the contribution of the term e~”" in formula 
(3.28) with x,, = 0 will be also of the order O(a?) and should be taken into 
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account, in contrast to the previous two cases. Namely, 


U(x) = U(x) + g(x, o/ e's Gd pe= ial = 47; (3.41) 
S, 
One has 
| e “Pte. (t)dt = Q, — ikB, : t,o, (t)dt, (3.42) 
s S, 


1 


where the terms of higher order of smallness are neglected and summation over 
index p is understood. The function o, solves (3.14): 


0, = Ao, + 2Uyy = Ao, + 2ika,NjUo(s), SES, (3.43) 


if u(x) = ek™*, 
Comparing (3.43) with (3.25), using (3.24), and taking into account that 
ka « 1, one gets 


~ikB, [ t,o, (t)dt = —ikB,,|D,|B,,(—ika,)u(O)[1 + O(ka)] aa 


= —k?|D, |BpqByAqHo(O)L1 + O(ka)]. 


From (3.40), (3.42), and (3.44), one gets formula (3.23), because V7u, = —k?u. 
If u(x) is an arbitrary function, satisfying (3.1), then ika, in (3.43) is replaced 
by “, and —k?u) = Au, which yields formula (3.26). 
This completes the derivation of the formulas for the solution of scalar wave 
scattering problem by one small body on the boundary, of which the Dirichlet, 
or the impedance, or the Neumann boundary condition is imposed. 


3.3. Many-Body Scattering Problem 


In this section we assume that there are M = M(a) small bodies (particles) 
Dy l<m<M,a=0.5max diamD,,, ka « 1. The distance d = d(a) between 
neighboring bodies is much larger than a, d > a, but we do not assume that 
d > A, so there may be many small particles on the distances of the order of the 
wavelength A. 

This means that our medium with the embedded particles is not necessarily 
diluted. 

We assume that the small bodies are embedded in an arbitrary large but finite 
domain D, D c R?, so D,, C D. Denote D! := R3\D and Q := UM_D,,,. 8, 1= 
0D,» OQ. = US: By N, we denote a unit normal to dQ, pointing out of Q; 
and by |D,,,| the volume of the body D,,, is denoted. 

The scattering problem consists of finding the solution to the following prob- 
lem 


(V2 + k*)u = 0 in R?\Q, (3.45) 
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Tu = 0 on 0Q, (3.46) 

u=Uy,tv, (3.47) 

where u, is the incident field, satisfying (3.45) in R°, for example, u, = ei**, 
a € S?, and vis the scattered field, satisfying the radiation condition (3.5). The 


BC (3.46) can be of the types (3.6)—(3.8). 
In the case of impedance BC (3.7), we assume that 


Uy =¢,,uo0nS,, l<m<M, (3.48) 
so the impedance may vary from one particle to another. We assume that 
h(x 
Om = Sal g2iGa) (3.49) 


a* 


where x,, € D,, is a point in D,,, and h(x), x € D, is a given function, which we 
can choose as we wish, subject to the condition Imh(«) < 0. For simplicity, we 
assume that h(x) is a continuous function. 

Let us make the following assumption about the distribution of small parti- 
cles: 

If A Cc Dis an arbitrary open subset of D, then the number NA) of small 
particles in A, assuming the impedance BC, is: 


Ny(A) = | N(@dx[1+o(1)], a0, (3.50) 
A 


where N(x) > 0 is a given function. 
If the Dirichlet BC is assumed, then 


N (A) = , | N(x)dx[1+o0(1)], a> 0. (3.51) 
A 


The case of the Neumann BC will not be considered in this chapter, see [2]. 
We look for the solution to problem (3.45)—(3.47) with the Dirichlet BC of 
the form 


M 
U =U) + > | g(x, to, (t)dt, (3.52) 
m=1 'm 


where o,,,(£) are some functions to be determined from the boundary condition 
(3.46). Itis proved in [14] that problem (3.45)—(3.47) has a unique solution of the 
form (3.52). For any o,,(£), function (3.52) solves (3.45) and satisfies condition 
(3.47). The BC (3.46) determines o,,, uniquely. However, if M >> 1, then numeri- 
cal solution of the system of integral equations for o,,, where 1 < m < M, which 
one gets from the BC (3.52), is practically not feasible. 

To avoid this principal difficulty, we prove that the solution to scattering prob- 
lem (3.45)—(3.47) is determined by M numbers 


Qn i= | 0, (t)de, (3.53) 
Sin 


Many-Body Wave Scattering Problems for Small Scatterers and Creating Materials 


rather than M functions o,,(t). This allows one to drastically reduce the com- 
plexity of the numerical solution of the many-body scattering problems in the 
case of small particles. 

This is possible to prove that ifthe particles D,,, are small. We derive analytical 
formulas for Q,, as a > 0. 

Let us define the effective (self-consistent) field u,(«) = u(x), acting on the 
j-th particle, by the formula 


ux) 1= u(x) — [0 t)o,(t)dt, |x—-x,| ~ a. (3.54) 
5; 


Physically, this field acts on the j-th particle and is a sum of the incident field 
and the fields acting from all other particles: 


u(x) = u2'(x) = u(x) +) | g(x, to, (de. (3.55) 
m#j Sin 


Let us rewrite (3.55) as follows: 


M M 
U(X) = UglX) + Y BH. % Qn + Dy / [g(x.t) — g(x,x,,)lo,,()dt. (3.56) 
Ss, 1 


m#j mAzp m 
We want to prove that the last sum is negligible compared with the first one as 
a— 0. 
To prove this, let us give some estimates. One has |t—4,,| <a, d= 
|jx—x,,| 


Ie 0) — 8% )1 = max { 0 (5).0 (4) \ + [gx,)| = OC/d). 
(3.57) 

Therefore, if |« — x,| = O(a), then 

Js, le 0 — 9.x, 1o,,0ae| 

a < O(ad7! + ka). (3.58) 

1g(%, %1,)Qunl 

One can also prove that 

J,/Jn = O(ka + ad“), (3.59) 


where J, is the first sum in (3.56) and J, is the second sum in (3.56). Therefore, 
at any point x € Q’ = R?\Q, one has 


M 
U(x) = U(x) + DY) g%%,)Q» ER, (3.60) 


m=1 


where the terms of higher order of smallness are omitted. 


67 


68 


Mathematical Analysis and Applications 


3.3.1 The Case of Acoustically Soft Particles 


If (3.46) is the Dirichlet condition, then, as we have proved in Section 3.2 
(see formula (3.31)), one has 


OQ: = Cy U(X m)- (3.61) 
Thus, 
M 
U(X) = Up(x) — YY BX, 4, )C Mey)» * EQ. (3.62) 
m=1 
One has 
u(x) = u,(x) +001), a0, (3.63) 


so the full field and effective field are practically the same. 
Let us write a LAS for finding unknown quantities u,(w,,,): 


M 
U(x;) = Ug(x;) — > 2m, JC 0G,): (3.64) 
mAzp 
If M is not very large, say M = O(103), then LAS (3.64) can be solved numeri- 
cally, and formula (3.62) can be used for calculation of u,(x). 
Consider the limiting case, when a > 0. One can rewrite (3.64) as follows: 


P 
Ue(Eq) = UolEq) — ) BE qe EpHelEp) YY Ems (3.65) 
b#q 


x,EA, 
where {A,, K _, is a union of cubes which forms a covering of D, 
max diamA,, := b = b(a) > a, 
P 
lim b(a) = 0. (3.66) 


By |A,| we denote the volume (measure) of A,, and &, is the center of A,, or a 
point «,, in an arbitrary small body D,,, located in A,,. Let us assume that there 
exists the limit 
LX Cn 
F Xn,EA, 
lim 
a0 [A,| 


=Cé,), &€A, (3.67) 


For example, one may have 
Cyn = CE,)4 (3.68) 


for all m such that x,, € A,,, where c(x) is some function in D. If all D,,, are balls 
of radius a, then c(x) = 472. We have 


Y, Cy = C,aN(A,) = C,N(E)ApI[1 + 0], 4 > 0, (3.69) 


x ,EA, 
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so limit (3.67) exists, and 

C(E,) = c(€,)N(E,). (3.70) 
From (3.65), (3.68)—(3.70), one gets 

Up(E,) = UolE,) — Y) 8 Ep ECE NE MEAL 1s psP. (3.71) 


p#q 
LAS (3.71) can be considered as the collocation method for solving integral 
equation 


U(x) = U(x) — | a(x, vc N(y)u(y) dy. (3.72) 
D 


It is proved in [30] that 
System (3.71) is uniquely solvable for all sufficiently small b(a), and the 
function 


P 
up(x) = \) xy(a)u,(E,) (3.73) 
p=1 
converges in L®(D) to the unique solution of equation (3.72). 

The function y,(x) in (3.73) is the characteristic function of the cube A,;: 
it is equal to 1 in A, and vanishes outside A,,. Thus, if a > 0, the solution to 
the many-body wave scattering problem in the case of the Dirichlet BC is well 
approximated by the unique solution of the integral equation (3.72). 

Applying the operator Ly := V*+k? to (3.72), and using the formula 
Log(x, y) = —6(« — y), where 6(x) is the delta-function, one gets 


Veutku—qxu=O0inR*, g(x) :=c(x)N(x). (3.74) 


The physical conclusion is: 

If one embeds M(a) = O(1/a) small acoustically soft particles, which are dis- 
tributed as in (3.51), then one creates, as a > 0, a limiting medium, which is 
inhomogeneous and has a refraction coefficient n(x) = 1 — k-*q(x). 

It is interesting from the physical point of view to note that 

The limit, as a — 0, of the total volume of the embedded particles is zero. 

Indeed, the volume of one particle is O(a), the total number M of the embed- 
ded particles is O(a*M) = O(a’), and lim, _,,O(a”) = 0. 

The second observation is: if (3.51) holds, then on a unit length straight line, 


(3) particles, so the distance between neighboring particles is 


d = O(a’). If d = O(a’) with y > 7 then the number of the embedded parti- 
cles in a subdomain A, is O (4) = O(a~*’). In this case, for 3y > 1, the limit 


in (3.69) is CE) = lim, _,9¢,40(a~*”) = oo. Therefore, the product of this limit 
by uv remains finite only if u = 0 in D. Physically, this means that if the distances 
between neighboring perfectly soft particles are smaller than O(a'/*), namely, 
they are O(a") with any y > i then u = Oin D. 


there are O 
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On the other hand, ify < i then the limit C(¢,,) = 0, and u = uy in D, so that 
the embedded particles do not change, in the limit a > 0, the properties of the 
medium. 

This concludes our discussion of the scattering problem for many acoustically 
soft particles. 


3.3.2 Wave Scattering by Many Impedance Particles 
We assume now that (3.49) and (3.50) hold, use the exact BC (3.46) with’ =T,, 
that is, 


Anon On 
Un — CmUe + ac ee buf as, t)o,,(fdt = 0, (3.75) 
Sin 


and integrate (3.75) over S,,, in order to derive an analytical asymptotic formula 
for Q,, = fe 0,,(b)de. 


We have 
J ves= f V7u,dx = O(a’), (3.76) 
S, D, 
| fu ls)ds = Het, 4*|Splj(%, 1 +o), 220, (3.77) 
Sin 
Ann — On 
fi nin ds = —Qull + o(1)], a0, (3.78) 
S 


and 
a | | G(S, LO (B)dt = Ny)" Qy, = 0 Qu), O<KK<1L (3.79) 
S,,4 Sm 


From (3.75) to (3.79), one finds 
Q,, = h(x, )a*|S,,|a u(x, + o(1)]. (3.80) 


This yields the formula for the approximate solution to the wave scattering 
problem for many impedance particles: 
M 


ue) =u,0)-a* EC %)0 MX, )U(%,,)[1 + 0(1)], (3.81) 


m=1 
where 
b,, i= \S,,|a° 


are some positive numbers which depend on the geometry of S,,, and are inde- 
pendent of a. For example, if all D,,, are balls of radius a, then b,, = 4z. 
ALAS for u,(x,,), analogous to (3.64), is 


M 
U,(x;) = Up(x;) — ak oy G(s Xp))D MX Ue(Xn)- (3.82) 


m=1,m4j 
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The integral equation for the limiting effective field in the medium with embed- 
ded small particles, as a > 0, is 


ule) = tég(:2) — if g(x, )NG)AG)uly)dy, (3.83) 
D 


where 
u(x) = lim U(X), (3.84) 


and we have assumed in (3.83) for simplicity that b,, = b for all m, that is, all 
small particles are of the same size. 

Applying operator L, = V? + k* to equation (3.83), one finds the differential 
equation for the limiting effective field u(x): 


(V7 +k — DN(x)h(x))u = 0 in R?, (3.85) 


and u satisfies condition (3.47). 
The conclusion is: the limiting medium is inhomogeneous, and its properties 
are described by the function 


q(x) := bDN(x)h(x). (3.86) 


This concludes our discussion of the wave scattering problem with many 
small impedance particles. 


3.4 Creating Materials with a Desired Refraction 
Coefficient 


Since the choice of the functions N(x) >0 and h(x), Imh(x) <0, is at 
our disposal, we can create the medium with a desired refraction coef- 
ficient by embedding many small impedance particles, with suitable 
impedances, according to the distribution law (3.50) with a suitable N(x). The 
function 


no(x) — k-7q(x) = n(x) (3.87) 


is the refraction coefficient of the limiting medium, where n(x) is the refraction 
coefficient of the original medium (see also Section 3.5). In (3.85), it is assumed 
that 75(x) = 1. If 15(x) # 1, then the operator Ly = V7 + k?n3(x). 

A recipe for creating material with a desired refraction coefficient can now 
be formulated. 

Given a desired refraction coefficient 1?(x), Imn?(x) > 0, one can find N(x) 
and h(x) so that (3.87) holds, where q(x) is defined in (3.86), that is, one can 
create a material with a desired refraction coefficient by embedding into a given 
material many small particles with suitable boundary impedances and suitable 
distribution law. 
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3.5 Scattering by Small Particles Embedded in an 
Inhomogeneous Medium 


Suppose that the operator V? + k? in (3.1) and in (3.45) is replaced by the oper- 
ator Ly = V? + k*n‘(«), where 15(«) is a known function, 


Im n(x) = 0. (3.88) 


The function n3(x) is the refraction coefficient of an inhomogeneous medium in 
which many small particles are embedded. The results, presented in Sections 
3.1-3.3 remain valid if one replaces function g(x,y) by the Green’s function 
G(x, y); 


[V? + k°n5(«)]G(«, y) = —6(x — y), (3.89) 
satisfying the radiation condition. We assume that 
n(x) = 1in D! := R°\D. (3.90) 


The function G(x, y) is uniquely defined [14]. The derivations of the results 
remain essentially the same because 


G(x, y) = g(x [1+ O(lx—y)], |x-y| > 0, (3.91) 


ear Estimates of G(x, y) as |x — y| > O and as |x —y| > oo 


where go(x%, y) = 


are obtained in [14]. Smallness of particles in an inhomogeneous medium with 


refraction coefficient 15(x) is described by the relation knya « 1, where ny := 
Max,ep|Mo(*)|, and a = max,<,,<ydiamD,,,. 


3.6 Conclusions 


Analytic formulas for the scattering amplitudes for wave scattering by a sin- 
gle small particle are derived for small acoustically soft, or hard, or impedance 
particles. 

The equation for the effective field in the medium, in which many small par- 
ticles are embedded, is derived in the limit a > 0. The physical assumptions 
a<d< Aare such that the multiple scattering effects are essential. The deriva- 
tions are rigorous. 

On the basis of the developed theory, efficient numerical methods are pro- 
posed for solving many-body wave scattering problems in the case of small 
scatterers. These methods allow one to solve the problems, which earlier were 
not possible to solve. 

A method for creating materials with a desired refraction coefficient is given 
and rigorously justified. Its practical implementation requires development of 
a method for preparing small particles with prescribed boundary impedances. 


Many-Body Wave Scattering Problems for Small Scatterers and Creating Materials 


The physically novel point, compared with the known results for wave scatter- 
ing by small bodies, is the dependence on the size a of the small scatterer, which 
is much larger than O(a), the Rayleigh-type dependence, see, for example, 
formula (3.22), where the dependence on a is O(¢|S,|) = O(a?*). The formu- 
las for the wave scattering by small particles of an arbitrary shape for various 
types of the boundary conditions are new. The equations for the effective field 
in the medium, in which many small particles with various BCs are embedded, 
are new. 

In this chapter, we did not discuss the EM (electromagnetic waves) scatter- 
ing and the related problems of creating materials with a desired refraction 
coefficient [1, 8, 37]. 
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4.1. Brief Introduction 


Let M C R be an interval. A function g : M C R = R is called a convex if for 
any ¥,,¥. € Mandy € [0, 1], 


Plny, + 1 = myo) S$ ne) + A — 1)@()- (4.1) 


If the inequality (4.1) is the strict inequality, then @ is called a strict convex 
function. 

From a geometrical point of view, a function @ is convex provided that the 
line segment connecting any two points of its graph lies on or above the graph. 
The function @¢ is strictly convex provided that the line segment connecting 
any two points of its graph lies above the graph. If —@ is convex (resp. strictly 
convex), then @ is called concave (resp. strictly concave). 

The convexity of functions have been widely used in many branches of math- 
ematics, for example, in mathematical analysis, function theory, functional 
analysis, optimization theory, and so on. For a production function x = g(L), 
concacity of g is expressed economically by saying that g exhibits diminishing 
returns. While if g is convex, then it exhibits increasing returns. Due to its 
applications and significant importance, the concept of convexity has been 
extended and generalized in several directions, see [1, 3]. 

Recently, the fractal theory has received significantly remarkable attention 
from scientists and engineers. In the sense of Mandelbrot, a fractal set is the 
one whose Hausdorff dimension strictly exceeds the topological dimension 
[4, 5]. Many researchers studied the properties of functions on fractal space and 
constructed many kinds of fractional calculus by using different approaches 
[1, 6, 7]. Particularly, in [8], Yang stated the analysis of local fractional functions 
Mathematical Analysis and Applications: Selected Topics, First Edition. 
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on fractal space systematically, which includes local fractional calculus and the 
monotonicity of function. 
Throughout this chapter R° will be denoted as a real linear fractal set. 


Definition 4.1 (Mo etal. [15]) A function g: MCR —- R’ is called gen- 
eralized convex if 


pny, + (1 = m)¥) S G0) + 1 = 1)" G2) (4.2) 
for all y,,y. € M, n € [0, 1] and a € (0, 1]. 


It is called strictly generalized convex if the inequality (4.2) holds strictly 
whenever y, and y, are distinct points and 7 € (0, 1). If—@ is generalized convex 
(resp., strictly generalized convex), then ¢ is generalized concave (respectively, 
strictly generalized concave). 

In a = 1, we have a convex function, that is, (4.1) is obtained. 

Let fe ee be a generalized convex function (gECF) on [a,,a,] with 
a, < da». Then, 


f (* + 2) is T1+a) 1 f(x) < S(G,) + fay) 


2 ~ (dy —a,)* % 2 


(4.3) 


is known as generalized Hermite-Hadmard’s inequality [10]. Many authers 
paid attention to the study of generalized Hermite-Hadmard’s inequality and 
generalized convex function, see [11, 12]. If a = 1 in (4.3), then [13] 


4 (2 =F 2) < 1 [foo < aa (4.4) 


2 ay — ay, 


which is known as classical Hermite-Hadamard’s inequality, for more proper- 
ties about this inequality we refer the interested readers to [14, 15]. 


4.2. Generalized E-Convex Functions 


In 1999, Youness [16] introduced E-convexity of sets and functions, which have 
some important applications in various branches of mathematical sciences 
[17, 18]. However, Yang [19] showed that some results given by Youness [16] 
seem to be incorrect. Chen [20] extended E-convexity to a semi-E-convexity 
and discussed some of its properties. For more results on E-convex function 
or semi-E-convex function see [21, 25]. 


Definition 4.2 (Youness [30]) 
(i) A set B C R” is called a E-convex iff there exists E: R” — R” such that 
nE(r,)+U-—mE(r,) € B, Vr, tr. € B, 4 € [0,1]. 


Generalized Convex Functions and their Applications 

(ii) A function g: R” > R is called E-convex (ECF) on a set B C R” iff there 
exists E: R” > R” and 

SNE(r,)+ 1 —mME(r,) SngEr)+A-mg(E(2)), Wry, r2 € B, n € [0, 1]. 


The following propositions were proved in [16]. 


Proposition 4.1 


(i) Suppose that a set B C R” is E-convex, then E(B) C B. 
(ii) Assume that E(B) is convex and E(B) C B, then B is E-convex. 


Definition 4.3 A function g : R” — R? is called gECF on a set B C R” iff 
there exists a map E : R” > R” such that B is an E-convex set and 

S(NE(r,) + 1 — ME(r2)) < n*g(E(r))) + A — n)"gE)), (4.5) 
Vr,,%. € B,n € (0,1) and a € (0, 1]. On the other hand, if 

S(nE(x,) + (1 — ME(x2)) = n“g(E(x,)) + A — n)*g(E@)), 


Vx1,%, € B,n € (0,1) anda € (0, 1], then g is called generalized E-concave on 
B. If the inequality sings in the previous two inequality are strict, then g is called 
generalized strictly E-convex and generalized strictly E-concave, respectively. 


Proposition 4.2 


(i) Every ECF on a convex set B is gECF, where E = J. 
(ii) If @ = 1 in (4.5), then g is called ECF ona set B. 
(iii) If a = 1 and E = / in (4.5), then g is called a convex function 


The following two examples show that generalized E-convex function, which 
are not necessarily generalized convex. 


Example 4.1 Assume that B C R? is given as 
B= {(%1,%)) € R?: 44(0,0) + (0,3) + 43(2, 1D}, 


3 
with yi; > o>, H; = land definea map E : R* > R? suchas E(x,, x») = (0,5). 


i=1 
The function g : R? > R? defined by 


3a 
x x <1 
rm 1°? 2 2 
G(X}, %y) _ { a,.3a0 


xx", x > 1. 


The function g is gECF on B, but is not generalized convex. 


Remark 4.1 Ifa — Oin the above example, then g goes to generalized convex 
function. 
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Example 4.2 Assume that g : R > R’% is defined as 


eS 1%, r>0, 
a 
8 (-r)", <0 


and assume that E : R — R is defined as E(r) = —r”. Hence, R is an E-convex 
set and g is gECF, but is not generalized convex. 


Theorem 4.1 Assume that B C R” is an E-convex set and g, : B > R is an 
ECF. If g, : U > R* is nondecreasing generalized convex function such that 
the rang g, C U, then g,og, is a gECF on B. 

Proof: Since g, is ECF, then 


SNE") + 1 — MEQ) S ng (Ey) + A — gE), 


Vr,,r, € Band y € [0,1]. Also, since g, is non-decreasing generalized convex 
function, then 


£08, (NE(r,) + 1 — ME) S golng (Er) + 1 -— mg (E(2))] 
Sng (gE) + 1 - 1) ee EM) 
= "g,0g,(E(r,)) + (1 — 9)"g,0g, (E(r2)), 


which implies that g,og, is a gECF on B. Similarly, g,og, is a strictly gECF if g, 
is a strictly non-decreasing generalized convex function. Oo 


Theorem 4.2 Assume that BC R” is an E-convex set, and g, : B > R*, 
i=1,2,...,/ are generalized E-convex function. Then, 


1 
g= keg, 
i=l 
is a gECF on B for all k* € R®. 
Proof: Since g,,i = 1,2,...,/ are gECF, then 
&(NE(r,) + 1 — ME(r2)) S$ n° g(E())) + A — 0)" g(E(r2)), 


Vr,,1, € B,n € [0,1], and a € (0, 1]. Then, 


1 
> kig(nE(r) + (1 = ME(r)) 


i=1 
1 1 
<n D keg (Er) + A -m" DY keg(E,)) 
i=1 i=1 


= n° g(E(r,)) + A — m)"g(E(79)). 
Thus, g is a gECF. Oo 
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Definition 4.4 Assume that B C R” is a convex set. A function g : B > R* is 
called generalized quasi convex if 
g(nr, + (A = ry) S max {g(7;), g("2)}, 
Vr1,%. € Bandy € [0,1]. 
Definition 4.5 Assume that BCR” is an E-convex set. A function g: 
B= R* is called 
(i) Generalized E-quasiconvex function iff 
S(nE(r,) + (1 — nE(rz) < max {g(E(7,)), E@(r2))}, 


VWry,r, € Bandy € [0, 1]. 
(ii) Strictly generalized E-quasiconcave function iff 


SEV) + - mME(2) > min {g(E()), E@o))}, 
Vr,,%, € Bandy € [0,1]. 


Theorem 4.3 Assume that BC R” is an E-convex set, and g, : B> R*, 
i=1,2,...,/ are gECF. Then, 


(i) The function g : B — R* which is defined by g(r) = sup,_;g,(r),r € Bisa 
gECF on B. 


(ii) If g,,i = 1,2,...,/ are generalized E-quasiconvex functions on B, then the 
function g is a generalized E-quasiconvex function on B. 
Proof: 


(i) Due to g;,i € I be gECF on B, then 


S(nE(r,) + A — nE(r2)) 
= sup gi(7E(r1) + (1 — mE(ry)) 


<i" sup gi(E()) +19)" sup gi(E(7)) 


= n° g(E(r))) + A — n)“g(E(r)). 


Hence, g is a gECF on B. 
(ii) Since g,,i € I are generalized E-quasiconvex functions on B, then 


B(nE(x,) + (1 — ME(xy)) = supgi(nE(™) +(1-mE(x,)) 
= uP max{g,(E(x,)), g(E(*2))} 
= max{ sup s(E(,)), sup g(E(%2))} 
= max{g(E(«,)), g(E(*2))}. 


Hence, g is a generalized E-quasiconvex function on B. 
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Considering B C R” is a nonempty E-convex set. From Propostion 4.1(i), we 
get E(B) C B. Hence, for any g : B > R’, the restriction g : E(B) > R’ of g to 
E(B) defined by 

&(K%) = g(x), Ve € E(B) 


is well defined. 


Theorem 4.4 Assume that BCR”, and g: B—R* is a_ generalized 
E-quasiconvex function on B. Then, the restriction g : U > R® of g to any 
nonempty convex subset U/ of E(B) is a generalized quasiconvex on U. 


Proof: Assume that x,,x, © U C E(B), then there exist «},x*} € B such that 
x, = E(x}) and x, = E(x). Since UW is a convex set, we have 


nx, +(1—n)x, = nE(x}) + -nE@) eu, Vn € [0,1]. 
Therefore, we have 
(nx, + (1 — n)xy) = BHE(x7) + 1 — nE(x3)) 
< max{g(E(x})), g(E(x3))} 
= max{g(x,), g(%2)} 
= max{8(x,), Z()}. 


oO 


Theorem 4.5 Assume that B C R” isan E-convex set, and E(B) is a convex set. 
Then, g : B > Risa generalized E-quasiconvex on B iffits restriction g = gj, , 
is a generalized quasiconvex function on E(B). 


Proof: Due to Theorem 4.4, the if condition is true. Conversely, suppose that 
x1,% € B, then E(x), E(x.) € E(B) and nE(x,) + (1 — n)E(x,) € E(B) CB, Vn € 
[0, 1]. Since E(B) C B, then 
S(NE(x,) + (1 — nE(%)) = E(x) + (1 — 1E(%)) 
< max{g(E(x,)), ZE(%))} 
= max{g(E(x,)). g(E(a))}. 


Oo 


An analogous result to Theorem 4.4 for the generalized E-convex case is as 
follows: 


Theorem 4.6 Assume that B C R” is an E-convex set, and g : B> R* isa 
gECF on B. Then, the restriction g : UU > R* of g to any nonempty convex sub- 
set U of E(B) is a gCF. 
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An analogous result to Theorem 4.5 for the generalized E-convex case is as 
follows: 


Theorem 4.7 Assume that B C R” is an E-convex set, and E(B) is a convex 
set. Then, g : B > R* isa gECF on Biff its restriction g = S\n,, 18 agCF on E(B). 


The lower level set of goE : B > R® is defined as 

L«a(goE) = {x € B: (goE)(x) = g(E(x)) < r*,r* € RJ. 
The lower level set of g : E(B) > R? is defined as 

Lj«a(Z) = {% € E(B) : &(%) = g(%) < r%,r* © R*}. 


Theorem 4.8 Suppose that E(B) be a convex set. A function g : B > Risa 
generalized E-quasiconvex iff L,.(&) of its restriction g : E(B) > R* is a convex 
set for each r* € R®. 


Proof: Due to E(B) be a convex set, then for each E(x,), E(x.) € E(B), we 
have yE(x,)+(1—- E(x.) € E(B) CB. Let *%, =E(,) and x, = E(x). If 
X1,X_ € L,«(Z), then g(X,) < r® and g(x,) < r*. Thus, 
&(nk, + 1 — 1X2) = g(nx, + (1 — 1)%2) 
= g(nE(x,) + (1 — m)E(%,)) 
< max{g(E()), g¢E@))} 
= max{g(x,), &(%)} 
= max{Z(X,), Z(%p)} 
<r’, 
which show that nx, + (1 — n)x, € L,«(@). Hence, L,.(@) is a convex set. 
Conversely, let L,.(@) be a convex set for each r* € R*, that is, nx, + (1 - 
MX € La (Z), VX], %_ € Lya(Z) and r* = max{g(*), g(%)}. Thus, 
S(NE(x,) + (1 — ME(%)) = E(x) + 1. — E(%5)) 
= B(nx, + (1 — )X) 
<r 
= max{g(%), g(%)} 
= max{g(E(x,)), g(E(*2))}. 


Hence, g is a generalized E-quasiconvex. Oo 
Theorem 4.9 Let B C R” bea nonempty E-convex set and let g, : B > R* be 


a generalized E-quasiconvex on B. Suppose that g, : R* > R* is a nondecreas- 
ing function. Then, g,og, is a generalized E-quasiconvex. 
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Proof: Since g, : B > R* is generalized E-quasiconvex on Band g, : R* > R* 
is a nondecreasing function, then 


(g,0g, )(NE(x,) + 1 — ME(%y)) = 2o(g, (HE) + (1 — ME ))) 
< go(max{g, (E(x), £(E(@2)) }) 
= max{(g,0g, (E(*1)), (g.08; KE))}, 


which shows that g,og, is a generalized E-quasiconvex on B. Oo 
Theorem 4.10 If the function g is a gECF on B C R”, then g is a generalized 
E-quasiconvex on B. 
Proof: Assume that g is a gECF on B. Then, 
B(nE(r,) + A — ME(s)) Sn" g(E(7y)) + A = n)*g(E(y)) 
<n*max{g(E(r,)), gE(79))} 
+(1 — n)*max{g(E(r,)), gE2))} 
= max{g(E(r,)), g(E("2))}- 


4.3 E*-Epigraph 
Definition 4.6 Assume that B C R” x R% and E : R” > R", then the set B is 
called E%-convex set iff 
(nE(x,) + 1 — ME), n*rt + — n)*r5) € B 
V(x, 77), (%q, 75) € B, n € [0, 1], and a € (0, 1]. 
Now, the E*-epigraph of g is given by 
epiz.(g) = {(E(x), 1“) : « © B,r® € R®, g(E(@)) <r*}. 
A sufficient condition for g to be a gECF is given by the following theorem: 
Theorem 4.11 Let E : R” > R” be an idempoted map. Assume that B C R” 


is an E-convex set and epi;.(g) is an E*-convex set where g : B > R’, then g is 
a gECF on B. 


Proof: Assume that r,,r, € B and (E(r,), g(E(",))), (E(r2), g(E(2))) © epize(g). 
Since epir.(g) is E*-convex set, we have 

(nE(E(r,)) + (1 — MEE(y)), n° gE) + A = 0)" g(E(72))) © epizn(g), 
then 


S(E(NE(r,)) + A = mE(E(r2))) < n“g(E)) + A = 0)" (Erp). 
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Due to E : R” > R” bean idempotent map, then 
S(nE(r,) + 1 — ME) S n*g(E()) + 1. — 0)" g(E)). 
Hence, g is a gECF. Oo 


Theorem 4.12 Assume that {B;,},<; is a family of E*-convex sets. Then, their 
intersection N,<,B; is an E“-convex set. 


Proof: Considering (x1, 11), 2,73) © Nie B;, then («,, 77), (%, 15) € B, Vi € I. 
By E*-convexity of B,, Vi € I, then we have 
(nE(x,) + (1 — mE(%),n°ry + (1 — 0)"r3) € Bi, 
Vy € [0,1] anda € (0, 1]. Hence, 
(nE(x1) + (1 — ME), n°} + (1 = 0)°75) € Nie Bi- 
Oo 


The following theorem is a special case of Theorem 4.3(i) where E : R” > R” 
is an idempotent map. 


Theorem 4.13 Assume that E : R” > R” is an idempotent map, and B C R” 
is an E-convex set. Let {g,},<; be a family function that is bounded from above. 
If epir.(g;) are E*-convex sets, then the function g which defined by g(x) = 
SUP j¢/Z(«), x € Bisa gECF on B. 


Proof: Since 
€pira(g,) = {(E(x),r*) : « © Byr® © R*, g(E(x)) < r7,i ET} 
are E*-convex set in B x R®, then 
NierDige(g,) = {((E@™), r*) 1 x € Byr? © R%, g(E(x)) < r*,i ET} 
= {(E(@),r*) : x € B,r* € R*, g(E(x)) <r}, (4.6) 


where g(E(x)) = sup;¢)8;(E()), also is E*-convex set. Hence, Nje/epize(g;) is an 
E*-epigraph, then by Theorem 4.12, g is a generalized E-convex function on B. 
Oo 


4.4 Generalized s-Convex Functions 


There are many researchers who studied the properties of functions on frac- 
tal space and constructed many kinds of fractional calculus by using different 
approaches, see [26, 28]. 

In [10], two kinds of generalized s-convex functions on fractal sets are 
introduced as follows: 
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Definition 4.7 


(i) Afunction g : R, > R* is called a generalized s-convex (0 < s < 1) inthe 
first sense if 


PMI, + No) S NEO) + 132) (4.7) 


for all y,,y. € R, and all n,,n, > 0 with 7} + 5 = 1, this class of functions 
is denoted by GK}. 

(ii) Afunction g : R, > Ris called a generalized s-convex (0 < s < 1) inthe 
second sense if (4.7) holds for all y,,y, € R, and all 4,,4, > 0 with 4, + 
No = 1, this class of functions is denoted by GK?. 


In the same paper [10], Mo and Sui proved that all functions that are gener- 
alized s-convex in the second sense, for s € (0, 1), are nonnegative. 

If a = 1 in Definition 4.7, then we have the classical s-convex functions in the 
first sense (second sense) see [13]. 

Also, Dragomir and Fitzatrick [13] demonstrated a variation of Hadamard’s 
inequality, which holds for s-convex functions in the second sense. 


Theorem 4.14 Assume that g : R, > R, is a s-convex function in the sec- 
ond sense, 0 <s < land y,,y. € Ry, 9, < yo. If g EL ([y,, yo), then 


1g (2 +2) 2 1 i: nnae< e1) + P02) (4.8) 
wal 


2 ~ Wy — Vy s+1 

If we set k= = then it is the best possible in the second inequality 
in (4.8). 

A variation of generalized Hadamard’s inequality that holds for generalized 
s-convex functions in the second sense [1]. 


Theorem 4.15 Assume that g : R, > R{ is a generalized s-convex func- 
tion in the second sense where 0 <s <1 and y,,y, ER, with y, < y. If 


@ € L*([y,,9]), then 
rd 

wh) «ELE as 

rd +s +a) 

Td ++ bay (?0v + PY2))- (4.9) 


Proof: We know that @ is generalized s-convex in the second sense, which lead 
to 


P(ny, + (1 = N)¥2) < nN C,) +A = 1)“ G2), Vn € [0, 1]. 
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Then, the following inequality can be written: 


Td +a) fh elay, + =n) < POI + a@ol\?n® 
+ P(y)P(1 + @)ol\?( — 0)" 
_ Td +sa)P(1 + @) 
~ T+(s+1)a) 
By considering z = ny, + (1 — )yy. Then 
ie (1 + a) no 


(P02) + Yo). 


TA+a@) of, ely, + -n)y.)= G, =)" Ty P@) 
T1+a) 1 
= (Vo -y, ya VN LP pz). 
Here 
ra+@) 1@ T(1+sa)P(1 +a) 
(2 - y,)% Nn I, P p(x es oa rd +4 (s+ 1)a) (90) + Po). 
Then, the second inequality in (4.9) is given. Now 

0) (25) < Pe) Oe) VZ1, 2 El. (4.10) 


Let z; = ny, +(1—n)y, and z, =(1— )y, + ny, with n € [0,1]. Hence, by 
applying (4.10), the next inequalty holds 


(2 —) » ony, + 1 — n)y2) + OC — ny, + 172) Vv 
2 = ’ 


€ [0, 1]. 
ma [0,1] 


So 


1 
1 M+IN2 1 na 
i ——= | (dy)* < ———__ 
ee o( 2 ) OS RDG, ye 7 OO 
Then, 


ae [IETS Pa+@) 1a 
on o( "ag :) SG, —y)F 2 Le). 


Oo 


Lemma 4.1 Assume that ¢ : [y,,y.] C R > R*® is a local fractional deriva- 
tive of order a (g € D,) on (9), ¥) with y, < yp. If p°” € C,[y;,75], then the 
following equality holds: 


P+ 2@A+ OF jo 


ie e + aa Wy +4 
27 (Vy Nn I, ? 7 9) 
(V2 — 9)" (a). 20 (2a Wt 
ae (oh yg ie 


+ hy - 1% @ ey eae 2) 
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Proof: From the local fractional integration by parts, we get 


oi 2 any 
mal 2 
2a a 
ra +20(- 2) yo (= +a-yy) le 
2 1 
2 2a 1 
+10. +2a)P(1 + «)(—— ) [oS +a=ry,) in" 
a 2a 
z= 2 @ (YI) _ 2 ieys 
-(35)¢ (25 2 ) ra+20(— 7) o( 2 ) 


2a 1 
+11 + 2a)r + a( z ) i 2 (1 nF -+(1- py) (dy)*. 
271 0 a 


Setting x = ear zi (1 — y)y,, for y € [0,1] and multiply both sides in the last 
ones a 


equation by —— ze ~, we get 
Oe =I)" 1a), 28 (20) (Y 
=e Ly oe” by ee +(1-y)y, 
_ Wn — 1)" g® N+AI2 eee NAIe 
8° 2 4° 2 
Td +2a@r+a) f%*2? , 
a o(a)( day". 


2"(2 — Wi)" y, 


By the similar way, also we have 


OL Mae a n(2u nity 
B= wows YY - 1) ge j ete 2 es 
a OE @) {%tI2\ TA+2a) (n+. 
ge 2 ae PN 
Td +2a)P(1 +a) See 
2"(Yo — V1)" men 
Thus, adding B, and B,, we get the desired result. Oo 


Theorem 4.16 Assume that g : UC [0,co) > R® such that ge D, on 
Int(U) (Int(U) is the interior of U/) and g®” € C,[y,, 72], where y,,y, € U with 
y, < y;. If |p| is generalized s-convex on [y,, v2], for some fixed 0 < s < 1, then 
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the following inequality holds: 


T+2a) (+ P+ 2010+)? a) 
9 =) EN  (X) 


pha y) 27 (Yq — y,)% NvYV2 
< Gaz" J ATA ++ 2)a) pon (tM \ 
68 Td + (s+ 3)a) 2 


O+(s+Da) , TA+(6+2)0)] on = 
*TOsGEDS | TEC a [lool + lor) I] Yaa 
(7 — 9)" { 22-971 +(s+2a)TAt+salta) tsa) 

16" Td +(G+3)a) Td+(+ba) rd+6+)a) 
270 ++ Da), TA +64+20) Vp ow bs 

Td + (+20) eee | [lool + 1or)I] - (4-12) 


| T+ sa) 
M1 +(s + 1a) 


< 


Proof: From Lemma 4.1, we have 


E20) Sf ee \ ROE He) es 
28 2 2" (Yo — 91)" V2 


OV) | aise | ee, RD 
oe lh ye" Cee +(1—-y)y;) 


16° 


tl: prie*on 


(2a) W+rIo 
aon 


+ 
go (r» +(- yan) 


(2a) Vi + Yo 
ae) 
= i a s a as 
Qa prey — 1" [ ly) +1 =) 
= 2-1)" J TA+(s+2)a) 


3 | 
= go? V1 ae V2 
16° T(1 + (s + 3)q@) 2 


| I(1 + as) _ pao +(s+l)a) T1+(s+ 72 1o2(y,)| \ 
(1 +(s+ la) Ti+ (s+2)a) T0+4+(s4+3)a) e t 
(yo -y)"* J TA +(s+2)a) 


Wt 
gk EE EEE NE) | ay (Ae 2 
16" Perce e ( 2 ) 


| Td+as) ane +(st)Da) TO+(+ ae o?(ay)| 
Td +(s4+1)a) Td +(s+2)a) TA+(s+3)a) ‘a 7 


(2a) 1+ V2 
eet 


+ hy — 1)" 


< (V — yy" [y2a [~ 


T(1 + (s + 2)a) 
Td + (s + 3)a) 
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T(1 + sa) 
rd + (s+ Da) 


(2a) Wt+ryo 
oo (2) 


pal d+(stDa) TA+6+Dae)] _ a ty \ 
*Td+6+2a) *Ta+6+ a [loon + load] ¢- 
This proves inequality (4.11). Since 
Qus-1) g2a) WtIo 2 Td +sa@)0(1 + a) 
" 2 > TL +G@+.Da) 


— O2-— my" J 2°70. + (s + 2)a) 
~ 16% T(1 + (s+ 3)a) 


(9° (9) + P°')), 


then 
+ 2 
rd es 2a) (2 * 22) _Ta eons a)] Ile) 

< Gaz y,)% { 2°T(1 + (8 + 2)a) 2-1 + sa) + @) 
~ 16% Tr + (s+ 3)a) Td +(s+ la) 

x [le Ov + 1°?) 

T(1 + sa) 2TA+(st+Da) Td +(s+2)a) 

Td+(s+Da) Td+(s+2)a) Td+(s+ aa 
x []eP 1 + oP?) } 
(yo 1)" § 27°-9T 1 + (s + 2)a) F(1 + sa) (1 + @) T(1 + sa) 
167 { Td+(4+3a) Td+(s+)Da)  Td++Da) 

2T1+(st+Da) Td+(s+2)a) 
~ TO+(s+2)a) | Fd +(s+3)a) 
Thus, we get the inequality (4.12) and the proof is complete. Oo 


+ 


[le°? | ao lp? (92) || \ 


Remark 4.2 


1. When a = 1, Theorem 4.16 reduce to Theorem 2 in [29]. 
2. Ifs =1 in Theorem 4.16, then 


Td+2a) (yi+%\ Td+2aTd+a)? @ 
2 o( 2 FOr—nye 1 


(2a) 1+ V2 
oo (2) 


=o ES eon sea} 
y (Vy — 9)" { 2°11 + 3a) (Td+ae)? Td+a) 
16” rd+4e) Td+2a) Td+4+2a) 

2T(1+2a) T1+3a) 

~ T(+3a) Td. +4a) 


16° Td + 4a) 


2M —yi)* J 2°70. + 3a) 
= Td + 2a) 


pee 


\ [le°?° OI + 1ee(ya)|]. (4.13) 
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3. Ifs = 1 anda = 1 in Theorem 4.16, then 


+ 1 Yo 
+ (25) - / ote 
V2 — M1 Sy, 
< (Yo - 1)" {' a (5% :) 
192 ») 


< 2 My ” ” 
< Fg tle (I+ le Or)I}- 


+ le") + woot} 


We give a new upper bound of the left generalized Hadamard’s inequality for 
generalized s-convex functions in the following theorem: 


Theorem 4.17 Assume that g : UC [0,00) > R® such that peD, on 
Int(u) and g® € C,[y1,¥2], where y;,7. € U with y, < y5. If |pP?|” is 
generalized s-convex on [y,,¥,], for some fixed 0<s <1 and p, >1 with 


= + - = 1, then the following inequality holds: 


Td + 2a) V1 + Vo = T+ 2a) + a]? [@ p(x) 
3 P 2 2*(y5 — 1)" nti ? 


292 | T(1 + sa) P| T+ 2p,a) Ir 
=" 76" [T+ + Da) Td + (2p, + Da) 


P. 
+ Vy 
x (2a) Vi 
P. 
( og (2 +) 


Proof: Let p, >1, then from Lemma 4.1 and using generalized Hélder’s 
inequality [8], we obtain 


6 1/p, 
+ ont ) 


5 1/p, 
+ oor) : (4.14) 


g(x) 


Td + 2a) V+ _ Td + 2a) + @)/? 1 
Qe 9p 2 2*(p —y,)% Nn ty, @ 


as ya > , ? 
< o = 2 an erg? pp =+(1-y)y, 


ge @ 40-74 ie \ 


OSE 9D cen oia 
< see ol oy >Pr yp, 


+ f(y - 1)" 
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x (ue gp (1 ae wee 2) 


of Yo TE Si (fa - yey ips 


x (ue 


Since |g°” |”: is generalized s-convex, then 


ge (a5 ee ars yy) 


ge N+AI2 i 
2 


\ 1/p, 
’) 1/p, 


+ 
0 (rn +0 -nz) 


P2 
(a) 
ody 


(1 + sa) 
~ T+ (s+ Da) 


(1 + sa) 
Td +(s+ Da) 


loo), 


which means 


y +y P2 
of,” ge @ +(- ys) 
T(1 + sa) (2a) ey 
<fas¢erbal? 2! 
(1 + sa) 


ge NAI2 ie 
2 


T(1 + 2a) N+I2\ _ T(1 + 2a) + a)]? 1 
2 2 2*(y. — 4) 72 


< | aa) ane I 
~ 167 | Ta + (s+ Da) Td + 2p, + Da) 


P. 
+o 
x (2a) VN 
P: 
+|lom (4 oe) 


The proof is complete. 


T+ (s+ la) 


Hence 


e(x) 


6 1/p, 
+ roo 


a 1/p, 
+ | og? (V5) | 
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Remark 4.3 If s = 1 in Theorem 4.17, then 
T1+2a) (+39 T+ 2a)(Fd + a)? 
as a) 2, =)" 
(Vy — 4)" | rd +a) [* | (1 + 2p,a) he 
16° Td + 2a) Td + Qp, + Da) 


W+tIo 

x (2a) 
ee) 
(2a) ee) 
hea 


Corollary 4.1 Assume that g : U C [0,0o) — R* such that g € D, on Int(U) 
and gp?” € C, [91,2], where y,, 7. € U with y, < y,. If |p°”|” is generalized 
s-convex on [y,, 75], for some fixed 0 < s < 1 andp, > 1 with + = = 1, then 
the following inequality holds: 
Td + 2a) Wyte Td+2aTd+a? @) 
a 9? = a a dy, p(x) 
2 2 2°02 — IV 
= 2a 1/p. 1/p, 
Oo - Iv) IP + say] P+ 2p,@) 
16" (Td +(s+ Day)? |PO + @p, + Da) 
x {[(2"-9F. + sa) + a) +1 + (s + Da) 2 
+200 /PTL + a] [Pd + a] )1 + 19°) 1} 


dy, CH) 


Po 


1/p. 
1 "on 


Po 1/p, 
+ lero (4.15) 


Proof: Since |p®” | is generalized s-convex, then 
246-D ga) M+Y2 s T +sa)P0 +a) 
B Td +(s + 1a) 
Hence, using (4.14), we get 
Td + 2a) V+ > T(1 + 2a@)(Td + a) 1 (x) 
Qe gp 2 2*(p — y,)* NoI2 7 
Gs — 91)" (0G. + sax) ]!/P2 T(1+2p,a) |" 
167) (Fd + (s+ Da)]?/ | Td + 2p, + Da) 
x {[(2 Td + sal + a) +70 + (s+ Da))|e°(y,) |” 
ma vida pal ne sa (1 a a)|p° (yy) |P2] 1/2 
+ [2°91 + sa) + a) 9°? (y,) | 
+ (2°-9T(1 + sa) + @) +P + (s + Da) 9° (9) [21/73 


(p°(y,) ar gr” (V2). 
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k k k 

and since > (x, +z)" < Le + ya for0<n<1,x%,,z,>0;V1 <i<k, 
i=1 i=1 i=1 

then we have 


T(1 + 2a) (2 tn) Td +2ara +a)? 
2° : 2 2°. -— 1)" 
e O2= I" (EO + say] Freses + 2pya) |" 
a 167) (Fd +(s+ Da)? | Td + 2p, + Da) 
x {[(22 P+ sa) + @) +P + (8 + Da) |p? (y,)| 
+ 280-9 + sa)]/[P A + a) ]/|9%9)1] 


vty OH) 


+ [2% + so] + a] /?2| p(y, )| 
+(2%-9P(1 + sa) + @) + (1 + (s + 1a))'/”2 |p? (y) |}. 


where 0 < <1 for p, > 1. By a simple calculation, we obtain the required 
result. a 


Now, a new upper bound of the left generalized Hadamard’s inequality for 
generalized s-concave functions is given in the following theorem: 


Theorem 4.18 Assume that g : UC [0,0o) > R® such that pe D, on 
Int(u) and g®” € C,[y,,¥], where y,,7. € U with y, <y,. If |p|” is 
generalized s-convex on [y,,¥,], for some fixed 0<s <1 and p, >1 with 


a + . = 1, then the following inequality holds: 


: I g(x) 
2 (Vo = y,)% NoIV2 


226-D/Pa(y, = yy" | d+ 2p, a) sa 


16*(T(1 + @))/P2 [P+ (2p, + 1a) 
371 +92 Jat BYs 
x (2a) 1 (2a) 
| e ( 4 e 4 
Proof: From Lemma 4.1 and using the generalized Holder inequality for p, > 1 
and = fie = 1, we get 


2* 2 


r+ 26), (2 7%) _ Td. +2a)[Pd + @)) 


+ 


Td+2e) (vt2.\ Td+2a(Td+ a]? 
oe 2 2" (dy — a,)* 


yd OH) 


Oy ae (a), 2a 
ser [ote 


+ 
Oo” (a 5 Lars ry) 
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gp @ ees = 15%) | 
ae 


+ 
ge) (a +(1- ry) 
Ni 15) 


+ ly = 1)* 


a) sas Sonn ‘ 
< ram Ce y Pr: ip, gl ) 


16° 


oe 


Co ee : a 
+ it My — 12) /P1 as ) 


eo (v» oO oe 2) 


Since |g?” |?2 is generalized s-concave, then 


P2 


gaus- 1) 3y +y Po 
J ge” A 1- (2a) 1t Yo 
of, |? 22 MN <Tasa)\” a 
(4.16) 
also 
* gas-) y, +39, \/" 
[@ (2a) _ Ni 2 (2a) 1 2 
of; |P (rn +0 -y)-—3— <2, a 
(4.17) 


From (4.16) and (4.17), we observe that 
Td + 2a) Wt Io T(1 + 2a) + a@)/* jo 
a P a a a dh ty, @ P(x) 
2 2 2°. — 1) 


(2 = 1)" Pd + 2p,a) ve gre | ge”) 3Y1 + V2 
(1 + (2p, + La) (T+ a))/P2 4 

(2a) V1 a5 395 

om (ARs 


< 
16° 


(2 - 1)" (1 + 2p, a) gals-D)/p, 


1/p, 
+ 
16° la + (2p, + | (V1 + a))!/2 
7 225-D/Pa(y, _ y,)2 rd + 2p,@) 1/p, 
le +a) [P+ 2p, + Da) 
the proof is complete. Oo 


3y, + +3 
x lo" ( a 2) +10 (2 : 2) 


Remark 4.4 
1. Ifa =1in Theorem 4.18, then 


+ 1 Vo 
o(% 2) _ / odes 
2 V2 71 Sy, 


2 wy, -—¥,)" 1 1/p, 
16 TQp, +) 


31 + Io 
" 
Gul. 
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T(+2p,a) ]1/P 


/Py 
= 1 ; 
2. Ifs =land is | | <1,p, > 1 in Theorem 4.18, then 


T+20) (mt%\ Fd+2eTd+@P a 
— 9a ( 5) ) — ¥6,-y)" rt, PH) 


3y1 + +3 
om ( a 2) + |p (% F 2) 


4.5 Applications to Special Means 


2 - yy" 
~ 16%(T(1 + a))1/P2 


| | 


As in [30], some generalized means are considered such as: A(y,,y,) = 


a ya 1/n 
AE 91.9205 Lunda) = | eM (gt — yt") |, © Z{-1,0), 
Vis ER, y, # >. In [10], the following example was given: let 0 < s < 1 and 


yt.95,9% € R*. Defining for « € R,, 


He b = 0, 
OOH) 
yo +3; b> 0. 


If yf > 0* and 0" < y% < yt, then y € GK?. 


Proposition 4.3 Let 0 < y, < y, ands € (0,1). Then 


T(1+2a) ,, T1+2a[T+a)) , 
eT ee 1.92) - 2G, — ype L819 
(92 — 1)" T(1 + sa) 


2°T(1 + 3a) + a)/° 
T(1 + 4a)P(1 + 2a) 


~~ 16" | T+ (6 — 2)a) 


Td+a) 2T0+2e) T(1+3a) 


Ns eg af ee ee ai (s—2)a (s—2)a 
Td+2e) rd+3a) Td atl [il + al] 


Proof: The result follows from Remark 4.13(2) with @ : [0,1] > [0%, 1°], 
g(x) = x** and when a = 1, we have the following inequalitly: 


< (yo — yi)’ Is(s — IDI 
48 


{ly 1°? + Lyol*7}. 
(4.18) 


AX, Yo) — 


1 
L505) 
V2 iis 


Oo 
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Proposition 4.4 Let 0 < y, < y, ands € (0,1). Then 


T(1+2a) ,, rd + 20a +a? 
| Ma — AN V2) — ~~ %y,—-yye 8 L301 ¥2) 
2 (9) — 1) | T+) I T(1 + sa) | (1 + 2p,a) ie 
=" 16" ‘| T+ 2a) Td + (s—2)a)| [P+ Qp, + Da) 
M+ IV 


WN+IV2 
2 


2 


(s-2)p a Pp 
x ( + Itt) +( 


h land++-=1. 
where p, > and = + > 


2 


Proof: The result follows (4.15) with g : [0,1] > [0%, 1°], p(x) = «** and when 
a = 1, we have the following inequalitly: 


s 1 Ss 
lA (W152) — mayer 


= 1/p, 
< Ca IFWO=DI { (|r 4701™ 4 an) , 
> 1 
QVP2 16(2p, + 1)V/~ 2 
4 yy [O22 UP 
F ( a ae pal) (4.19) 


where A(y;, 7) and L,,(y;, 2) in (4.18) and (4.19) are known as 


1. Arithmetic mean: A(y,, y) = aa Myo ERI; 
2. Logarithmic mean: L(y,, y.) = Wil FVM» 4y #9, V1.0. € RI; 


att qi/n 
Yo Si = 
(nt+1)(2-9, . HE Z\{ 1,0}, VirV2 


2 omy 
In |y,|—In |y.|? 
3. Generalized Log-mean: L,,(y1,¥2) = 
€ R*. 
Now, we give application to wave equation on Cantor sets: the wave equation 
on Cantor sets (local fractional wave equation) was given by [8] 


PF (1) gn PF O8) 


= 4.20 

ore ox2a ( ) 

Following (4.20), a wave equation on Cantor sets was proposed as follows [31]: 
07 (x, t 2a OF (x, 

(%,t) x “f(x, £) ee (4.21) 


oe@ T+2a) axe 7 7 7” 


Here f(x, £) is a fractal wave function and the mn value i is given by f(x, 0) = 
. The solution of (4.21) is given as f(x, f) = . By using (4.1), 


=a ) ees Td+2a)" 


(s-2)p,a YP, 
+4 ly | ca) ; 
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we have 


Td + 2a) +a) ie ape — A+ 2a) ( a] 
EGU ge Re 


= a 2a 2a 
2 I) ( 2 ) gle (t — y,eay208 of (x, t) 


~ 8 + 2a) | \y,—7, en axe 
2a a 
+ tt, (72? — 1) “ae |, 
PT \ ITN ox 
References 


6 


8 


9 


10 


11 


12 


13 


Kaligman, A. and Saleh, W. (2015) Some inequalities for generalized 
s-convex functions. JP J. Geom. Topol., 17, 63-82. 

Grinalatt, M. and Linnainmaa, J.T. (2011) Jensen’s inquality, parameter 
uncertainty, and multiperiod investment. Rev. Asset Pric. Stud., 1 (1), 1-34. 
Ruel, J.J. and Ayres, M.P. (1999) Jensen’s inequality predicts effects of envi- 
ronmental variation. Trends Ecol. Evol., 14 (9), 361-366. 

Edgar, G.A. (1998) Integral, Probability, and Fractal Measures, Springer, 
New York. 

Kolwankar, K.M. and Gangal, A.D. (1999) Local fractional calculus: a 
calculus for fractal space-time, in Fractals: Theory and Applications in 
Engineering, Springer, London, pp. 171-181. 

Carpinteri, A., Chiaia, B., and Cornetti, P. (2001) Static-kinematic dual- 
ity and the principle of virtual work in the mechanics of fractal media. 
Comput. Methods Appl. Mech. Eng., 191 (12), 3-19. 

Zhao, Y., Cheng, D.F., and Yang, X.J. (2013) Approximation solutions for 
local fractional Schrédinger equation in the on-dimensional Cantorian 
system. Adv. Math. Phys., 2013, 5. 

Yang, X.J. (2012) Advanced Local Fractional Calculus and its Applications, 
World Science Publisher, New York. 

Mo, H., Sui, X., and Yu, D. (2014) Generalized convex functions on fractal 
sets and two related inequalities. Abstr. Appl. Anal., Article ID 636751, 7 p. 
Mo, H. and Sui, X. (2014) Generalized s-convex functions on fractal sets. 
Abstr. Appl. Anal., Article ID 254731, 8 p. 

Kilicman, A. and Saleh, W. (2015) Notions of generalized s-convex func- 
tions on fractal sets. f, Inequ. Appl., 2015 (1), 312. 

Mo, H. and Sui, X. (2015) Hermite-Hadamard type inequalities for 
generalized s-convex functions on real linear fractal set R® (0 <? < 1) 
(arXiv:1506.07391). 

Dragomir, S.S. and Fitzpatrick, S. (1999) The Hadamards inequality for 
s-convex functions in the second sense. Demonstratio Math., 32 (4), 
687-696. 


Generalized Convex Functions and their Applications 


14 Dragomir, S.S. (2001) On Hadamards inequality for convex functions on the 
co-ordinates in a rectangle from the plane. Taiwan. J. Math., 5, 775-788. 

15 Hua, J., Xi, B., and Qi, F. (2014) Inequalities of Hermite-Hadamard type 
involving an s-convex function with applications. Appl. Math. Comput., 
246, 752-760. 

16 Youness, E.A. (1999) E-convex set, E-convex functions and E-convex pro- 
gramming. J. Optim. Theory Appl., 102, 439-450. 

17 Abou-Tair, I. and Sulaiman, W.T. (1999) Inequalities via convex functions. 
J. Math. Math. Sci., 22 (3), 543-546. 

18 Noor, M.A. (1994) Fuzzy preinvex functions. Fuzzy Sets Syst., 64, 95-104. 

19 Yang, X.M. (2001) On E-convex set, E-convex functions and E-convex 
programming. J. Optim. Theory Appl., 109, 699-703. 

20 Chen, X. (2002) Some properties of semi-E-convex functions. 7, Math. Anal. 
Appl., 275, 251-262. 

21 Kailicman, A. and Saleh, W. (2015) On geodesic strongly E-convex sets and 
geodesic strongly E-convex functions. J. Inequa. Appl., 2015 (1), 1-10. 

22 Fulga, C. and Preda, V. (2009) Nonlinear programming with E-preinvex and 
local E-preinvex functions. Eur. J. Oper. Res., 192 (3), 737-743. 

23 Iqbal, A., Ahmad, I., and Ali, S. (2011) Some properties of geodesic 
semi-E-convex functions. Nonlinear Anal. Theory Method Appl., 74 (17), 
6805-6813. 

24 Iqbal, A., Ali, S., and Ahmad, I. (2012) On geodesic E-convex sets, geodesic 
E-convex functions and E-epigraphs. f, Optim Theory Appl., 55 (1), 
239-251. 

25 Syau, Y.R. and Lee, E.S. (2005) Some properties of E-convex functions. 
Appl. Math. Lett., 18, 1074-1080. 

26 Baleanu, D., Srivastava, H.M., and Yang, X.J. (2015) Local fractional varia- 
tional iteration algorithms for the parabolic Fokker-Planck equation defined 
on Cantor sets. Prog. Fract. Differ. Appl., 1 (1), 1-11. 

27 Sarikaya, M.Z., Tunc, T., and Budak, Hu. (2016) On generalized some inte- 
gral inequalities for local fractional integrals. Appl. Math. Comput., 276, 
316-323. 

28 Yang, X.J., Baleanu, D., and Srivastava, H.M. (2015) Local fractional similar- 
ity solution for the diffusion equation defined on Cantor sets. Appl. Math. 
Lett., 47, 54-60. 

29 Ozdemir, M.E., Yildiz, €., Akdemir, A.O., and Set, E. (2013) On some 
inequalities for s-convex functions and applications. J. Inequ. Appl., 2013 
(ij, 1214, 

30 Pearce, C.E.M. and Pecaric, J. (2000) Inequalities for differentiable mappings 
with application to specialmeans and quadrature formulae. Appl. Math. 
Lett., 13 (2), 51-55. 

31 Yang, A.M., Yang, X.-J., and Li, Z.B. (2013) Local fractional series expansion 
method for solving wave and diffusion equations on Cantor sets. Abstract 
Appl. Anal., Article ID 351057, 5 p. 


99 


5 


Some Properties and Generalizations of the Catalan, 
Fuss, and Fuss—Catalan Numbers 
Feng Qi’? and Bai-Ni Guo* 


' Institute of Mathematics, Henan Polytechnic University, Jiaozuo, Henan, 454010, China 

College of Mathematics, Inner Mongolia University for Nationalities, Tongliao, Inner Mongolia, 028043, 
China 

3 Department of Mathematics, College of Science, Tianjin Polytechnic University, Tianjin, 300387, China 
4School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo, Henan, 454010, China 


2010 AMS Subject Classification 05A15; 05A19; 05A20; 11B75; 11B83; 11C08; 11R33; 26A06; 26A48; 26A51; 26D15; 30E20; 
33B10; 33B15; 33C05; 33C20; 34E05; 41A60; 44A10. 


5.1 The Catalan Numbers 


5.1.1 A Definition of the Catalan Numbers 


The Catalan numbers C,, for 1 >0 form a sequence of natural numbers 
(positive integers) that occur in tree enumeration problems in combinatorics. 
The Catalan number C,,_, is the number of ways that a regular 1-gon is divided 
into  — 2 triangles if different orientations are counted separately. The first 11 
Catalan numbers C,, for0 <1 < 10are 


1, 1, 2, 5, 14 42, 132, 429, 1430, 4862, 16796. 


For more information, please refer to the monographs [1, 2], the websites 
[3, 4], and the closely related references therein. 


5.1.2 The History of the Catalan Numbers 


The Catalan numbers C,, had been used in Qing Dynasty of China by the 
Mongolian mathematician Ming An Tu by 1730 (see [5, 6]). The sequence of 
Catalan numbers C,, was described in the eighteenth century by Leonhard 
Euler. The sequence is named after the Belgian mathematician Eugéne Charles 
Catalan. For detailed information, please refer to the monographs [1, 2], the 
websites [3, 4], and the closely related references therein. 
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5.1.3 A Generating Function of the Catalan Numbers 


The Catalan numbers C, can be generated by the elementary function 


) _l-yl-4¢ =< 


$$. =) Cx = 1a wt 2 be bos, 
1+ V1 —4x 2x 2 ‘ 


(5.1) 


For more information, please refer to the monographs [1, 2], the websites [3, 4], 
and the closely related references therein. 


5.1.4 Some Expressions of the Catalan Numbers 
Explicit formulas of C,, for u > 0 include 


1 Ge (2n)! =1/ 2n )- 2"(2n — 1)! 


nS 


n+1\n nl(n+1)! eee (a1)! 
_Tqyatk_ oS n\?_ (2n oe 
“I k =a) see eee, (5.2) 
eal Oe ~ (n ; D! [[¢ 229) 
* el 
= ,F,(1— n, —n;2;1) = eee 
4 


where 
T(z) -{ Btetdt, R(z>0 
0 


is the classical Euler gamma function and 


foe} 


pegs +++ > 4y3 By, svg 0752) = ¥ 


n=0 


(4y)n*** (yn z" 
CEC 


is the generalized hypergeometric series, which are defined for complex 
numbers a; € C and b; € C\{0, —1, —2, ...}, for positive integers p,q € N, and 
in terms of the rising factorials 


Oe i +1)(e+2)---(wtn-1), : ‘ r (5.3) 


1, 


These expressions are collected in the monographs [1, 2], on the websites 
[3, 4], and in the closely related references therein. 

Recently, with the help of the Fad di Bruno formula (5.17) and the special 
values of the Bell polynomials of the second kind (5.18) in Section 5.1.9, 
the following two alternative expressions were obtained in [7, 8] by directly 
computing the nth derivative of the generating function = (5.1). 


2 
—"— In 
v 1—4« 
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Theorem 5.1 (7 and [8, theorem 3]) For 1 > 0, the Catalan numbers C,, 
can be expressed by 


CSG aoe v (4) Te- 2m) (5.4) 


* k=0 
== k! [2n-k—-1 
ae 2(n — k) ) faen— &) = 11. ee 


We note that the Catalan numbers C,, can also be represented as 


a a Ge 


where (x),, is the rising factorial defined by (5.3). 


5.1.5 Integral Representations of the Catalan Numbers 


In [9, p. 413, proposition 2.1], [10, p. 10], and [1, 2, 4, 11], the integral 
representation 


4 
q=z/ \/ 4 wd (5.6) 
2a Jo x 


was listed. In [10, p. 10], another integral representation 


g2n+5 1 x2(1 — x2)" 
C..= x 

n 0 a + x2)2nt3 
was given. Recently, by applying the Cauchy integral formula in the theory of 
complex functions to the generating function ee in (5.1), the following 


alternative integral representations of the Catalan numbers C,, was established. 
Theorem 5.2 ([12, theorem 1.4]) Forx € (-0o, :] , we have 


we see eee 
Consequently, the Catalan numbers C,, for 1 > 0 can be represented by 
1 vt =9 if ep 
0 


= dt = dt 
Cr x t (t +1/4)"*2 x (t2 + 1/4)"*2 


(5.7) 


By employing the last expression in (5.2) and an integral representation for 
the logarithm of the gamma function I(x), an integral representation of the 
Catalan function 


en at («+ 2) 
~ a/n Me +2) 


was presented in [13] as follows. 
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Theorem 5.3. ([13, theorem 1]) For x > 0, we have 
_ BPA (e + 1/2)" 
Va (~ + 2)*+3/2 


ar aa | 1 l\et-e* _, 
x = $=) Eee 5.8 
exp| / ea a) i 68) 


The integral representations in (5.6), (5.7), and (5.8) have been further gener- 
alized in Theorems 5.22 and 5.23 below. 


5.1.6 Asymptotic Expansions of the Catalan Function 
It is known that the Catalan function C, has an asymptotic expansion [3, 14, 
15] and [1, pp. 110-111] 
C 4* ( 1 #91 145 1 
afm 9372 8x52 128 x71? 


What is the general term of the asymptotic expansion (5.9)? This question 
was answered in [16, 17] as follows. 


), x > 00. (5.9) 


Theorem 5.4 ([16, theorem 2] and [17, theorem 2.1]) The Catalan func- 
tion C, has the asymptotic expansion 


Sg be UD LCES/D. 4 
Ge yy k! 13/2) xek+3/2” 


H k=0 


x > 0, (5.10) 


where Bi (x) denote the generalized Bernoulli polynomials generated by 


- . fs co By) 4 
e(—) ie aoe, EC, el < 2a. (5.11) 


The Catalan function C, and the Catalan numbers C,, have also the following 
expansions. 


Theorem 5.5 ([18, theorem 1.2]) The Catalan function C, has the expo- 
nential expansion 


e3/24* (« + i)" 
2: 


Vr e+? 


— B, 1 1 
J 
x y = | sooo OT ems I > 5.12 
exp = 2i(2j Za 1) ( 4 ie (x + 2)2/-1 ( ) 
x+ 7 


Some Properties and Generalizations of the Catalan, Fuss, and Fuss-Catalan Numbers 


where B,, are the Bernoulli numbers which can be generated by 


=) Bo =1-5+ ) By, |x| < 2a. (5.13) 


Theorem 5.6 ([18, theorem 1.1]) For > 0, the Catalan numbers C,, have 
the expansion 


qn 


5: yo (2k =a |! (5.14) 


nF a okey n+ 2k +1 


In the survey paper [19], there are plenty of closely related references on 
asymptotic expansions of the Catalan numbers C,,. 

The expansions (5.10), (5.12), and (5.14) have been generalized by (5.28), 
(5.29), and (5.31) below. 


5.1.7 Complete Monotonicity of the Catalan Numbers 


From Refs. [20, pp. 372-373] and [21, p. 108, definition 4], we recall that a 
sequence {H,,}o<n<o is said to be completely monotonic if its elements are 
non-negative and its successive differences are alternatively non-negative, 
that is, 


(-1)*A*y, > 0 
for n,k > 0, where 


Au, = Ye oe |) tae m* 


m=0 


From Ref. [21, p. 163, definition 14a], we recall that a completely monotonic 
sequence {4,,},,.9 is minimal if it ceases to be completely monotonic when ay 
is decreased. 


Theorem 5.7 ([18, theorem 1.1] and [12, theorem 1.4]) For any 


N € {0} UN, the sequences {=} and 
n>0 


4 (2k — 3)!! 1 C, 
— —————_ | - — 5.15 
{: Ee 1 y oe Kk aim | 4" ss ( ) 


are completely monotonic and minimal, where an empty sum is understood to 
be 0. 
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Theorem 5.8 ([18, theorem 1.2]) The sequences 


Vn (n+ 2)? (n + 2)"43/2 
{" [Sass —— UPTO a 
. (5.16) 


are completely monotonic and minimal. 


Corollary 5.1 ([18, corollary 1.1]) The sequence { a \ and the one in 
n>= 


>0 
(5.15) are convex and the second sequence in (5.16) is logarithmically convex. 


5.1.8 Inequalities of the Catalan Numbers and Function 


By virtue of the above asymptotic expansions, integral representations, and 
complete monotonicity of the Catalan numbers C,, and the Catalan function 
C,, one can derive the following inequalities, including determinantal inequal- 
ities and product inequalities of the Catalan numbers C,, and the Catalan 
function C,,. 


Theorem 5.9 ([18, theorem 1.1]) For all, m > 0, we have 


n+1 9k —3)!! 
Ce ee yee =) Sea : 
a a = Kk = Qn+2k4+1 


Theorem 5.10 ([18, theorem 1.2]) The double inequality 


3/24x 1 ie Pe 

e Hts) |S By, ; i 

ay REITER ISNT 2s 57 Nae EL EL. 

Va (% + 2)*+3/2 = 2j(2j — 1) (x+ ie (x + 2)7/-1 
2 


e3/2.4* (« pe ), 
2 


< C, << ———— 
la (x + 2)"43/2 
2m-1 
B, 1 1 
ak 53 WAI—-D|y, .\%) (x+2)3-1 
(27 - VD («+ ) y (x + 2)% 


is valid for m € N, where B,; are the Bernoulli numbers defined by (5.13). 


Theorem 5.11 ([12, theorem 1.5]) Let m,n €N and a, for1<k<mbe 
non-negative integers. Denote C, = n!C,,. Then 


(-1)%t4C >0O and |C 


> 0, 


nta;+a;| nta;ta,| = 


where |e;;|,, denotes a determinant of order m with elements ej. 


Some Properties and Generalizations of the Catalan, Fuss, and Fuss-Catalan Numbers 
Theorem 5.12 ([12, theorem 1.4]) If m>1 and 4p,a,,...,a,, be 
non-negative integers, then 


G. m-1 Co m C C 
0 k=0 4k Atay 
& ) Adie a 2 I] Aor and 


4,44; 


> 0. 


m 


4AitG 


Theorem 5.13 ([18, theorem 1.1]) For meN and any non-negative 
integers dy, dy, ... 5 Gj,, We have 


=i 
41 GAY” [4 1 2 Ostia 
2a,+1 4% RL+WDV py Aye Geto % 


“ “ | 4 1 7 ae 
ep LA 2G t+ ay)+ 1 — A%ore 
and 
4 1 Ci +a, 


> 0. 


aWMadtaytl. ata 
m1 2(a,+4;)+1 4are hs 


Theorem 5.14 ([18, theorem 1.2]) For meN and any non-negative 
integers dy, dy, ...,4j,, We have 


m-1 


fm (ay + 2)*3/ 
n —— 


] TF Cae 
3/2440 (a + :) 


= ft (dy + ag + 2)0t%43/? 
2] Jin ater Tas | 
k=l €3/24M0F4 (4 +a, + :) 
| (ay + 2)t3/? sa Nae ep er) eae C 
4% (a) + 1/2)" : Zio 
wrde Zio (: + Dino % 
m (ay bat Dyoterte/? a 
A+ (ay + ay t1/2)n re]? 


) Lixo 4 


k=l 
fx (a; + a; + 2849? 
s 3/2444 (q, + aj + 1/2)*% Cat 20, 
m 
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and 
(a; +4 4, + 2)04g48/2 


$C > 0. 
4844 (q, + a, + 1/24 44 


m 


Theorem 5.15 ([12,theorem1.7]) If? >0,.1>k>m,k>n-—k,andm> 
n—m, then 


CornCeank 5 (C+ mC +n—m)! 
CoamCranm = = + OC nk)! 
Forn,m €NandZ > 0, let 
Cnme = Coansam(Ce)” — Cosnam€eamCe 
= Crier Gi Ca) 
Hams = Cesnram Ce) — 2CesnemCesmCe + Corn Cem) > 
Lime = Cerna (CeY — 2CeanCesomCe + Con(Cesm) 
Then we have 
Cume 20, H 


> 
= < 
Hime = Game Whenm $n, 


= 0, 


nwm,€ 


and 


Lime 2 Gime 29 whenn 2m. 


Theorem 5.16 ([12, theorem 1.6]) Suppose that A = (Aj, A, ...,4,,) € R” 
and w= (fy, Ho, --->M,) € IR”. A sequence J is said to be majorized by yp (in 
symbols 4 < y) if 


k k 
Dia S$ Di Mie 
C=1 C=1 


fork =1,2,...,4—land 


n n 
ee 
e=1 ?=1 


where Any) > Ap 2+ S Aggy and My) = Hp) 2 +++ = Hp ave, respectively, the 
components of A and y in decreasing order. A sequence J is said to be strictly 
majorized by y (in symbols A < y) if A is not a permutation of yu. 

Let m € Nand let A and yp be two m-tuples of non-negative integers such that 
A <u. Then 


m m 


< C . 
1 


Cra, 
i=1 


nth; 


i= 
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Consequently, 


(1) the infinite sequence {C,,},,.9 is logarithmically convex, 
(2) the inequality 


n k n-k 
Crsk = Coane 


is valid for? > Oandu>k>0. 


5.1.9 The Bell Polynomials of the Second Kind and the Bessel 
Polynomials 


In combinatorial analysis, the Bell polynomials of the second kind, also known 
as the partial Bell polynomials, denoted by B,,,(%1,% , ...,%, 441), can be 
defined by 


n—-k+1 e 
n! x; i 
B, .(x1,% x y= — 
nk\% 19% 09 +++ 9% kad elo il 
1<i<n,0,€{O}UN I, eC; i=1 
YL, i¢j=n 
Lin “ak 


for > k > 0. The Faa di Bruno formula can be described in [22, p. 139, theorem 
C] in terms of the Bell polynomials of the second kind B,, (41,2, «-. »% x41) by 


fog) = VF eo))B, (gM), --. g*P(H). (5.17) 
k=0 


The Bessel polynomials y,, were defined [23] by 


n 


(nth! (x\* 
¥, (x) = Ds. w= p Te ar ) , 


The first 5 Bessel polynomials y,,(~) for 0 <1 < 4 are 
WO) = 1, KOSe+1,. 9,0) = 30 + Be-F1, 
yg(x) = 15x? + 15x" + 6x +1, 
yy(x) = 105x* + 105x° + 45x" + 10x + 1. 
For more information on the Bessel polynomials y,(x), please refer to the 


websites [24—26] and the closely related references therein. 
Recently, two explicit formulas for special values 


B,n(-1)!!, 1, 3! ..., a — k) — 1!) (5.18) 


were presented and the quantities (5.18) were connected with coefficients b,, ; 
of the Bessel polynomials y,,(x). 
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Theorem 5.17 (7 and [8, theorems 1 and 2]) For >k > 0, we have 
B,«(—D!!, 1, 3!!, ... [2a — k) — 1!) 


(-1)" ke n-1 
= a (¢) Te -2. 
B,4(—D!!, 1! 3! ... [2G2— k) — UN) 


_ (2n-k-1 os 
-( 261 1) ") ra k) —1]!!, 


and 


Dag = Busty -ear(—W!, 1, 3! «(2k — D!). 


The above explicit formulas for special values (5.18) can be applied to find 
the expressions (5.4) and (5.5) and to compute the mth derivatives of a kind of 
elementary functions. 


Theorem 5.18 (7 and [8, theorem 4]) Let g(x) = Va+ bx fora,b € Rand 
b # Oand let n € N. Then the Bell polynomials of the second kind B,,; satisfy 
Br x(S (*),8 M(x), gO M(H) 


er oes b\" (2n-k-1\ 1 
= (-1)"" [2H — k) ni( 3) ( 2(n —k) Fessaa 


Consequently, for 1 > 0, we have 


d” sin y/x _ (-1)" “ ; 
i ae Ld [2@2 — k) — 1]! 


2n-—k-—-1 k/2 os kn 
x ( xn -k Ja sin ( y+ 3 ). 


HOS 2 > (-1)'(2« — k) — 1]! 


dx” ~ (2x)" a 
Qn-—-k—-1 k/2 kn 
x ( 2 Ja cos (V+ =). 
d"ev* ms evi ‘ner=De 2n—-k—-1)\ 42 
oe Gas ye 1)[2~@ — k) — 1]! i a ne 


and 


d”In(Q1 + Vx) _ (Cd 
dx" ~ (x) 


. a) ( ): 


~> (+1)'(k — 1)![2(n — k) — 1]! 
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For 1 > 1, we have 
d‘arcsinx __ d”arccosx _ d”! 1 ee | 
dx” dx” dx"! \ 47 32 (2x)" 


ee n-1 k ge NEMA 
*% >. FORKS DN ka DI —_—. . 
p Ge anes) ( k Vesa) (55) 


Consequently, for m > 1, we have 


d" arcsin \/x d” arccos 4/x 


dx” dx” 
_ (De (- Dk ¢M-k-1\ 1 
Sey p 5 (20 — )— 111 eb eee 


k-1 


x V2 0¢ - DIK - 2 - D! Sat Z a oe 
“ : C k-€-1 1-2 , 


?=0 


In recent years, several explicit formulas of special values for the Bell poly- 
nomials of the second kind B,, ,(%,%, ..- .%,_x41) were recovered, discovered, 
and applied in [27-33] and references cited therein. 


5.2 The Catalan-Qi Function 
The Catalan numbers C,, can be generalized alternatively. 


5.2.1 The Fuss Numbers 


A generalization of the Catalan numbers C,, was defined in [34-36] by 
1 /( pn 1 pn 
tal eco (). meat 
pe nX\n-1 (p-l1)n+1\n ee 

It is obvious that .d,, = C,,. 

In [1, pp. 375-376], the generalization ,,,,d,, of the Catalan numbers C,, is 
denoted by C(u, p) for p > 0 and is called the generalized Catalan numbers. 

In [1, pp. 377-378], the Fuss numbers 
1 ( mn+1 ) 


F(m,n) = 
( ) mn+1 7 


were given and discussed. It is apparent that F(2, 7) = C,,. 


5.2.2 A Definition of the Catalan—Qi Function 
For R(a), R(b) > O and R(z) > O, let 


T@) (b )F +a) 


CG 2O= malt T(z+b) 
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Specially, we have 


C(a, b;n) = (2) a, 


It is not difficult to verify that C (2. 2: n) = C,, and 


(m—1)n 
(4 =) Cin +1,2;(m—1)n) = ,,d, = C(,m —1) 


for m,n > 1. Therefore, the quantity C(a, b; z) defined by (5.19) is an alternative 
and analytical generalization of the Catalan numbers C,,, the Catalan function 
C,, and the Fuss numbers F(m, 7). 

For uniqueness and convenience of referring to the quantity C(a, b; z), we call 
C(a, b;z) the Catalan—Qi function and, when taking z = 1 > 0, call C(a, b;n) 
the Catalan—Qi numbers. 

The quantity C(a,b;z) was first introduced and called the Catalan—Qi 
function in [37, Remark 1] which has been formally published in [38, p. 939]. 


5.2.3 Some Identities of the Catalan—Qi Function 


Some identities of the Catalan numbers C,, can be generalized to ones of the 
Catalan—Qi function C(a, b; z). 
In [3] and related references therein, the identities 


2(2n +1) 1 - 
C4, = ——C,, C,= 4k — 2), 
aie n+2 -" "(n+))! II eS 4) 
ee _ XC, en _ ‘LQx) 
n=1 ae n=0 "(2n)! x 


and 


co 


e*[)(2x) - 2x) = }) C,— 


n=0 


of the Catalan numbers C,, were listed, where 


2 1 Zz 2Qk+v 
L@®= a (2) , vEeRzec 
2) p> kI@ +k+1)\2 iad 


denotes the modified Bessel function of the first kind [39, p. 375, 9.6.10]. 
Corresponding to these identities, the following identities of the Catalan—Qi 
function C(a, b; z) were obtained. 


Theorem 5.19 ([38, theorem 1.5]) For 1 > 0 and R(z) > 0, we have 


n-1 
C(a,b;z+1)= 2246 


poe b;z), C(a,b;n)= (2) 
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Ms 


a\" a 
= -y4) = —————— 1>1 
(<) C(a, b;n) jager b>a+1>1, 


Il 
fan 


nN 


_ bet 


z play eee 
as mya y! = ,F, (aso2e), 


- C(a, b;n)— = iF, (a: 2.) : 
~ n! a 
By Theorem 5.19, we can regard the functions 


1 b b 
Fo (« 5 2.) and ,F, (« b; 2) (5.20) 
as generating functions of the Catalan—Qi numbers C(a, b; 1). 
In 1928, J. Touchard derived an identity 
LJ 
Cae Y DCs a *C,, (5.21) 
where |x| denotes the floor function whose value is the largest integer less than 
or equal to x, see [83, p. 472; 23, p. 319]. For the proof of the formula (5.21) by 
virtue of the generating function (5.1), see [1, pp. 319-320]. 
In 1987, when attending a summer program at Hope College, Holland, 
Michigan, United States, D. Jonah presented that 


n+1 a (n—2k 
(os ep Gare It n>2m, neN. (5.22) 


k=0 


See [41, p. 214] and [1, pp. 324-326]. 

In 1990, Hilton and Pedersen generalized the identity (5.22) for an arbitrary 
real number v and any integer m > 0 [41, p. 214], [1, p. 327]. 

In 2009, J. Koshy provided in [1, p. 322] another recursive formula 


ee ml | 
>) (pe (” zd ‘) em (5.23) 


We observe that the identity (5.23) can be rearranged as 


(-! (K*r) C= 
k=[ 31 
where [x] stands for the ceiling function which gives the smallest integer not 
less than x. 
The identities (5.21), (5.22), and (5.23) for the Catalan numbers C,, can be 
generalized to ones for the Catalan—Qi numbers C(a, b; 1), respectively. 
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Theorem 5.20 ([42,theorem1]) Fora,b>0,n EN, and n> 2m > 0, the 
Catalan—Qi numbers C(a, b; n) satisfy 


l-n n.,1.,\_ n\ (a\k ; 
aFa (a F—52b 53) = (5) ee bie 
l-n nb 1 w(n-2k 
Pil dein pp 2 es k 
4 s( »4,—m,m n; b, 2 ’ x 2) j= 2 {) Clanb k), 
and 
natlioin, _,_ 4a 
Fy (1b =n 25, nas) 
1 feel 
= —— —1)" C(a, b;k). 
aera eae (a) PK) 


ka] 


5.2.4 Integral Representations of the Catalan—Qi Function 


Some integral representations of the Catalan numbers C,, in Section 5.1.5 can 
be generalized as the following forms. 


Theorem 5.21 ([16, p. 3, eq. (10)] and [17, p. 3, eq. (1.9)] Forb>a>0 
and x > 0, we have 


1 b . ‘a —u\b—a-1 ,—(x+a)u 
ig) m 1- 
C(a, b; x) = Bab = (2) / (l-e™“) e du, 


where B(z, w) denotes the classical beta function 
: z-1 lq - ie d 
B(z, w) = (1-1) dt = ——dt 5.24 
ng i; ae [ +p" oo 


for R(z), R(w) > 0. 


Theorem 5.22 ([16, theorem 4] and [17, theorem 3.1]) Forb>a>Oand 
x > 0, the Catalan—Qi function C(a, b; x) has integral representations 


a bet 1 ne b ee +a—1 
= —_ —————— oF es a 2 
C(a, b; x) (F) 20.020 i (2 t) Ore dt (5.25) 


and 


1 eo po-a-1 


Baba Gia” (5.26) 


C(a, b; x) = (<)" 
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Theorem 5.23 ([38, theorem 1.4]) For (a), R(b) > 0 and R(z) > 0, 
we have 


Cn Tb) aa(é ) (z+ay 
T(a) (z+ b)etb-4 
“1 1 1 -at _ bt, ,~2t 
xep [oa / (5-7-4 e —e)e ar). (5.27) 


In Ref. [4], it was said that the integral representation (5.6) means that the 
Catalan numbers C, are a solution of the Hausdorff moment problem on 
the interval [0,4] instead of [0,1]. Analogously, we guess that the integral 
representation (5.25) probably means that the Catalan—Qi numbers C(a, b; 1) 


are a solution of the Hausdorff moment problem on the interval [o. A instead 
of [0, 1] and [0, 4]. 


5.2.5 Asymptotic Expansions of the Catalan-Qi Function 


The asymptotic expansions in Section 5.1.6 can be generalized as follows. 


Theorem 5.24 ([16, theorem 2] and [17, theorem 2.1]) Forb > a> 0,the 
Catalan—Qi function C(a, b; x) has the asymptotic expansion 


C(a, b; x) ~ wab=a(a) 


T(b-at+k) 1 
k p(a—b+1) 
x ye i an emer (5.28) 


as x > oo, where B(x, y) is the classical beta function defined by (5.24) and 
BO (x) is the generalized Bernoulli polynomials defined by (5.11). 


Theorem 5.25 ([16, theorem 3] and [17, theorem 2.2]) The Catalan—Qi 
function C(a, b; x) has the exponential expansion 


C(a, b;x) = na (é) BED i a eH bye 


I(a) x+a 
B, 1 1 
x ———_~ | ———_ - ———_ ] |. 5.29 
sak bp (Zi — D (5 tay) (e+ ) ae 
where I(a, #) denotes the exponential mean defined by 
po\ Hoa 
I(a, Bp) = 2(2 a ) (5.30) 


for a, B > Owith a # f and B,, are the Bernoulli numbers defined by (5.13). 
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Theorem 5.26 ([16, theorem 5] and [17, theorem 3.2]) For b> a> 0, we 
have 


Te 1 b _ . ag Pome Dy 1 
Cla.) = ge (2) di ” k! xtatk’ een) 


where 


ss xv —1)---(«-n+41), n>1 
(= [o-0= 1% ae 


is the falling factorial. 


5.2.6 Complete Monotonicity of the Catalan—Qi Function 


From Refs. [20, chapter XIII], [43, chapter 1], and [21, chapter IV], we recall 
that an infinitely differentiable function f is said to be completely monotonic 
on an interval J if it satisfies 0 < (—1)‘f(x) < o on/ forall k > 0 


0 < (-1)'f®(x) < © 


on J for all k > 0. 

From Refs. [43-46], we recall that an infinitely differentiable and positive 
function f is said to be logarithmically completely monotonic on an interval 
Tif 0 < (-1)‘[Inf(@)]™ < o holds on J for all kK € N. For more information on 
logarithmically completely monotonic functions, please refer to [47-50] and 
plenty of references therein. 

It is known [45, 46, 48] that a logarithmically completely monotonic function 
must be completely monotonic. 


Theorem 5.27 ([(51,theorem 1.2] and 52) Leta,b > Oand«x > 0. Then the 
function [C(a, b; x)]*' is logarithmically completely monotonic 


(1) with respect to a > 0 if and only if x 2 1, 
(2) with respect to b > 0 if and only if x € 1. 


Theorem 5.28 ([16, theorem 7] and [17, theorem 4.2]) Let a,b >0 and 
x > 0. Then 


(1) the unique zero x, of the equation 
w(x +b)—waeta) _ 


1 
Inb-Ina 


satisfies x) € (0. :), where y is the logarithmic derivative of the gamma 
function I; 

(2) when b > a, the function C(a, b;x) is decreasing in x € [0,,), increasing 
in x € (Xp, oo), and logarithmically convex in x € [0, co); 

(3) when b < a, the function C(a, b; x) is increasing in x € [0, xy), decreasing 
in x € (%p, 00), and logarithmically concave in x € [0, oo). 
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Theorem 5.29 ([16, theorems 8 and 9] and [17, theorems 4.3 and 4.4]) 
For b > a > 0, the functions 


(2) ca, b;x) and ( 


x x+b-a 
*) — C(a, b; x) 


b (x + a)* 
are logarithmically completely monotonic on [0, oo). 


Theorem 5.30 ([16, theorem 5] and [17, theorem 3.2]) The function 
N 


oa (-1) (b-a-1), 
(-1) (g)'crn Terai ae ens" 


for N € {0} UN and b > a> 0 is completely monotonic in x € [0, oo), where 
|x] denotes the floor function whose value is the largest integer less than or 
equal to x. 


Theorem 5.31 ([16, theorem 6] and [17, theorem 4.1]) The function 
1, =0 
C*"(a, b;x) = . 
[C(a, bx)", x>0 
is logarithmically completely monotonic with respect to x € [0, oo) if and only 
ifa2b. 
Now consider the function 


Cypxt) = Catt b+t,«), t.x20, a,b>0. 


Theorem 5.32 ([53, theorem 1.1]) Forx>0Oanda,b> 0, 
(1) the function @,,.,(¢) is logarithmically completely monotonic on [0, oo) 


if and only if eitherO <x <landa<borx>landa2>b, 
(2) the function = == is logarithmically completely monotonic on [0, co) 


if and only if either 0 < « < landa>borx>landa<b. 


Is the function 
Sa oxa,p(t) =C(at+at,b+ftsx), x>0, a,b>0O 


of logarithmically complete monotonicity in ¢ € [0, co)? 


Theorem 5.33 (54) If and only if a =0 and f > 0, or a > 0 and f = 0, or 
a = f > 0, the function ©, »...4,(0) is of the following logarithmically complete 
monotonicity: 


(1) the function [C(a, b; x)]*! is logarithmically completely monotonic 
(a) with respect to a > O if and only if x 2 1, 
(b) with respect to b > Oif and only if x $ 1, 
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(2) the function @, ,.,(¢) is logarithmically completely monotonic on [0, oo) if 
and only if eitherO <x <landa<borx>landa>b, 
(3) the function z , 5 is logarithmically completely monotonic on [0, oo) if and 


° abix 
only if either0 <x« <landa>borx>1landa<b. 


5.2.7 Schur-Convexity of the Catalan—Qi Function 


Recall from Refs. [55, p. 80] and [56, pp. 75-76] that a function f with n 
arguments defined on J” is called Schur-convex if f(x) < f(y) for each two 
n-tuples x = (x,,...,x,) and y = (y,,...,¥,,) on 1” such that x < y holds, where 
J is an interval with nonempty interior. A function f is Schur-concave if and 
only if —f is Schur-convex. 


Theorem 5.34 ([51, theorem 1.1] and 52) Fora,b>Oandx > 0, let 
F(a, b) = |In C(a, b; x)|. 


Then the function F,.(a, b) is Schur-convex in (a, b) € (0, 00) X (0, co) for all x > 
0. In other words, if and only if (4,,b,) < (a, b), the inequality 


| In C(a,, b,;x)| < | In Cay, bg; x)| 


is valid for all x > 0. 


5.2.8 Generating Functions of the Catalan-Qi Numbers 


We discovered that the function ,F, (a, 1; b; ») is a generating function of the 
Catalan—Qi numbers C(a, b; 1). 


Theorem 5.35 ([16, theorem 10] and [17, theorem 5.1]) For a,b >0Oand 
n > O, the Catalan—Qi numbers C(a, b; 1) can be generated by 


oF} (« 1;D; #) = bs C(a, b; n)t” 
n=0 


and, conversely, satisfy 
. — (_1\ ~ _1)k n 2 fe __b 
Cla, b; n) = (-1) yi 1) (7) oF (« kb; 2). 


The last two formulas in Theorem 5.19 show that the functions in (5.20) 
can also be regarded as the generating functions of the Catalan—Qi numbers 
C(a, b;n). 


5.2.9 A Double Inequality of the Catalan—Qi Function 


From (5.29), one can deduce the following double inequality for the Catalan—Qi 
function C(a, b; x). 
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Theorem 5.36 ([16, theorem 11] and [17, theorem 6.1]) The Catalan—Qi 
function C(a, b; x) satisfies the double inequality 


2m B,; 1 1 
exp p 2i(2j— D ( @+ay @+by ) 


j=l 


<f)(a)* [eee __ Clas) 
T'(b)\b x+b [I(x+a,x+b)]e> 


4s > By i 
OP) L Fai-D era Gre /)|" 


j=l 


where B; fori € N are the Bernoulli numbers defined by (5.13) and J is the expo- 
nential mean defined by (5.30). 


5.2.10 The q-Catalan-Qi Numbers and Properties 


Mainly motivated by the paper [16], Zou introduced [57, 58] the q-analogue of 
the Catanlan—Qi numbers, called the q-Catalan—Qi numbers and, among other 
things, obtained supercongruences for the Catalan—Qi numbers C(a, b; k). 


5.2.11 The Catalan Numbers and the k-Gamma and k-Beta Functions 


Motivated by the papers [9, 59, 60] and the closely related references therein, 
Qi and his coauthors, Akkurt and Yildirim, established more explicit formulas 
and integral representations of the Catalan numbers C, and presented a class 
of parametric integrals in terms of the k-gamma and k-beta functions in [61]. 


5.2.12 Series Identities Involving the Catalan Numbers 


In [62], Yin and Qi discovered several series identities involving the Catalan 
numbers C;,, the Catalan function C,, the Riemanian zeta function ¢(z), and 
the alternative Hurwitz zeta function. For more information on related topics, 
please refer to [63, 64] and the closely related references therein. 


5.3. The Fuss—Catalan Numbers 


5.3.1 A Definition of the Fuss—Catalan Numbers 
In combinatorial mathematics and statistics, the Fuss—Catalan numbers 
A,,(p, r) were defined [65, 66] as numbers of the form 

r (een) rl'(np +1) 


AD) = np+r n - 


~ Tan+ Dp - 1) + r+) 
It is easy to see that 


A,(p,.D=FQ,n, A,2,D=C,, A,i(p.P) = pd, = Cn, p). 
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This means that the Fuss—Catalan numbers A,,(p,r) is a unified generalization 
of the Catalan numbers C,,, the Fuss numbers F(m,n), and the generalized 
Catalan numbers C(m,n — 1) = ,d,,,. 

There have been some literature, such as [66-78], on the investigation of the 
Fuss—Catalan numbers A, (p, r). 


5.3.2 A Product-Ratio Expression of the Fuss—-Catalan Numbers 


The Fuss—Catalan numbers A,(p,r) can be represented as a product-ratio 
expression and other forms in terms of the Catalan—Qi numbers C(a, b; 1). 


Theorem 5.37 ([79, theorem 1.1]) Forz,r > 0 and p > 1, we have 


p k+r-1 4, 
ae ea | ‘ 1:1) 


A,(p.r) =r" re ee (5.32) 
me (er) 
For n,p € N andr > 0, we have 
n r-1 
A GD 


nB(n(p — 1) +1,n) [n(p-1)4+ 1)" 


Forr+1>n>0Oandp > 0, we have 


1 r ue 
A,(p, =-—_—____(___) C(r,r—n+1;np). 
eh? nB(n,r—n+1)\r—n+1 a 


Whenr+1>n2>1andp > 0, we have 


[Bir +1—n,n)P7! Natex ro-nt+k+ 2) 
k=0 


1 
AP) RG ne n Hn 


Forn >2,r+1>n,andp EN, we have 


[Bir +1—n,n—1)]*! 
[Br +1—n+p,n-—1)]" 


p-l 
xT] c cee CERES ; 
P Pp 


k=0 


A, (p.r) = rp’? B(n — 1,2) 


5.3.3 Complete Monotonicity of the Fuss-Catalan Numbers 


Applying the product-ratio expression (5.32) and some properties of the 
Catalan—Qi function C(a,b;x), one can find several properties of the 
Fuss—Catalan numbers A,,(p, r), including monotonicity, logarithmic convexity, 
complete monotonicity, and minimality. 
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Theorem 5.38 ([79, theorem 1.2]) When p>r > 0, 
(1) the sequence {A,,(p.7)} , 505 


1, n=0, 
A,,(p1) = 1 


VA,0.1) 


is decreasing, logarithmic convex, completely monotonic, and minimal; 
(2) the sequence of the Fuss—Catalan numbers {A,(y,1r)},,50 is increasing and 
logarithmic convex. 


5.3.4 A Double Inequality for the Fuss—Catalan Numbers 


By applying a double inequality of the beta function B(x, y) from the papers 
[80] and [81, pp. 78-81, section 3], a double inequality for the Fuss—Catalan 
numbers A, (p, r) was obtained. 


Theorem 5.39 ([79, theorem 1.3]) Fora >2andp,reéN, we have 


A,(p, r) > ape (5.33) 


When m4 min{D(n-1)D(n(p—- 1) +r+),b,(n- D[n(p- 1) +r4+1]}} < 

1 for n > 2 and p,r EN, we have 

r[n(p —1)+r+1] 
nil —m) 


? 


A,(p.1) S 


where 


De) = re and by = max E E 
ox xz 
for x > 1. 
By some inequalities for the beta function B(x, y) surveyed in the paper [82], 


one can derive more inequalities for the Fuss—Catalan numbers A,(p,r) and 
others. 


5.4 The Fuss—Catalan—Qi Function 


5.4.1 A Definition of the Fuss—Catalan—Qi Function 


In the early morning of September 15, 2015, a unified generalization of the 
Catalan numbers C;,, the generalized Catalan numbers C(n,m), the Fuss 
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numbers F(m,n), the Fuss—Catalan numbers A,(p,r), and the Catalan—Qi 
function C(a,b;z) was framed out eventually and successfully by Qi in 
[83, section 2]. This generalization can be described by a five-variable function 


; é _ Te) b T@z+a) 
Q(4, Bs p. 432) = FH (2 T(qz +b)’ 


where R(a), R(b) > 0, R(p), R(g) > 0, and R(z) = O. 
It is easy to see that 


Q (5.2: de 1; 1) = Q(1,2:2,1:1) =C,, 
Qip.pt+1p,p-1:n-l=,d, =C(n,p-1), 
QG,7 + lpip= lin) =A,@.n), 

Q(a, b; 1, 1;z) = C(a, b;z). 


(q-p+l)z 
) Pigeiie* (5.34) 


Accordingly, the function Q(a,b;p,q;z) is a unified generalization of the 
Catalan numbers C,, the generalized Catalan numbers C(n,m), the Fuss 
numbers F(m,n), the Fuss—Catalan numbers A,(p,r), and the Catalan—Qi 
function C(a, b; z). 

For uniqueness and convenience of referring to the quantity Q(a, b; p,q; Z), 
we call Q(a,b;p,q;z) the Fuss—Catalan—Qi function and, when taking 
z=n2> 0, call Q(a, b; p,q; n) the Fuss—Catalan—Qi numbers. 


5.4.2 A Product-Ratio Expression of the Fuss—Catalan—-Qi Function 


Similar to the product-ratio expression (5.32) for the Fuss—Catalan num- 
bers A,(p,r), a product-ratio expression for the Fuss—Catalan—Qi function 
Q(a, b; p, g;z) can also be established. 


Theorem 5.40 ([83,theorem3.1]) For R(a), R(b) > Oand R(z) > 0, when 
p.g € N, we have 


Zz ‘p-1 k+a 
b\?' Trp +a) | Hao © tee y 2) 
Q(4, b; p, GZ) = (2) ——_—__ | —___~—___. (5,35) 
a T(@al(q + b) Ti ¢ (#2,1:2) 
We observe that 
b\*? TOL +4) 
a T@(qt+ db) 


Hence, the product-ratio expression (5.35) can be rewritten as 


= Qa, b;p,q;1), Ra), R(b), RW), R(q) > 0. 


p-1 kta 4, 
Q(a, b; p, g; 2) s: k=0 C (, 1:2) 
[Q(a, b; p,q 1) r1¢ Ee 2) 


rae 
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5.4.3 Integral Representations of the Fuss—Catalan—Qi Function 
Making use of the integral representation (5.27), one can derive integral 


representations of the Fuss—Catalan—Qi function Q(q, b; p, q; Z). 


Theorem 5.41 ([83,theorem 4.1]) For R(a), R(b) > Oand R(z) > 0, when 
p.g € N, we have 


Qa, b; p,q; 2) = (2a 4 —p)/2_ N37 DO) pe Oe +4 1)G-PE+1/2)+ (4-8) 
we T(a) q’-1/2 


eons) 1 ae = ss (z q 


—— + (b- 
‘\b+qzt+k) 2 oe 


ag) 
[5 
ze 


e-t/P et ) T= et onal 


pa- e-t/P) l-—e= 
se ae a 2 OY AS iy gO as 
qd-e/%) 1l-et} 1—-e*/4 2 , 


Theorem 5.42 ([83, theorem 4.2]) For a,b > 0 and x > 0, when p,g EN, 
we have 


l—e-‘/p 


(q-ptl)x 
Qa, b; p,q3x) = (22) 9-P)/2¢6r-a/2+b-a LO) — 
Ta) 


yee 


pat 
px+a-1/2 II < (« 7 ae 
x (@ + TEDL = P 


qtr pak \t Oth) /q-1/2 
a seed 


“(q-pet | _e alr ages ~ty at 
X exp e eee a + i 2 7 poOd-e)e“dt >, 


where 


pie) = = ( 


1 
e—]1 


ee 
-=+5). (5.36) 


Theorem 5.43 ([83, theorem 4.3]) For a,b,p,q > 0Oand x > 0, we have 


T(b) b (q-pt lx 
Q(a, b; p, gx) = Fa r@ 2" 7) P)/? eb-a+b— (2) 


wx+a—1/2 
3 (56 + Lymer) (PX + 


(qx + byatb- 1/2 
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x exp {/ BOL(G — pye rt = eat byt + eernar : 
0 


where f(£) is defined by (5.36). 


5.4.4 Complete Monotonicity of the Fuss—Catalan—Qi Function 


From Ref. [44], we recall that, if f(x) for some nonnegative integer k 
is completely monotonic on an interval J, but f“-(«) is not completely 
monotonic on J, then f(x) is called a completely monotonic function of the kth 
order on I. 

Stimulated by the above definition and those main results in the papers 
[44—-46, 84], we introduced the concept of logarithmically completely 
monotonic functions of the kth order. 


Definition 5.1 ((83, definition 5.1]) For a positive function f(«) on an 
interval J, if [Inf («)]™ for some nonnegative integer k is completely monotonic 
on an interval J, but [In f(x)]“~» is not completely monotonic on J, then we call 
f(«) a logarithmically completely monotonic function of the k-th order on J. 


Theorem 5.44 ([83, theorem 5.1]) The function 


gin) = LO (\ Tata 
Qa diana) = (4) T(qx + b)’ 


satisfies the following conclusions: 


a,b,p>0, x20 


(1) ifa < bandqg < raEeey the function Q(a, b; g, q; «) is increasing on [0, oo); 


(2) ifa>b and q< inbring the function Q(a, b; 4,9;%) is decreasing on 


w(b)—w(ay’ 
[0, 00); 
(3) ifa < bandg > SoETOy the function Q(a, b; q, g;x) has aunique minimum 
on (0, oo); 


Inb-Ina 


(4) if a>b and q> Oana 
maximum on (0, oo); 

(5) if and only if a $ b, the function [Q(a, b; q, q; x)]* is logarithmically com- 
pletely monotonic of the second order on [0, oo); in particular, if and only 
ifa < b, the function [Q(a, b; g, q;x)]*! is logarithmically convex on [0, 00). 


, the function Q(a4,b;q,q;x) has a unique 


5.5 Some Properties for Ratios of Two Gamma 
Functions 


By studying the Catalan numbers C,, the Catalan—Qi function C(a, b;z), 
the Fuss—Catalan numbers A,(p,r), and the Fuss—Catalan—Qi function 
Q(a, b; p,q, Zz), we acquired, as by-products, some properties for ratios of two 
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gamma functions. About known results for ratios of two gamma functions, 
please refer to the expository and survey articles [48, 83-85] ] and the closely 
related references therein. 


5.5.1 AnIntegral Representation and Complete Monotonicity 


Step by step, we obtained [12, 89] an integral representation and complete 
monotonicity of a function involving a ratio of two gamma functions. 


Theorem 5.45 ([89, theorem 2] and [12, theorem 3]) Let 
T(x + a) (x + by*th-4 

(tay Tietb) ’ 
For a, b > 0, the following conclusions are valid: 


Fp) = 


a4,b€R,a#b,x > —min{a, b}. 


(1) the function F, ,() has the exponential representation 


Fs) =e |b- a [ “(a+=- 
: ho 


on [0, oo); 
(2) the function [F,p(x)]*" is logarithmically completely monotonic on [0, oo) 
if and only if 


(a,b) € D,(a,b) = ((a,b) :a&b,a>1U{(ab):aSbass}. 


5.5.2 An Exponential Expansion for the Ratio of Two Gamma 
Functions 


As a by-product of investigating the Catalan—Qi function, we discovered 


[16, 17] an exponential expansion for the ratio ao of two gamma functions. 
Theorem 5.46 ([16, theorem 3] and [17, theorem 2.2]) For a,b > 0, we 
have 

P@) at? la By Gao) 

ead ey tes a ee eee 5.37 

T®é) pear *P py YQG-)\er PFA ee 


5.5.3 A Double Inequality for the Ratio of Two Gamma Functions 


From Ref. (5.37), we can readily derive a double inequality for the ratio a of 


two gamma functions. 


Theorem 5.47 ([16, theorem 11] and [17, theorem 6.1]) For a,b> 0, 
we have 


2m 
b a-b By i ue) 
ye [I(a, b)|*” exp bp 2j(2j — 1) (Ga pel ) < T(b) 


j=l 
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2m-1 
b a B, 1 1 
= ye [i(4, BY]? exp [> 22) - D (aa 3-1 | , 


j=l 


where B; for i € N are the Bernoulli numbers defined by (5.13) and J is the 
exponential mean defined by (5.30). 


5.6 Some New Results on the Catalan Numbers 


Recently, some new results on the Catalan numbers C,, were obtained in the 
papers [90, 91] and the closely related references therein. 


5.7. Open Problems 


Till now, to the best of our knowledge, the following problems posed in [92] 
still keep open. 


(1) What is the combinatorial interpretation of the Catalan—Qi function? 

(2) What is the combinatorial interpretation of the Fuss—Catalan—Qi function? 

(3) How can one obtain more properties of the Fuss—Catalan—Qi function? 

(4) As mentioned on page 16, does the integral representation (5.25) mean that 
the Catalan—Qi numbers C(a, b; 1) are a solution of the Hausdorff moment 
problem on the interval [o. Al instead of [0, 1] and [0, 4]? 

(5) Can one similarly interpret the integral representation (5.26)? 

(6) The two-parameter sequence of non-negative integers 


(2m)!(2n)! 


mm" (m+n)\m'n! 


is a generalization of the Catalan numbers C,,. These numbers S,,,, are 
named super Catalan numbers by Ira Gessel. It is clear that S,,, = 2C,,. 
For m=n, the numbers S,,,,, have an easy combinatorial description. 
However, other combinatorial descriptions are only known for m = 2,3, 
and it is an open problem to find a general combinatorial interpretation 
(see the website [4]). Is the super Catalan numbers S,,,,, a special case of 
the Fuss—Catalan—Qi function Q(a, b; p,q; z)? 

In [57, 58], Zou considered the q-Catalan—Qi numbers and the q-analogous 
of the Catalan—Qi numbers. Similarly, can one consider the g-analogous of 
the Fuss—Catalan—Qi function Q(a, b; p,q; z) defined by (5.34) and investi- 
gate their properties and applications? 


= 
NI 
~~ 


Remark 5.1 This chapter is a corrected and revised version of the 
preprint [92]. 
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6.1 Introduction 


6.1.1 Jensen's Inequality 


Let A be a self-adjoint operator on the complex Hilbert space (H, (.,.)) with 
the spectrum Sp(A) included in the interval [m, M] for some real numbers m < 
M and let {E,}, be its spectral family. Then for any continuous function /: 
[m,M] — C, it is well known that we have the following spectral representation 
in terms of the Riemann-—Stieltjes integral (see, for instance, [1, p. 257]): 


M 
(f(Ax,y) = il FUME ,x.9)) (6.1) 
m—0 
and 
M 
I fAdal? = / FAP xl? (6.2) 
m—0 


for any x,y € H. 
The function g, (A) ‘= (E,, y) is of bounded variation on the interval [m, M] 
and 


&,y(m —0)=0 while g, ,(M) = (x,y) 


for any x, y € H. It is also well known that g,(A) := (E,x, x) is monotonic non- 
decreasing and right continuous on [m, M] for any x € H. 
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The following result that provides an operator version for the Jensen inequal- 
ity may be found, for instance, in Mond and PeZari¢ [2] (see also [3, p. 5]): 


Theorem 6.1 Let A be a self-adjoint operator on the Hilbert space H and 
assume that Sp(A) € [m, M] for some scalars m, M withm < M. If f isa convex 
function on [m, M], then 


f((Ax,x)) < (f(A), x) (MP) 
for each x € H with ||x|| = 1. 


As a special case of Theorem 6.1 we have the following Hélder-McCarthy 
inequality: 


Theorem 6.2 ([4]) Let A be a self-adjoint positive operator on a Hilbert 
space H. Then for all x € H with ||x|| = 1: 


(i) (A'x, x) > (Ax, x)" for allr > 1; 
(ii) (A"x,x) < (Ax, x)" forall0<r<1; 
(iii) If A is invertible, then (A’x, x) > (Ax, x)’ for all r < 0. 


The following reverse for (MP) that generalizes the scalar Lah—Ribari¢ 
inequality for convex functions is well known, see, for instance, [3, p. 57]: 


Theorem 6.3 Let A be a self-adjoint operator on the Hilbert space H and 
assume that Sp(A) C€ [m, M] for some scalars m, M with m < M. Iff is a convex 
function on [m, M], then 
M — (Ax, x) (Ax,x) —m 
A < ——__. ———(M LR 
(fA)s,) s fn) + ID (LR) 


for each x € H with ||x|| = 1. 


The following result that provides a reverse of the Jensen inequality has been 
obtained in [5]: 


Theorem 6.4 ({5]) LetJ be aninterval and f:J — R bea convex and differ- 
entiable function on / (the interior of J) whose derivative f’ is continuous on /. 
IfA is a self-adjoint operators on the Hilbert space H with Sp(A) € [m, M] C J, 
then 


(0 <)(f(A)x, x) —f((Ax,x)) < (f’(AYAx, x) — (Ax, x)(f"(A)x, x) (6.3) 
for any x € H with ||x|| = 1. 


Perhaps more convenient reverses of (MP) are the following inequalities that 
have been obtained in the same paper [5]: 
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Theorem6.5 ((5]) Let bean interval and f:J — R bea convex and differ- 
entiable function on / (the interior of J) whose derivative f’ is continuous on J. 
If A is a self-adjoint operators on the Hilbert space H with Sp(A) C [m, M] c I, 
then 


$M = m)[I1 f" Adal? = (Ada, «)?] 


lA 


sf") ~ f'(m)) [Axl — (Ax, x)?] 7 
< +(M — my f"(M) — fm) 


for any x € H with ||x|| = 1. 
We also have the inequality 


(0 <)( flA)x,x) — f((Ax,x)) (6.5) 
< F(M — m)(f"(M) f'n) 
[(Mx — Ax, Ax — mx) f’(M)x — f'(A)x, f'(A)x — f'(m)x)}'/?, 
M+m 
2 
< =(M ~ my f(M) - f'n) 


eh f'M) sa 


| rca x) = 


for any x € H with ||x|| = 1. 
Moreover, if m > 0 and f’(m) > 0, then we also have 


1M —m)(f'M) -f'm™) 
4 Mf! Mf") 


(VM - Ym) (VFOD — VFO) Axx) fAdw, 2), 


for any x € H with ||x|| = 1. 


(Ax, x)( f"(A)x, x), 


In [6], we obtained the following operator version for Slater’s inequality as 
well as a reverse of it: 


Theorem6.6 ([6]) Let bean interval andf:J — R bea convex and differ- 
entiable function on / (the interior of J) whose derivative f’ is continuous on J. 
If A is a self-adjoint operator on the Hilbert space H with Sp(A) € [m,M] cI 
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and f’(A) is a positive invertible operator on H then 


(Af'(A)x, x) 
O<f (=) — ( f(A)x, x) (6.7) 
<f' (S (Ax, ®) [wrens = (Ase 0)( f"(Ada x) 
a. (f'(A)x, x) ( f'(A)x, x) 


for any x € H with ||x|| = 1. 


For other similar results, see [6]. 

For some inequalities for convex functions, see [7-14]. For inequalities for 
functions of self-adjoint operators, see [2, 5, 6, 15-26] and the books [3, 27, 28]. 

In order to state our results concerning some trace inequalities for convex 
functions of self-adjoint operators on Hilbert space (H, (.,.)), we need some 
preparations as follows. 


6.1.2 Traces for Operators in Hilbert Spaces 


Let (H, (-, -)) be a complex Hilbert space and {e,},., an orthonormal basis of H. 
We say that A € B(H) is a Hilbert-Schmidt operator if 


> llAei|? < 0. (6.8) 
iel 
It is well known that, if {e;};-; and {f;}j-7 are orthonormal bases for H and A € 
B(H) then 


> lel? = ¥ Wag? = YAK? (6.9) 
iel jel jel 
showing that the definition (6.8) is independent of the orthonormal basis and 
A is a Hilbert—-Schmidt operator iff A* is a Hilbert—Schmidt operator. 
Let ,(H) the set of Hilbert-Schmidt operators in B(H). For A € 3,(H), we 
define 


1/2 
|All, := (x Mea) (6.10) 


iel 
for {e;},<; an orthonormal basis of H. This definition does not depend on the 
choice of the orthonormal basis. 

Using the triangle inequality in /*(), one checks that 3,(H) is a vector space 
and that ||-||, isa norm on 3,(H), which is usually called in the literature as the 
Hilbert-Schmidt norm. 

Denote the modulus of an operator A € B(H) by |A| := (A*A)!/?. Because 
||| A|x|| = ||Ax|| for all x € H,A is Hilbert—Schmidt iff |A| is Hilbert-Schmidt 
and ||A||, = |||A|||,. From (6.9) we have that ifA € 3,(H), then A* € 8,(H) and 
All, = A*llo- 
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The following theorem collects some of the most important properties of 
Hilbert—Schmidt operators: 


Theorem 6.7 We have the following properties: 
(i) (3,(A), ||-||,) is a Hilbert space with inner product 


(A,B). := ))(Ae;, Be;) = )\(B*Ae;,¢;) (6.11) 
iel iel 
and the definition does not depend on the choice of the orthonormal basis 
{ej hier 
(ii) We have the inequalities 

All < IIAll. (6.12) 
for any A € 8,(H) and 

AT |, IIZAll, < ITIMATl, (6.13) 


for any A € 8,(H) and T € B(H). 
(iii) ,(H) is an operator ideal in B(H), that is, 


B(H)B,(H)B(H) © B,(H). 


(iv) By,(H), the space of operators of finite rank, is a dense subspace of 3,(H). 
(v) B,(H) C K(A), where K(H) denotes the algebra of compact operators 
on H. 


If {e;},<; an orthonormal basis of H, we say that A € B(H) is trace class if 


All, := })(1Ale;,€;) < 00. (6.14) 
iel 
The definition of ||A||, does not depend on the choice of the orthonormal basis 
{e;} je, We denote by 3, (H) the set of trace class operators in B(H). 
The following proposition holds: 


Proposition 6.1 If A € B(H), then the following are equivalent: 


(i) AE B,(A); 
(ii) |A|'? € B,(A); 
(iii) A (or |A|) is the product of two elements of B,(H). 


The following properties are also well known: 


Theorem 6.8 With the above notations: 
(i) We have 
All, = IA*ll, and [lll < IIAlh (6.15) 
for any A € B,(H). 
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(ii) ,(H) is an operator ideal in B(H), that is, 
B(H)B,(H)B(H) © B,(H). 

(iii) We have 
B,(H)B,(A) = B,(A). 

(iv) We have 
|All; = sup{|(A, B),| |B € B,(H), ||B| < 1}. 


(v) (8,(A), ||-||,) isa Banach space. 
(vi) We have the following isometric isomorphisms 
B,(H) = K(H)* and B,(H)* = BUH), 


where K(H)* is the dual space of K(H) and 3,(H)* is the dual space of 
B,(H). 


We define the trace of a trace class operator A € ,(H) to be 
tr(A) := )'(Ae;,¢,), (6.16) 
iel 
where {e;},<; an orthonormal basis of H. Note that this coincides with the usual 
definition of the trace if H is finite dimensional. We observe that the series (6.16) 
converges absolutely and it is independent from the choice of basis. 
The following result collects some properties of the trace: 


Theorem 6.9 We have the following properties: 
(i) If A € B,(A) then A* € B,(H) and 


tr(A*) = tr(A). (6.17) 
(ii) If A € B,(A) and T € B(A), then AT, TA € B,(H) and 
tr(AT) =tr(TA) and |tr(AT)| < |IAll, ITI. (6.18) 


(iii) tr(-) is a bounded linear functional on 8, (#2) with ||tr|| = 1. 
(iv) If.A, B € B,(H) then AB, BA € B,(H) and tr(AB) = tr(BA). 
(v) Byin(H) is a dense subspace of B,(H). 


Utilizing the trace notation, we obviously have that 
(A, B), = tr(B*A) = tr(AB*) and ||Al|Z = tr(A*A) = tr({A|?) 


for any A,B € B,(H). 

For the theory of trace functionals and their applications the reader is referred 
to [29]. For some classical trace inequalities see [30-33], which are continua- 
tions of the work of Bellman [34]. For related works the reader can refer to 
[30, 35-42]. 


Trace Inequalities of Jensen Type for Self-adjoint Operators in Hilbert Spaces 
6.2 Jensen’s Type Trace Inequalities 


6.2.1 Some Trace Inequalities for Convex Functions 


Consider the orthonormal basis € := {e;},<; in the complex Hilbert space 
(H, (-,-)) and for a nonzero operator B € 3,(H) let introduce the subset of 
indices from J defined by 


Teg t= {iEl: Be, #0}. 
We observe that I, , is nonempty for any nonzero operator B and if ker(B) = 0 
that is, B is injective, then Ip, = J. We also have for B € B,(H) that 

tr(|B|’) = tr(B"B) =  (B*Be,,e;) = )" ||Be,ll? = >° |IBe(ll. 


iel iel iél, z 


Theorem 6.10 ([43]) Let A bea self-adjoint operator on the Hilbert space 
H and assume that Sp(A) C€ [m, M] for some scalars m, M with m < M.Iff isa 
continuous convex function on [m, M], €:= {e;},<; is an orthonormal basis in 
H and B € B,(H)\ {0}, then “2! € [m, M] and 


tr(|B/?) 
tr(|B|?A) 3 
s() tr(|B|") (6.19) 
<J.(f;A,B) < tr(|BI?f(A)) 
<< (flmtr (BPO, — A)] + fer [BP = m1,)]), 
where 
B*ABe,, 
Lf:A.B) i= if (Aa —— ") I Be, |. (6.20) 
oO Bell 


Proof: Since Sp(A) C [m, M], then mlly||? < (Ay, v) < Mlly||? for any y € H. 
Therefore 


m||Be,||? < (ABe,, Be;) < M||Be,||? 
for any i € J, which implies that 


m >" |\Be,|I? < ¥ (ABe,, Be) < M >" Be, 


iel iel iel 
tr(|B)?A) 
nqpey © lH, M]. 
By Jensen’s inequality (MP) we have 
Ay, A)y, 
f(s >) Peed ai) (6.21) 
Ilyl Ilyl 
for any y € H\ {0}. 


and we conclude that 
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Let F be a finite part of I, z. Then for any i € F we have from (6.21) that 


(Sa) s ( f(A)Be;, Be;) 
Be|? J ~ Be?” 


which is equivalent to 


B*ABe,, é; 
p (So?) yBell? < (B/A)Be, (6.22) 
I|Be||| 
Summing over i € F, we get 
B*ABe,,e, 
ih Se] IIBe,I? < Y\(BYf(A)Be,,e,). (6.23) 
ieF I|Be;|| i€F 
Using Jensen’s discrete inequality for finite sums and for the positive weights 
W; 
f (Ase s LicrWif (Uj) 
Dicer’: J Lier: 
we have 


(B* ABe,,e;) 2 (B* ABe,,e;) 2 
Dier \|Be, || \|Be ill Dierf ( \|Be; |? ) I|Be;|| 
Lier llBe;ll? . Lier llBe;ll? 


which is equivalent to 


f ios ‘ABe,, <2) by \|Be, 2 < Wi (St | \|Be, ||. (6.24) 


Lier llBe ill? i€F ieF |B I|? 


Therefore, for any F a finite part of I, , we have from (6.23) that 


f fae <2) »Y \|Be, 2 < mat i) \|Be,||? (6.25) 


Lie leel? 7 = a \|Be. ||2 
< }\(B'f(A)Be;,e;). 
iEF 


By the continuity of f, we then have from (6.25) that 


Did, (B ABe,, i 
(| D lBeil (6.26) 


i€les 


<r (See) teil? s B eayawene) 


iel, i€lep 
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and since B € ,(H)\ {0}, then also 
> Be? =} Bell? = te(.B?), 


i€l eg iel 
> (B*ABe,,¢;) = )(B*ABe;, e;) = tr(|B|?A) 
i€ls p iel 


and 
>! (BYf(A)Be;, e;) = ))(B"f(A)Be;, e;) = tr(|BI?f(A)). 
i€ls g iel 


From (6.26), we then get the first and the second inequalities in (6.19). 
From (LR), we also have 


(FAY) S Fe = (M1, — A)y, ) fm) + (A — m1,)y, 9) (MD) 
(6.27) 
for any y € H. 
This implies that 
( f(A)Be;, Be;) (6.28) 
< —|((M1y, — ADBe;, Be,)f(on) + ((A ~ m1, )Be, Be,) FM] 
for anyi eI. 


By summation, we have 


Yi (SABE, Be;) 


iel 
aS : = | fim) Yi (M1,, — A)Be;, Be;) + f(M) YV((A - m1,,)Be;, Be,) 
iel iel 
and the last part of (6.19) is proved. Oo 


Remark 6.1 We observe that the quantities 
J,(f;A,B) = sup], (f;A,B) and J,(f;A,B)= inf J.(f;A, B) 


are finite and satisfy the bounds 


tr(|B|*A) 
( tr(|B/*) 


<J,(f;A,B) < tr(|B|?f(A)). 


) tr(|B|?) < J,(f; A,B) (6.29) 


We have the following version for nonnegative operators P > 0, that is, P 
satisfies the condition (Px, «) > 0 for any x € H. 
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Corollary 6.1 ([43]) Let A bea self-adjoint operator on the Hilbert space 
H and assume that Sp(A) € [m, M] for some scalars m, M with m < M. Iff isa 
continuous convex function on [m, M], € := {e;},<,; is an orthonormal basis in 


H and P € B,(H)\{0},P > 0 then Ty € [m, M] and 


f (se) tr(P) (6.30) 
< K(f;A, P) < tr(Pf(A)) 
< 7; : (f(m)tr[PM™M1, — A)] +f(MDtr [P(A — m1,,))), 
—m 
where 
ee (PPAPYe,, @,) 
K.(f;A, P) = 2S (ee (Pe,,e;) 
and 


Taps {VETS Pe 40} 
Moreover, the quantities 


K,f;A,P) = inf K(f; A, P) and K,(f;A,P) := sup K(f; A, P) 


are finite and satisfy the bounds 


f (se) tr(P) < Ki f:A,P) $K\(f:4,P) < tr(Pf(A)). (6.31) 


The finite-dimensional case is of interest. 
Let M,,(C) be the space of all square matrices of order 1 with complex ele- 
ments. 


Corollary 6.2 ([43]) Let Ae M,(C) be a Hermitian matrix and assume 
that Sp(A) C [m, M] for some scalars m, M with m < M. If f is a continuous 
convex function on [m,M],€ := {e;}ieq, is an orthonormal basis in C”, 
then “tr(A) € [m,M] and 


Parr. nj 


nf (“) <J.(f:A) < tr( f(A) (6.32) 


nN 


< 


a [fmt I, — A) + f(D tr(A = ml, 
where 


I(fiA) = DY f((Ae;,e,)) 
i=1 


and J,, is the identity matrix in M,,(C). 
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Remark 6.2 The second inequality in (6.32), namely 


Y f(Ae;,€))) < te f(A)) 
i=1 


55055) 


Inequality. For a different proof and some applications, see, for instance, [44]. 


6.2.2 Some Functional Properties 


If we denote by 37 (H) the convex cone of nonnegative operators from 3,(H) 
we can consider the functional Opa? By(H)\ {0} — [0, 00) defined by 


tr(PA) ) 
tr(P) 


where A is a self-adjoint operator on the Hilbert space H with Sp(A) € [m, M] 
for some scalars m, M(m < M)and/ isa continuous convex function on [m, M]. 

One can easily observe that, if f is a continuous strictly convex function on 
[m, M], then the inequality is strict in (6.33). 


a”) 


of a(P) := tr(Pf(A)) — tr(P) f ( >0 (6.33) 


Theorem 6.11 ([43]) Let A bea self-adjoint operator on the Hilbert space 
H with Sp(A) € [m, M] for some scalars m, M with m < M and f isa continuous 
convex function on [m, M]. 


(i) For any P,Q € B}(H)\ {0} we have 
Of a(P + Q) 2 of 4(P) + of 4(QV 9), (6.34) 


that is, Of aC) is a superadditive functional on By(H)\ {0}. 
(ii) For any P, Q € B;(H)\ {0} with P > Q we have 


67 (P) > 67 4(QU 0), (6.35) 


that is, o ,(-) is a monotonic nondecreasing functional on By(H)\ {0}. 
(iii) If there exists the real numbers y,I > 0 such that TQ > P>y7Q with 
P,Q € BF (H)\ {0}, then 


Poy 4(Q) 2 o¢ 4(P) 2 vo 4(QV 0). (6.36) 
Proof: 
(i) Let P,Q € By(H)\ {0}. Then, we have 
7 : tr((P + Q)A) 
Op a(P + Q) = tr(P + Q)f(A)) — tr(P + Q)F Gena +Q) ) (6.37) 
= tr(Pf(A)) + tr(Pf(A)) 
tr(PA) + tr(QA) 
— [tr(P) + r(Q) f Gere) 
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By the convexity of f we have 


tr(PA) tr(QA) 
7 (sens eaw) BP lle (6.38) 


tr(P) + tr(Q) tr(P) + tr(Q) 


tr(P) + tr(Q) 
Making use of (6.37) and (6.38) we have 


of (P + Q) 2 tr(Pf(A)) + tr(Pf(A)) 


tr(P) 


— [tr(P) + tr(Q)] 


tr(P) + tr(Q) 
= tr(Pf(A)) + tr(Pf(A)) 
tr(PA) tr(QA) 
7 wey ( tr) ) Geo. ( tr(Q ) 
= of 4(P) + of 4(Q) 


and the inequality (6.34) is proved. 
ii) Let P,Q E wit = Q. Then on applying the superadditivity 
(ii) P,Q € B}(H)\ {0} with P > Q. Th lying th dditivi 
property of o, , for P— Q > 0 and Q > 0 we have 


o7.4(P) = of 4(P- Qt Q > of 4(P- Qt 97 4(Q > 0 4(Q 


and the inequality (6.35) is proved. 
(iii) If P = yQ, then by the monotonicity property of oy , we have 


7 a(P) = 7, a(/Q) = ¥o7 4(Q) 


and a similar inequality for I. Oo 
We have the following particular case of interest: 


Corollary 6.3 Let AG M,(C) be a Hermitian matrix and assume that 
Sp(A) € [m,M] for some scalars m,M with m <M. If f is a continuous 
convex function on [m,M], there exists the real numbers y,I.>0 such 
that [,, > P > yl, with P positive definite, where J, is the identity matrix, 
then 


(6.39) 


r tr(PA) ) 


> tr(Pf(A)) — (Pf ( tr(P) 


A 
te (A) — nf (= ) 


nN 


A 
tr(f(A)) — nf (=) 


(2 0). 


ZY 
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The following theorem also holds: 


Theorem 6.12 ([43]) Let A bea self-adjoint operator on the Hilbert space 
H with Sp(A) C [m, M] for some scalars m, M with m < M and f is a continu- 
ous convex function on [m, M]. For p > 1, the functional WrfA: BY(H)\{0} > 
[0, co) defined by 


Vp alP) 2= [tr(P)] roy (P) 
is superadditive on B](H)\ {0}. 


Proof: First, we observe that the following elementary inequality holds: 
(a + By > (S)a? + pP (6.40) 
foranya,f >Oandp>1 (O<p< 1). 

Indeed, if we consider the function f, :[0, 00) > R, f,) =(t¢+1)?-—# we 
have f(t) = pl(t + 1)?-1 — ¢?-1]. Observe that for p > 1 and t > 0 we have that 
J, > 0 showing that f, is strictly increasing on the interval [0, 00). Now for 

P P 
tS 5B > 0, a > 0) we have f,(t) > f,(0) giving that (: + 1) - (<) > 1, that 
is, the desired inequality (6.40). 

For p € (0, 1) we have that f, is strictly decreasing on [0, oo), which proves the 
second case in (6.40). 

Now, since o, 4(-) is superadditive on B}(H)\{0} and p > 1 then by (6.40) we 
have 

of (P+ Q) > lop a(P) + 7.4(QV = 0? (P) +0? ,Q (6.41) 
for any P,Q € BY(H)\ {0}. 
Utilizing (6.41) and the additivity property of tr(-) on BT (H)\ {0} we have 


of (P+Q)_ ob (P) +0? (Q 


ss (6.42) 
tr(P + Q) tr(P) + tr(Q) 
of ,(P) oF 4(Q) 
JO ao. 
tr(P) + tr(Q) 
oy (P) P 7 a(Q) . 
(2B) +1028) 
tr(P) + tr (Q) 
for any P,Q € BY(H)\ {0}. 
Since for p > 1 the power function g(¢) = ¢” is convex, then 
ora(P) op.a(Q \P 
OP) cing + HQ roy (6.43) 
tr(P) + tr(Q) . 
tr!“ MP(P)oy 4(P) + tr-/4(Qhor 4(Q \" 
ere HQ” 


for any P,Q € BY(H)\ {0}. 
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By combining (6.42) with (6.43), we get 


Fae HQ). tr-YP(P)o, 4(P) + tr? /1(Q)o;, 4(Q \" 
tr(P + Q) tr(P + Q) 


which is equivalent to 


a aP AQ. tel VP(P)05 4(P) + tr Qoy a(Q 


tr’/?(P+Q) tr(P + Q) oe 
for any P, Q € BY(H)\{0}. 
Finally, if we multiply (6.44) by tr(P + Q) > 0 we get 
Wy aP + Q) > Wop aP) + Wy pa(Q) 
for any P, Q € B}(H)\{0} and the proof is complete. oO 


Corollary 6.4 With the assumptions of Theorem 6.12, the two parameters 
P,Q > 1 functional y, 7 ¢ 4 : By(H)\{0} — [0, 00) defined by 


Wog fa) := [tr(Py" Po! (P) 


is superadditive on B7(H)\ {0}. 


Proof: Observe that Wog t AP) = Wp raP)]4 for P € B}(H)\{0}. Therefore, by 
Theorem 6.12 and the inequality (6.40) for g > 1 we have that 


Wap a + Q) = [Wy pa(P + Q)]4 
> [wp paP) + Upp (Ql! 
> [yp aD" + [Wp a(Q" = Vyasa) + Va a(Q 
for any P, Q € By (H)\ {0} and the statement is proved. Oo 
Remark 6.3 _ If we consider the functional 
Vppa(P) += [tr(P)P to? ,(P) 
then, for p = 1, H,¢4(-) is superadditive on By(H)\ {0}. 
Corollary 6.5 With the assumptions of Theorem 6.12 and for parameter p > 
1, if there exists the real numbers y,I > 0 such that (1Q > P > yQ with P,Q é 
By(H)\ {0}, then 
D> [tr(Q] 67 4(Q = [te(P)] a 4(P) (6.45) 


> 7° *[tr(Q] "07 4(QUe 0). 
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The case of finite-dimensional spaces is as follows: 


Corollary 6.6 Let AG M,(C) be a Hermitian matrix and assume that 
Sp(A) € [m, M] for some scalars m,M with m< M. If f is a continuous 
convex function on [m, M], there exists the real numbers y,I > 0 such that 
I'l, =P = yl, with P positive definite, then 


ron? ec f(A) —nf (=) (6.46) 


nN 


tr(P) 


>on jeer —nf (=) 


nN 


> [tr(py]> eer (A)) — tr(P)f ean )| 


(2 0) 


for any p > 1. 
The following result also holds: 


Theorem 6.13 ([43]) Let A be a self-adjoint operator on the Hilbert space 
H with Sp(A) C [m, M] for some scalars m, M with m < M and f is a contin- 
uous strictly convex function on [m, M]. For p € (0, 1), the functional Lapa’ 
By(H)\{0} — [0, co) defined by 
[tr(P)]}1-4/») 

opa(P) 


is subadditive on B{(H)\ {0}. 


pg ah) += 


Proof: Let s := —p € (—1, 0). Fors < 0, we have the following inequality: 
(a+ py <a°+ p* (6.47) 


for any a, B > 0. 
Indeed, by the convexity of the function f(t) = ¢ on (0, co) withs < 0 we have 
that 


(a+ py <2°*(a* + f°) 


for any a,f>O0 and since, obviously, 2%1(a* + f°) < a +f, then (6.47) 
holds true. 
Taking into account that of a(-) is superadditive and s € (—1,0) we have 


o7 (P+ Q) S lop 4(P) + of (QI S oF 4(P) + 07 4(Q (6.48) 


for any P,Q € BY(H)\ {0}. 
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Since tr(-) is additive on B7(H)\ {0}, then by (6.49) we have 
Oo (P + Q) : 0; 4(P) an 0} 4(Q) 
tr(P+Q) ~~ tr(P)+tr(Q) 

in(P)( 22)" 4 1Q (2) 


(6.49) 


tr'/s(P) tr'(Q) 


tr(P) + tr(Q) 
n(p)( 2)” m irq (#e@)” 


of a(P) 4(Q) 


- tr(P) + tr(Q) = 
for any P, Q € BY(H)\{0}. 
By the concavity of the function g(t) = t~* with s € (—1, 0), we also have 
tr(P) 2 +t rQ Ts 
re r(P) 5 al) + tr(Q) 3A) Sa 
x tr(P) + tr(Q) ; 


for any P, Q € BY(H)\{0}. 
Making use of (6.49) and (6.50), we get 
5 4(P) 5(Q) 


0; 4(P + Q) tr(P) 4+ tr(QyZ@ 
HPF | HOT 


for any P, Q € BY (H)\ {0}, and by taking the power —1/s > 0 we get 


i tri+l/s(p) tr+1/5(Q) 
Of 4(P + Q) oy a(P) 67,4(Q) 


tr-/s(P+Q)” — tr(P) + tr(Q) 
which is equivalent to 
tritl/s(p + Q) 2 tritl/s(p) tr'+1/5(Q) 


O¢ 4(P +Q) — of 4(P) of, 4(Q) 


for any P, Q € BY(H)\{0}. 
This completes the proof. Oo 


The following result may be stated as well: 


Corollary 6.7 With the assumptions of Theorem 6.13, the two parameters 
0<p,q <1 functional x, 074: By(H)\{0} — [0, co) defined by 


tr?(!-+) (py 
Nag aP) = ot) 


is subadditive on B7(H)\ {0}. 
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tr’-!(P) 
oP) 


Remark 6.4 If we consider the functional 7, - ,(P) = 
then 7, ¢ 4(-) is also subadditive on By (H)\ {0}. 


for 0<p<1, 


6.2.3 Some Examples 


We consider the power function f :(0, co) > (0, co), f(t) = t” with t € R\ {0}. 
For r € (—oo, 0) U [1, co), f is convex while for r € (0, 1), f is concave. 

Letr > landA bea self-adjoint operator on the Hilbert space H and assume 
that Sp(A) ¢ [m, M] for some scalars m,M with 0 < m < M. If € := {e;};<, is 
an orthonormal basis in H and P € B{(H)\ {0} then 

[tr(PA)]’[tr(P)]” (6.51) 
aK GA,P)<tr(PA’) 
1 r r 
< Mom" tr[P(M1,, — A)] + M'tr[P(A — m1,,))), 
where 


K,(;4,P) := )) (P'PAP"e,, 6)" (Pe, @;)'. 


i€le p 
Moreover, the quantities 


K,7r, A, P) = inf K (r;A, P) and K,(r;A,P) := sup K (r;A, P) 


are finite and satisfy the bounds 


[tr(PA)]"[tr(P)]'” < Kr; A, P) < K,(r; A, P) < tr(PA’). (6.52) 
Now, if we take A = P, P € B}(H)\ {0}, then by (6.51) we have 
[tr(P*)]"[tr(P)]"" < KP) < tr(P"**) (6.53) 


where 
KP) := )) Pe, 2)" (Pe, 2). 
ils p 
If we consider the functional o, , : B[(H)\{0} — [0, oo) defined by 
6,,4(P) := tr(PA") — [tr(PA)]"[tr(P)]+” > 0, (6.54) 


where A is a self-adjoint operator on the Hilbert space H with Sp(A) C 
[m,M] Cc [0, co), then o,,(-) is superadditive, monotonic nondecreasing 
and if there exists the real numbers y,I > 0 such that TQ >P>yQ with 
P,Q € Bi (H)\ {0}, then 


To,,4(Q) 2 6,,4(P) = vo,,4(Q\(= 9). (6.55) 


Consider the convex function f : (0, co) > (0, co), f(t) = —Int and let A bea 
self-adjoint operator on the Hilbert space H and assume that Sp(A) C€ [m, M] 
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for some scalars m, M with 0 < m < M. If €:= {e;},<; is an orthonormal basis 
in H and P € B(H)\ {0} then 


tr(PA) \" 
tr(P) 
where 


L,(A,P) := |] 


i€l, p 


L (A, P) = exp[tr(P In A)] (6.56) 


trlPM1j,-A)] tr[P(A-m1p,)] 


> M1 M-m M M-m 


(P'2APU2¢., e,) (Pe;.e;) 
( (Pe;, €;) ) , 


Moreover, the quantities 


L(A,P) := inf L(A, P) and L,(A,P) := sup L(A, P) 


= 


are finite and satisfy the bounds 


( tr(PA) 


tr(P) 
Now, if we take A = P, P € B](H)\ {0}, then by (6.56) we get 


( tr(P”) 


tr(P) 
) > L(A, P) > L(A, P) > exp[tr(P In A)]. (6.57) 


tr(P) 
tr(P) ) 2 L (P) 2 exp[tr(P In P)] (6.58) 


where 
(Pe.e;) 
(P?¢;, €;) i 
L (P) {= | (3 ‘ 
i€l, p (Pe,, e;) 


Consider the functional 6, : B[(H)\ {0} — (0, co) defined by 


tr(pay \PP) 
tr(P) 


exp(tr(P In A)) ~ 
where A is a self-adjoint operator on the Hilbert space H and such that Sp(A) € 


[m, M] for some scalars m, M with0O <m < M. 
Observe that 


5,(P) 1= 


r) 


tr(PA) 
tr(P) 


tr(P) 
O_jpa(P) := In ( ) — Infexp(tr(P In.A))] = In[6,(P)] 


for P € By(H)\ {0}. 
Utilizing the properties of o_,, ,(-), we conclude that 6,(-) is supermultiplica- 
tive, that is, 


64(P + Q) 2 64(P)64(Q 21 
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for any P,Q € B7(H)\ {0}. The functional 6,(-) is also monotonic nondecreas- 


ing on B,(H)\ {0}. 


Consider the convex function f(t) = tIn¢ and let A be a Self-adjoint opera- 
tor on the Hilbert space H and assume that Sp(A) C [m, M] for some scalars 
m,M with 0<m< M. If €:= {e;},<; is an orthonormal basis in H and P € 


B}(H)\ {0} then 


t PA tr(PA) 
Ew) <1 (A,P) < exp[tr(PA In A)] 
tr(P) é 
mtr[P(M1}4—A)] Mtr[P(A-m17))] 
<m Mm Mm 


c) 


where 
(PVP AP'e.,.¢;) 


1/24 pl/2o. p. 
L(A,P) := I] () 


i€l, p (Pe;, a) 
Moreover, the quantities 
I(A, P) := inf I,(A,P) and J,(A, P) := sup L(A, P) 


are finite and satisfy the bounds 
tr(PA) 

tr(P) 

Now, if we take A = P, P € B}(H)\ {0}, then by (6.59) we get 


( tr(P”) 
tr(P) 


tr(PA) 
) < 1,(A,P) < 1,(A,P) < exp[tr(PA In A)]. 


tr(P?) 
) < I (P) < exp[tr(P? In P)], 


where 
(P?e,,e;) 
(P?e;, €;) a 
1) :=]] (See 
i€l, p (Pe;, é;) 


Observe that for f(t) = tIn t we have 


©.) n¢o.a(P) = tr(PA In A) — tr(PA) In oe ) 


tr(P) 


a exp[tr(PA In A)] 


tr(PA) tr(PA) 
tr(P) 


for any P € BY(H)\{0}. 
Consider the functional 4, : BT(H)\{0} > (0, co) defined by 


exp[tr(PA In A)] 


epay \"PA) 
tr(P) 


A4(P) 2= 


(6.59) 


(6.60) 


(6.61) 
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Utilizing the properties of 0(,)1,.),4(-) we can conclude that 1,(-) is supermulti- 
plicative and monotonic nondecreasing on 5} (H)\ {0}. 


6.2.4 More Inequalities for Convex Functions 


We recall the gradient inequality for the convex function f:[m,M] > R, 
namely 


f(6) -f (4) 2 5(a)G - 7) (6.62) 
for any ¢,t € [m, M] where 6;(r) € f(c), f(a), (for t = m we take 6/(t) = 
fi (nm) and for t = M we take 6,(T) = f'(M)). Here f/(m) and f!(M) are the lateral 


derivatives of the convex function f. 
The following result holds: 


Theorem 6.14 ([45]) Let A be a self-adjoint operator on the Hilbert space 
H and assume that Sp(A) € [m,M] for some scalars m, M with m < M. If f 
is a continuous convex function on [m, M] and B € 3,(H)\ {0}, then we have 
ee E [m, M), 


tr(|B?) 
tr(|B|7A) \ tr(|B*|?A) — tr(|B/A) 
F\ tr(Bl?) tr(|Bl?) 


S tr(|B*|?f(A)) _ (se) 
~~ tr((BP) tr(|B|2) )’ 


(6.63) 


where 
tr(|BI2A) , (tr(|BPA)\ _, (tr(|BI2A) 
5 ( er(IBP) ) z le ( er(1BP) ).n( er(IBP>) )| 


and the Jensen’s inequality 


tr(|B|2A) \__ tr(|BI°f(A)) 
s( tr(|B) ) <BR) (6.64) 


Proof: Let € := {e;},<; be an orthonormal basis in H. Utilizing the gradient 
inequality (6.62) we get 


9-s (Fary ) = (Grasp) (-“rasp’) 69 
for any ¢ € [m, M], since obviously, by Sp(A) € [m, M] we have 

m||Be;||’ < (ABe;, Be;) < M||Be;|l’, 
for i € I, which, by summation shows that 

tr(|B|?A) 
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The inequality (6.65) implies in the operator order of B(H) that 
tr(|B|?A tr(|B|7A tr(|B|?A) 
poay—p (LEED) ay 5, (SEPA) (4 OEP), 


tr(|B/) tr(|B/*) tr(|BI?) 
(6.66) 
which can be written as 
tr(|B|?A) 
(fA)y 9) —f (ae) (y, 9) (6.67) 
tr(|B|A) tr(|B|A) 
24 (Tras ) (4) Saas) 
for any y € H. This inequality is also of interest in itself. 
Taking in (6.67) y = Be;, we get 
tr(|B|A) 
( f (A)Be,, Be;) —f (Sa) (Be,, Be;) 
tr(|B|*A) tr(|B|*A) 
= 5 (Sra ) ((AB*e Be) — Sy ee Be). 
which is equivalent to 
‘ tr(|B|?A) 9 
(B'f(A)Be;, e;) —f (Se) (|B\"e;, e;) (6.68) 
tr(|B|2A) * _ tr(|B|2A) 2 ) 
> 6, (a) G ABe,,€;) Bp \ 2 ej, €;) 
for anyi el. 
Summing in (6.68), we get 
“ tr(|B|?A) 4 
DB FAB) —F (Ss) 2 (Bree) (6.69) 
tr(|B|*A) ‘ tr(|B|*A) 
> 6; (Se) (de ABe,, €;) — aE Dir Ce; ). 
However, 
Y (BABE; €;) = Di (BB*f(A)e;, €;) 
iel iel 
= DUB Pf (Ade; ¢:) = tr(B* PFA) 
iel 
and 


>) (B*ABe;,e;) = )\(BB*Ae;, ¢;) = tr(|B"|?A). 


iel iel 
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By (6.69), we get 
tr(|B|?A) 
tr(|B/) 


) (tr(|B*|’A) — tr(|B|?A)), 


tr(|B*|°f(A)) —f ( 


tr(|BI2A) 
ae ( tr(BI?) 


) tr(BP?) (6.70) 


and the inequality (6.63) is thus proved. 
Taking in (6.67) y = B*e;, we also get 


B\?A 
( f(A)B*e;, B°e;) — f (a) (Bre, B*e;) 


tr(|B|2A) : : tr(|B|?A) - 
= 6¢ ( (BP) ) (ca e;, BXe;) — (BP) (Be;, B a). 


which is equivalent to 


* tr(|B|*A) * 
(Bf (A)B"e;, €;) -F( tr(/BP) ) (BB*e;, e;) (6.71) 
tr(|B|2A) , tr(|B|2A) d 
= of ( (BD) ) (eas €;€;) — (BP) (BB ev) 
for anyi € J. 
Summing in (6.71), we get 
* a) * 

Bf(A)B*e,,e,) — BB*e;,¢; 6.72 

Lissa.) —s (Aers”) Diwsree) (6.72) 


tr(|B|*A) ‘ tr(|B|*A) * 
> 5, ( GABP) ) (Zee €.€;) — (BP) Dee =) 
Since 
>! (8f (A)B*e;,e;) = tr(Bf(A)B*) = tr(B*Bf(A)) = tr(|BI?f(A)), 
iel 
> (BB*e;, ¢;) = tr(BB*) = tr(B*B) = tr(|B|?) 
iel 
and 
> (BAB e;,e;) = tr(BAB*) = tr(B*BA) = tr (|BI?A), 
iel 
then by (6.72), we get 
tr(|B|*A) 
tr(|B|?) 


tr(|BI*f(A)) —f ( ) tr(|B|*) > 0 


and the inequality (6.64) is obtained. Oo 
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Remark 6.5 The inequality (6.64) is obviously not as good as the first part of 
(6.19). However, it is the natural alternative of Jensen’s inequality for trace and 
provides simple and nice examples for various convex functions of interest. The 
proof here is also simpler than the one from [43] and has some natural reverses 
as follows. 


Corollary 6.8 Let A be a self-adjoint operator on the Hilbert space H and 
assume that Sp(A) C [m, M] for some scalars m, M with m < M. Iff is a contin- 
uous convex function on [m, M]and P € B,(H)\ {0}, P > Othen ay € [m, M] 
and 


(see) 2 tr(Pf(A)) (6.73) 


tr(P) tr (P) — 


The proof follows by either (6.63) or (6.64) on choosing B= P!/?, 
P € B,(H)\{0},P > 0. 


6.3 Reverses of Jensen’s Trace Inequality 


6.3.1 A Reverse of Jensen’s Inequality 


The following lemma is of interest in itself: 


Lemma6.1 ([45]) Let S bea self-adjoint operator such that y1,, < S <T1, 
for some real constants [ > y. Then for any B € 5,(H)\ {0}, we have 
tr(|BI?S) 


< U(BPS*) _ (ar) 
(BP) 


= eB eds 
1 1 
< ne Yea" (12 

ces) ace aE ee 

“dsp \ eda = 


(6.74) 


S 


Proof: The first inequality follows by Jensen’s inequality (6.64) for the convex 
function f(t) = ¢?. 
Now, observe that 


1 if o LF _ tr(|B|?S) 
By (1a (s 5) 11) (s (B2) ix)) (6.75) 


A re fo. BES) 
~ EB) (121 (s (BP) 1s)) 
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2 
_Tt+r_1 we (iar (s- )) 


2 (BP) tr(|BI2) 
- SS _ (xe) 
~— tr(\BI?) tr(|B]?) 


since, obviously 


»(. tr(BPS) 7 
t (iar (S- Sam) ) <2 


Now, since y1,, < S < I'l, then 


[+y 


1 
$50 -)1. 


ls- 71, 


Taking the modulus in (6.75) and using the properties of trace, we have 


tr(|BI2S2)  / tr(|BI2S) \* 
tr(|B]?) - (ee) (6.76) 


1 ghes, Ley _ tr([B|’S) 
waa | (2r (s 2 in) (s ery") ) 
1 9 ERY _ tr(|B|?S) 
< saat (9° |(s 2 in) (s tane)() 
_ w((BPS) ) 


1 2 ee 2 
=o Daan" (8 eB) 


S 


which proves the first part of (6.74). 
By Schwarz inequality for trace, we also have 


wail. s 2] _ tr(IBl*S) 
waa" (12 va) 6.77) 


Gi) a ag jar (s- t2",,,) _ 
~ | By” tr((BI2) 
~ (scars _ (sceray')” 
| tr((BI?) tr(|B|?) 
From (6.76) and (6.77), we get 
stars) _ (aero) 


S 


w(BP) — \wdBP) 
< Lory] BOT _ (0805) ']” 
9 | GBP) Nee) 
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which implies that 
97 1/2 
tr(|B|?S*) _ / tr(|B|?S) 1 
ee : <5(-)). 
tr(|B|?) tr(|B|?) 2 


By (6.77), we then obtain 


De i Gi 


_ tr(|BI?S) 
tr(|BI?) 


S 
tr(|BP?) 


) 


~ | eBPS?) _ (tBPS) im = 
= | eB) tr(|B|?) ca ae 


that proves the last part of (6.74). Oo 


Remark 6.6 Let S be a self-adjoint operator such that y1, <S <I1, for 
some real constants [> y. Then for any P € B,(H)\{0}, P > 0 we have 


tr(PS2) _/ tr(PS) \” 
Os tr(P) ( a) ce8) 


1 1 tr(PS) 
530 (*S-T) 


1/2 
1 tr(PS2) (tr (PS)\” 1 ; 
= sep tr(P) ( tr(P) ) | Sy0-n 


The following result provides reverses for the inequalities (6.63) and (6.64): 


Theorem6.15 ([45]) Let A bea self-adjoint operator on the Hilbert space 
H and assume that Sp(A) C [m, M] for some scalars m, M with m < M. If f is 
a continuously differentiable convex function on [m,M] and B € B,(H)\ {0}, 
then we have 


tr(|B*?f(A)) tr(|B|2A) 
tr(|B?) -1 (Se) ee 
tr(\B*Pf(A)A) _ tr(\BI?A) tr(|B*2f"(A)) 
~ tr((BI?) tr((BP2) _ tr([BI2) 
and 
tr(|BI2f(A)) tr(|B|2A) 
<~E(BP) -+(Ss) ee 


tr(|B|2f/(A)A) — tr(|B|2A) tr(|BI2f’(A)) 7 ; 
aE SB MED ee 
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Moreover, we have 


K(f", B, A) (6.81) 
1 creamy pega AB? | = Sata tL) 
= M) — 
5Lf’M) — fm] mED) 
< 
. tr (IBr? | f"(a) — SL}, |) 
5(M — m) 


- tr(|B/*) 


te((BIPA2) (xuray = 
WB) \ ede) 


sl f'(M) - f'n)! | 


Lo my) SUBPLP@DP) _ (wry?) 
wer) tr(IBP) 
< 


Lf’ (M) — f'n) \(M — m). 


IA 
se ———7 


Proof: By the gradient inequality, we have 
f@) -f6) <f' ME -9) (6.82) 


for any t,¢ € [m, M]. 
This inequality implies in the operator order 


tr(|BPA) tr(\BP?A) 
rE ( (BP) Jaw one (4- (BP) 1) 


that is equivalent to 


tr(|B|*A) 

ST) Oe») (6.83) 
tr(|B/?A) 
tr(|B]?) 


< (f'(A)Ay,y) - (f'(A)y.9) 


for any y € H, which is of interest in itself as well. 
Let € := {e;},-, be an orthonormal basis in H. If we take in (6.83) y = Be; and 
sum, then we get 


>! (f(A)Be;, Be;) —f (a) >! (Be;, Be;) 
iel 


iel tr(|B|?) 
tr(|BI2A) c,, 
< DMS (A)ABe,, Be;) — am x f'(A)Be,, Be,), 
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which is equivalent to 


Di (Bf (A)Be;, e;) —f (Ee) >! (B'Be;, €;) 


iel tr(|B|’) iel 
2 
< )) (Bf (A)ABe;, ¢;) — sale >! (Bf (A)Be;, €;) 
iel tr(|B| ) iel 


and the inequality (6.79) is obtained. 
If we take in (6.83) y = B*e, and sum, then we get 


Y(/A)B%e,, Be) —f (em) ¥ Be, Be) 


iel tr(|Bl?) iel 
B\-A 
< Di (f(A)AB*e;, Be;) - “a Y(f(ADB"e;, B*e;) 
iel iel 
that is equivalent to 
B\-A 
DY (BABE, €;) = (Sas) >| (BB*e;,€;) (6.84) 
iel iel 
B\-A 
< )(Bf"(A)AB*e;, €;) - as a > (Bf'(A)B*e;,€;) 
iel iel 


and the inequality (6.80) is obtained. 

Now, since f is continuously convex on [m, M], then f’ is monotonic non- 
decreasing on [m, M] and f'(m) < f’() <f’(M) for any t € [m, M]. We also 
observe that 


1 2] py, fm +f tr(|B|2A) 
aa (12 lf 2 , [a - er(BP) aa) 
(6.85) 


4 veras |g. trBPA) 
~ EB) G i [ er(BP) t1]) 


_flam+fM) 1 w (iar a a) 


2 tr(|B]2) tr(|B|?) 
= K(f", B,A). 
Since 
7, "™M 
ay E Lf'(M) — fam) Ly, 


ee 
2 
then by taking the modulus in (6.85) and utilizing the properties of trace we 
have 
0 < K(f", B,A) (6.86) 
< 1 
tr(|Bl*) 
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«to (iF 


< Fs) som t (Br 


[ry Fr | [a | 


tr(|B/*) 


and the first inequality in the first branch of (6.81) is proved. 
We have m1,, < A < M1, and by applying Lemma 6.1 we can state that 


1 
———tr [ |B? 
tr(|B|?) ( : 


< | edBPA”) _ (iar) a < (M—m) 
~ | ed BP) tr(BP) ee ee 


) 


_ tr(BPA) 


A- ——~1 
tr(|BI?) 


tr(|B|?) 


_ tr(BPA) 
A> ecBR) 


) (6.87) 


Making use of (6.86) and (6.87), we deduce the second and the third inequalities 
in the first branch of (6.81). 
We observe that K(f’, B, A) can also be represented as 


K(f’, B,A) 
nae: Tera WUBPE A), | (,_ m+M 
= at (4 ra ae i, (A : 1n)). 


Applying a similar argument as above for this representation, we get the second 
branch of the inequality (6.81). 
The proof is complete. Oo 


Corollary 6.9 Let A be a self-adjoint operator on the Hilbert space H and 
assume that Sp(A) C€ [m, M] for some scalars m,M with m < M. If f is a con- 
tinuously differentiable convex function on [m, M] and P € B,(H)\ {0}, P >= 0, 
then we have 


tr(Pf(A)) tr(PA) 
0s ef (ae) or 
tr(Pf'(A)A) _ tr(PA)_ tr(Pf"(A)) 
~  tr(P) tr(P) tr(P) 
tr (P [A - wy, |) 
1 : _¢ tr(P) 
: sf") tO ay 
7 tr (P| f(A) — SO) 
(Mt — m) ( tr(P) u|) 


tr (P) 
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oo | [t(Pa2) — /tr(PA)\? 
; aed nl r(P) -( tr(P) | 
1 
4 


1/2 


lA 


’ 2 ’ 7 
foicees pa (A)P) | (st ) | 
2 tr(P) tr(P) 


lA 


Lf'(M) —f’(m)|(M — m). 


Remark 6.7 Let M,C) be the space of all square matrices of order n with 
complex elements and A € M,(C) be a Hermitian matrix such that Sp (A) 
C [m, M] for some scalars m,M with m < M. If f is a continuously differen- 
tiable convex function on [m, M], then by taking P = J, the identity matrix, in 
(6.88) we get 


p< HLA) _, (2 ) 


(6.89) 
n n 


tr(f(A)A) _ tr(A) tr(f"(A)) 


n n n 
tr(A) 
tr (|4 = aa 


sl f'M) — fm) 


< 
tr ( f(A) - te FAD 7 ) 
5M — m) : 
nN 
“ tr(A) \” a 
spt —prom| A (8) 
< 
L(y — m) furan 7 (eS )] 
nN nN 


< ZL f"(M) -f'omy\(M ~ m), 


6.3.2 Some Examples 


We consider the power function f : (0, 00) > (0, 00), f() = t” with t € R\ {0}. 
For r € (—o0, 0) U[1, 00), f is convex while for r € (0, 1), f is concave. Denote 
By(H) := {P with P € B,(H) and P > 0}. 

Letr > landA bea self-adjoint operator on the Hilbert space H and assume 
that Sp(A) C [m, M] for some scalars m, M with0O < m < M.IfP € B7(H)\ {0}, 
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then 
tr(PA’) tr(PA) \" 
Os tr(P) ( tr(P) ) (70) 


Ee tr(PA) tr(PA’~ 2| 


< ‘| 
tr(P) tr(P)  tr(P) 


PIA — tA, 
Lr) m7!) tr( 4 tr(P) i) 
z tr(P) 
(P Ar 1 en ld ite) 
— tr(P) 
PA? PA si 
shu soe m1) =f ) -(3 ) | 
tr(P) tr(P) 
< 12 
er |e ome tr(PA™ Ae 
- tre) tr(P) 
1 


<M" Tk m' (M - m). 


Consider the convex function f : (0, co) > (0, co), f(t) = —Int and let A bea 
self-adjoint operator on the Hilbert space H and assume that Sp(A) € [m, M] 
for some scalars m, M with 0 < m < M. If P € B7(H)\ {0}, then 


oe (es) _ tr(PInA) 
tr(P) tr(P) 


< tr(PA) tr(PA“) 
= "tr(P)  tr(P) 


tr(PA) 
M-m" (P| tr) 1) 


(6.91) 


Z 2mM tr(P) 

-1_ (PAD) ) 
ip ee (Pla = Tart 
2 tr(P) 

97 1/2 

M-—m | tr(PA*) _ (tr(PA) 
2mM | tr(P) tr(P) 

z tr(PA~2 PA) \2] 7 
sem | ee a 
2 tr(P) tr(P) 

(M — m)* 


4mM 
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Consider the convex function f(t) = t Int and let A bea Self-adjoint operator 
on the Hilbert space H and assume that Sp(A) C [m, M] for some scalars m, M 
with 0 < m < M. If P € B}(H)\ {0}, then 


Y tr(PA In A) 


lA 


lA 


lA 


(6.92) 


_ tr(PA) ig (<) 
tr(P) tr(P) 


tr(PA) tr(P In(eA)) 
tr(P) tr(P) 
tr(PA) 


tr(D) 
1 (uty (PAS) 
=In 
2 Nn tr(D) 
tr (P lin(ea) - inet | ul) 


a tr(P) 
oer se (ae ) | 
7 in (+) - 

tr(P) tr(P) 


' [eee : (xf ca) ca 


tr(P) 
tr(PA In(eA)) _ 


1/2 


tr(P) tr(P) 


5M =m) In (=). 


6.3.3. Further Reverse Inequalities for Convex Functions 


The following reverses of Jensen’s trace inequality also hold: 


Theorem 6.16 ([46]) Let A bea self-adjoint operator on the Hilbert space 
H and assume that Sp(A) C [m, M] for some scalars m, M with m < M. If f is 
a continuos convex function on [m, M] and P € 8,(H)\ {0}, P > 0 is such that 


tr(PA) 
tr(P) 


| (= ) SLM) — fim) 
< —m )—————_ 
gik 
Sq 


€ (m, M) then we have 


< WeFA)) _ (a2) 


(6.93) 


~ tr(P) tr(P) 


_ tr(PA) tr(PA) 
tr(P) tr(P) 


= m) (ee. 
f 


tr(P) m) 


sup PE m,M) 
te(m,M) 


M-m 
_ tr(PA) tr(PA) __ 
tr(P) ) ( tr(P) m) 


M-m 


M- 


tr(P) tr(P) 
(M — m)[f'(M) — f,m)], 


M-m 
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where PC; m, M) : (m,M) > R is defined by 


(M)-f®) fO-fm) 
ar ame er 
We also have 
< WPA) _ (228) 
~ tr(P) tr(P) 


(6.94) 


tr(PA) \ [ tr(PA) 

(m ~ tr) ) ( tr(P) m) tr(PA) 

< Py ;m,M 
M-m tr(P) 


lA 


(M — m)¥ (x : mM) 


tr(P) ’ 


lA 


(M-—m) sup P(t; m, M) 
te(m,M) 


Ble BTR Bie 


lA 


(M — m)[f'(M) — fi(m)] 


for any P € B,(H)\{0}, P > 0 such that _ € (m,M). 


Proof: Since f is convex, then we have 
pap Ae es) gee enn 


M-m M-m 
for any t € [m, M]. 
This scalar inequality implies, by utilizing the spectral representation of con- 
tinuous functions of self-adjoint operators, the following inequality 


f(m)(M1y — A) + f(A = m1) 


A)< 6.95 
fA) < in (6.95) 
in the operator order of B(H). 
Utilizing the properties of the trace and the inequality (6.95), we have 
tr(Pf(A PA 
r(Pf(A)) __, ( tr(PA) (ese 
tr(P) tr(P) 


m(M1,—A)+M(A-1,,m) 
_ tr(Pf(Ay | ™ (ea) 


tr(P) tr(P) 


tr plana ~A)tf(M)(A=m1),) 
M-m 


tr(P) 


m(M1,,—A)+M(A-1,,m) 
tr (pmo ) 


lA 


ts 
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(1-222) fon) + (S22 — m) fey 


tr(P) tr(P) 


M-m 
tr(PA) tr(PA) 
“f (m- tr(P) )m+ ( ir(P) -m)M 
M-m 
=: BUS, P,A,m,M) 
for any P € B,(H)\{0}, P20. 
By denoting 
A,(t;m,M) += a ~f(), te[m,M], 
we have 
A,(t;m,M) = (t — m)f(M) + (M — t)f(m) — (M — mf) (6.97) 
M-m 
_ (t-—mf(M) + (M —- fm) - (M-t+t- mf 
~ M-m 
_ ¢-mIfM -fOl-M- Hl fO -fm)] 
> M-m 
for any t € (m,M). 
Therefore, 
(m _ wea) (2 _ m) 
_ tr(P) tr(P) tr(PA) . 
Bf, P,A,m,M) = wan ( tr(P) :mM) 4 
(6.98) 
provided that TN € (m,M). 
If a € (m, M), then 
tr(PA) . 
< sup Pes m, M) 
te(m,M) 


ier -f® fo =A 

7 te(m.M) M-t t—m 

Dae ip a0) age ie =f) 
~ 4e(m,M) M-t te(m,M) t—m 
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ap (LOOHLO] np (FOR feD 
te(m,M) M-t te(m,M) t—m 
=f" (M) — fi (m), 
which by (6.96) and (6.98) produces the second, third, and fourth inequalities 
in (6.93). 
Since, obviously 
1 tr(PA) tr(PA) 1 
M- —~m)<-(M-m), 
oa ( tr(P) ) ( tr(P) m) Sgn 
then the last part of (6.93) also holds. 
The second part of the theorem is clear and the details are omitted. Oo 


The following result also holds: 


Theorem 6.17 ([46]) Let A be a self-adjoint operator on the Hilbert space 
H and assume that Sp(A) € [m, M] for some scalars m, M with m < M. If f is 
a continuos convex function on [m,M] then for all P € B,(H)\{0},P > 0 we 
have that 2” € [ym,M] and 


Te) 
tr(Pf(A)) tr(PA) 
Sees ( oP) ) (6.100) 
eae | [fom +f) 
Zips tr @. tr(P) i St -f(" tM) 
M-m M-m 2 2 


25 Lemtt@o -5 (22%), 


2 2 


Proof: Since m1, <A < M1), it follows that mtr(P) < tr(PA) < Mtr(P) for 
any P € B,(H)\{0}, P > 0, which shows that cm € [m, M]. 
Further on, we recall the following result (see, for instance, [11]) that provides 


a refinement and a reverse for the weighted Jensen’s discrete inequality: 


; ly 1 
nmin {pi} E Ye) (2 Ya) (6.101) 


rr j=l 


> Y pf) =f (3 Dex 


lA 


n j=1 n j=1 
<n max tp) [2 Yfe)-£(4 Ys) |, 
ie{l..n} Ian = : eer : 
where f : C > Risa convex function defined on the convex subset C of the lin- 


Per 5 Ka i ca aaa Maat tee | Le 


bers with P, := i, p; > 0. 
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For n = 2, we deduce from (6.101) that 


2 min{t,1—£) = *L0) (2) (6.102) 


< f(«%) + -dH)f0) -—f(t«+ (1 - Oy) 


< 2 max{t,1—- 1} [ee -1 (| 


for any x,y € Candt € [0,1]. 
If we use the second inequality in (6.102) for the convex function f:J > R 
where m,M ER, m<M with [m,M] =I, we have for x =m,y=M and 


__ tr(PA) 


= tr) 
t= —® that 


(1-222) fon) + (S22 - m) fey 


Bf, P,A,m,M) = = a 
—M 
__ tr(PA) tr(PA) __ 
f Le (m tr(P) ) +M ( tr(P) m) 
M-m 


(PA) tr(PA) _ 
P P 
<2 max ee 
M-m M-m 


2 2 
Making use of (6.96), we deduce the first inequality in (6.100). 
Since 


: a -/ (2) 


_ tr(PA) (PA) _ 
M tr(P) —_tr(P) 
max 4 —————-, ————__ 
M-m M-m 


<1 


<=. 


the last part of (6.100) is also proved. Oo 


6.3.4 Some Examples 
For p > land0O < m< M < o, consider the convex function f(¢) = t? defined 
on [m, M]. Then ¥,(-;m, M) : (m,M) — R is defined by 
MP — tP t? — mP 
M-t  t—m 
t(MP? — mP) — t?(M — m) — mM (MP! — m1) 
_ (M — t)(t — m) 
Let A be a nonnegative self-adjoint operator on the Hilbert space H and 
assume that Sp(A) C[m,M] for some scalars m,M with O0<m<M. If 


¥,(é,m, M) = 
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P € B,(A)\{0}, P = O such that — € (m, M), then we have from (6.93) that 


tr(PA”) tr(PA) \? 
< = 6.103 
tr(P) ( tr(P) ) ( ) 
__ tr(PA) ) ( tr(PA) _ 
¥ (m tr(P) ) ( tr(P) m) Cas eee M 
= M-m P\ tr(P)? 
M — BPA) ( PA) _ ay 
(Moin) (eer) staan 
M-m te(m,M) 
ey (yp — trad) (tPA) _ s MP) — yp} 
eae, (Py ) \ eP) M—m 
< Sp(M = mM? — m?-) 
and from (6.94) that 
tr(PA’) tr(PA) \” 
(ie = 6.104 
~ tr(P) ( tr(P) ) ( ) 


lA 


M—m (Py 


1 tr(PA) | 
< ge my , ( tr(P) mM) 


_ tr(Pay \ [ tr(PA) 
(m tr(P) ) ( ir(P) Als (. m) 


< lime m) sup P(t; m, M) 
4 te(m,M) 


< 5p(M = myo — me), 


For p = 2, we have 


2 72 2_ 42 
Wye EO lS 
M-t t—m 


and by (6.103) we get 


tr(PA?) tr(PA) \” tr(PA) tr(PA) 
0< tr(P) ( tr(P) ) = (™- tr(P) ) ( r(P) -m) (6.105) 


1 2 
< -(M- 
< 7M —m) 


for any P € B,(H)\{0},P > 0. 
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Making use of the inequality (6.100) we have 
2 P 
o< tr(PA?) _ ( ) 


tr(P) tr(P) (6.106) 


_ tr(PA) tr(PA) ‘ae 
tr (P) — tr(P) = + MP - (7 + my 


< 2max 


r) 


—m M-m 


<2 


me + MP | (7 <u" 
2 2 
for any positive operator A with Sp(A) € [m, M] and for any P € B,(H)\ {0}, 
P>0. 

In particular, for p = 2 we get 


Zea) (), 
tr(P) tr(P) 


(6.107) 


ee { ay _ WPA) tPA) _ m} 


tr(P) ? tr(P) 


ay tPA tPA) \ 
vor ir(P)’ (Py 


tr(PA) 1 
aes M)|, 

“ey oe | 
then the second inequality in (6.107) is not as good as the second inequality in 
(6.105). 

For p=—1 and 0<m<M <0 consider the convex function f(t) = t+ 
defined on [m, M]. Then ‘¥_,(-;m, M) : (m, M) > R is defined by 
M?*=-¢) tt-m" ~M=m 

M-t t—m mMt © 
The definition of ‘P_,(-;m,M) can be extended to the closed interval [m, M]. 
We also have that 


= 5(M—m)+ 


Y_j(;m,M) = 


M-m 
sup P_,(t;m,M) = ; 
sae 1 mM 


From the inequality (6.93), we get 
2 tr(PA7!)  tr(P) 
~  tr(P) tr(PA) 
_ tr(PA) \ ( tr(PA) _ 
2 (“ “E@) ) ( uP) m) tr(P) 


a mM tr(PA) 


(6.108) 
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< 1 (m 7 a) (= 7 m) 
nM tr(P) tr(P) 

. 1M- m)(M + m) 

~ 4 m2M2 


? 


while from (6.94) we get 


- tr(PA) = tr(P) 
~~ tr(P) tr(PA) 
tr(PA) tr(PA) 
, (“- tr(P) ) ( w(P) m) tr(P) 
= mM tr(PA) 
(M— my tr) _ 1(M—m) 
mM tr(PA)” 4 w?2M 


(6.109) 


gt 
4, 


for any positive definite operator A with Sp(A) € [m, M] and P € 6,(H)\ {0}, 
P > 0. Since m > 0, then tr(PA) > mtr(P) > 0. 
From the inequality (6.100), we have 


tr(PA!) — tr(P) 


0< 6.110 
~ — tr(P) tr(PA) ( ) 
_ tr(PA) _ tr(PA) = 

(M — m)’ tr(P) _tr(P) 

< ——— max 4 —__.,, ———_ 
mM(m + M) M-m M-m 

(M — m)° 

~ mM(m+M) 


for any positive definite operator A with Sp(A) C [m,M] and any Pe B, 
(H)\{0}, P > 0. 

In order to compare the upper bounds provided by (6.109) and (6.110) con- 
sider the difference 


1@-m)?_  (M-my 


Na ehh SAMOA END 
- Yam (4. 1 ) = Mom on 
~ mM \4m m+M/ 9 4m?2M(m+M) ’ 


where0 <m< M. 

We observe that if M < 3m, then the upper bound provided by (6.109) is bet- 
ter than the bound provided by (6.110). The conclusion is the other way around 
if M > 3m. 
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If we consider the convex function f(t) = —Int defined on [m, M] C (0, 00), 
then 'P_,,(-;m,M) : (m,M) = R is defined by 

W_ (tm, M) = 


—-InM+Int -Int+Inm 

M-t  t—-m 
_M-m)int-(M-t)Inm—-(t¢-m)InM 
7 (M — t)(t — m) 


mM-t yt-m 


Utilizing the inequality (6.93), we have 
ea tr(PA) _ tr(P In A) 
tr(P) tr(P) 
(x2 = 
< 1 ik tr(P) 
M-m 


__ tr(PA) 


1 
tM-m (@-90=m) 
=In | ————_ : 


(6.111) 


tr(PA) 
m 


we) Jf wey ie 


tr(PA) _ m) 

< = 2 sup P_,,(t;m,M) 

M-m te(m,M) 

e 1 ( aks a (i _ 
Mm 


m) <M m) 
tr(P) tr(P) = 


4mM 
for any positive definite operator A with Sp(A) € [m, M] and P € B,(H)\ {0}, 
From (6.94), we have 


PA PInA 
Sig OE ee (6.112) 
tr(P) tr(P) 
(Ce 
< 1 li iat 
M-m M— te) 


tr(PA) -—m 
we) Jf wey 


_ (na) 


P>O0. 


mM 


1 (M — m) 
4 (m 


(ay 
tr(P) 
In| =e 
as tr(PA) tr(PA) = 

oe ae 


et tr(PA) 
Mm 
tr(P) 
< 


tr(PA) m 
we) Jf we 


(M—m) sup W_,,(t;m,M) 
te(m,M) 
Z (M — m)? 


4mM 
P>0. 


for any positive definite operator A with Sp(A) € [m, M] and P € B,(H)\ {0}, 
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From the inequality (6.100), we get 


PA PlinA 
oi Ce eee (6.113) 
tr(P) tr(P) 
_ tr(PA)tr(PA) _ ( i 
tr(P) tr(P) 2 
< max «4 —————., ————_- In] ——— 
M-m M-m mM 
( m+M y 
2 
< In| ———— 
mM 


for any positive definite operator A with Sp(A) € [m, M] and P € 6, (A)\ {0}, 
P>0. 
We observe that, since Inx < x — 1 for any x > 0, then 


ele. 1 =m? 


mM ~ mM 4mM 


In F 


which shows that the absolute upper bound for 


(x22) _ tr Ind) 
™\ tr) tr(P) 


provided by the inequality (6.113) is better than the one provided by (6.112). 


6.3.5 Reverses of Hélder’s Inequality 
We have the following result: 
Theorem 6.18 ([46]) Assume that p,g > 1 with - + ; = 1. Let S bea pos- 


itive operator that commutes with Q, a positive invertible operator and such 
that there exists the constants k, K > 0 with 


ky = SO°% £K1;,; (6.114) 
If S’, Q7 € B, (A), then we have 

0 < [tr(S?)]'? [tr (Q1)]}'/4 — tr(SQ) < B,(k, K)tr(Q%), (6.115) 
where 


pink — kyV/P(KP-} — eye, 


gue[ eK? (kK? 
2 2 


B,(k,K) = (6.116) 
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Proof: If we write the inequality 


2 tr(PA?) _ eS 


P 
1 
< =p(M — m)(M?"" — m?! 6.117 
tr(P) tr(P) ) Ses ae enn 
for the operators P = Q4 and A = SQ!“ then we get 


j2 tr(QUSQ'?) _ / tr(QISQ'4) \’ 
= tr(Q?) tr(Q’) 


p(K — k)(K?"! — kP), 


(6.118) 
Ze 
4 
Observe that, by the properties of trace we have 
tr(QISQ*4) = tr(SQ'7Q%) = tr(SQ). 


It is known, see, for instance, [47, p. 356-358], that if A and B are two commut- 
ing bounded self-adjoint operators on the complex Hilbert space H, then there 
exists a bounded self-adjoint operator T on H and two bounded functions @ 
andy suchthatA = g(T)and B = w(T). Moreover, if {E, } is the spectral family 
over the closed interval [0, 1] for the self-adjoint operator T, then T = ie AdE,, 
where the integral is taken in the Riemann-Stieltjes sense, the functions g and 
y are summable with respect with {£,} on [0,1] and 


1 1 
A= QT) = | PAE, and B=y(T)= : w(AdE,. 
o- o- 


Now, if A and B are as above with Sp(A), Sp(B) C J an interval of real numbers, 
then for any continuous functions f, g : J ~ C we have the representations 


1 1 
f(A) = - (fep(AdE, and g(B) = iE (gow )(A)AE;,. 
o- o- 


If we apply the above property to the commuting self-adjoint operators S 
and Q, then we have two positive functions g and y such that S = g(T) and 
Q=w(T). Moreover, using the integral representation for functions of 
self-adjoint operators, we have 


QUSQ™ 4? = [W(T)IMO(T)IW( Dt? 


1 
-{ [LwAIM@AIW A] PdE, 
0- 


1 
=) [w(A) Lo AP Ly (ay PP dE, 


O-— 


1 1 
= | [pA Pye? dE, = | [p(A)PdE, = S?. 
0- o- 
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Therefore, the inequality (6.118) is equivalent to 
2 tr(S?) | oe 


~ (QQ) \ tr(Q”) 


which is of interest in itself. 
From this inequality, we have 


Pp 
) < tik — kK! — HP, (6.119) 


tr(S?)[tr(Q)P™ < (tr(SQ))? + GPK — k)\(KP* — kP 7 [tr(Q)P. 
Taking the power 1/p € (0, 1) and using the property that 

(a+ Pp) <a’+f", where a,f >0andre€ (0,1), 
we get 


[tr(S?)}/" [tee Qy] PP” 


1 1/p 
< [iersqyy” + 2P{K = (KP eH QP| 


< tr(SQ) + apPnk — ky /P(KP> — ke) "Pper(QD], 
that is, 
[tr(S?)]!/?[tr(Q%)]!/4 — tr(SQ) 
< ape MK — ke KP — KP) MPLE QD) 


The second part follows from the inequality 


< tPA?) _ (ee 35 jae _ e +My") 
tr(P) tr(P) 2 2 


and the details are omitted. oO 


Remark 6.8 We observe that under the previous assumptions, from any 
upper bound for the difference 


ne tr(PA”) _ ( tr(PA) \” 
~ tr(P) tr(P) ]’ 
we can deduce in a similar way an upper bound for the Holder’s difference 


0 < [tr(S?)}'/?[tr (Q4)]'/4 — tr(SQ). 


Also, if the commutativity property of the operators S and Q is dropped, then 
we can prove that 


0 < [tr(QUSQh4)?)]/? [tr(QY)]'/4 — tr(SQ) < B,(k, K)tr(Q’) (6.120) 


with the same B,(k, K). However, the noncommutative case of the second 
inequality in (6.115) is an open question for the author. 
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The following reverse of Schwarz inequality holds: 
Corollary 6.10 Let S bea positive operator that commutes with Q, a positive 
invertible operator and such that there exists the constants k, K > 0 with 
kl SSO" = Kip, (6.121) 
If S?, @ € B,(H), then we have 


V2 


0 < [tr(S?)]!/2[tr (Q2)}'/? — tr(SQ) < YK — k)tr(Q?). (6.122) 


Remark 6.9 If we take p = q=2 in (6.120) and drop the commutativity 
assumption, then we get 


0 < [tr(QSQ™S)}"[tr(Q’)]'? — tr(SQ < eK — kytr(Q’), 
provided that (6.121) holds true. 
Also, if we use the inequality (6.105), then we have 
0 < tr(QSQ-!S)tr(Q2) — [tr(SQ)]? (6.123) 
< (Ktr(Q’) — tr(SQ)) (tr(SQ) — k tr(Q’)) < ni — ker (YP 
provided that (6.115) holds true. 


6.4 Slater's Type Trace Inequalities 


6.4.1 Slater's Type Inequalities 


Suppose that J is an interval of real numbers with interior / and f:I > R 
is a convex function on J. Then f is continuous on / and has finite left and 
right derivatives at each point of /. Moreover, if x,y €/ and x <y, then 
FL) < fi) < f(y”) <f1(), which shows that both f’ and f/ are nondecreas- 
ing function on /. It is also known that a convex function must be differentiable 
except for at most countably many points. 

For a convex function f:J > R, the subdifferential of f denoted by df is the 
set of all functions g : I > [—co, co] such that g(/) C Rand 


f@2=f@+@-aoe(a) foranyx,a €1. 


It is also well known that if f is convex on J, then df is nonempty, f’, f/ € of 
and if g € of, then 


f'\@) < o(@) <fl(x) for any x el. 


In particular, g is a nondecreasing function. Iff is differentiable and convex on 
I, then of = { f"}. 
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The following result is well known in the literature as Slater inequality: 


Theorem 6.19 ([48]) Iff:/ > R is a nonincreasing (nondecreasing) con- 
vex function, x; € I,p; > O with P,, := Y_, p; > Oand ), p,y(x;) # 0, where 
gy € of, then 


(6.124) 


( Di PXE(%;) ) 


1 n 
yD i ( ) < n 
P Les , Diet P:O(%;) 


n j=1 


As pointed out in [10, p. 208], the monotonicity assumption for the derivative 
g can be replaced with the condition 
Lins PiX;P%;) 
Lins PiP(%;) 
which is more general and can hold for suitable points in J and for not neces- 


sarily monotonic functions. 
The following result holds: 


(6.125) 


Theorem 6.20 ([49]) Let be an interval and f:J > R be a convex and dif- 
ferentiable function on / (the interior of I) whose derivative f’ is continuous on 
LlfAisa self-adjoint operator on the Hilbert space H with Sp(A) € [m, M] c I 
and f’(A) is a positive invertible operator on H, then 


O<f (Sor) _ trlPf(A)] 
tr[Pf’(A)] tr(P) 
op (oe) (oe : —_ 
ce tr[Pf(A)] tr[Pf(A)] tr(P) 
for any P € BY (H)\ {0}. 


(6.126) 


Proof: Since f is convex and differentiable on /, then we have 
f(NE- 8) <fO-f(9) sf/OE- 8) (6.127) 


for any t,s € [m, M]. 
Now, if we fix t € [m, M] and use the continuous functional calculus for the 
operator A, then we have 


tf'(A) — Af'(A) $f) Ly, f(A) Sf Ot “1, —f' (OA (6.128) 


for any t € [m, M]. 
If we apply the property of the trace to the inequality (6.128), then we have 


ttr[Pf’(A)] — tr[PAf'(A)] < ftr(P) — tr[Pf(A)] (6.129) 
< f'(Httr(P) — f'(Htr(PA) 
for any P € By(H)\{0}. 
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Now, since A is self-adjoint with m1,, < A < M1, and f"(A) is positive, then 
mf'(A) < Af'(A) < Mf"(A). 
If we apply again the property of the trace, then we get 
mtr[Pf'(A)] < tr[PAf"(A)] < Mtr[Pf'(A)], 
which shows that 
__ trlPAf"(A)] 
°" tr[Pf"(A)] 
Observe that since f(A) is a positive invertible operator on H, then tr[Pf’(A)] 
> 0 for any P € BF(H)\ {0}. 
Finally, if we put t = ¢, in (6.129), then we get 
tr[PAf"(A)] 
tr [Pf"(A)] 
tr[PAf"(A)] 
< —_———_ P)—tr[Pf(A 
<f ( anes ) tr (P) — tr[Pf(A)] 
<f" tr[PAf’(A)] \ tr[PAf’(A)] 
~ tr[Pf"(A)] 7 trlPf’(A)] 
PAf'(A 
sy é "( ) ee 
tr[Pf’(A)] 
which is equivalent to the desired result (6.126). Oo 


€ [m, M]. 


tr[Pf’(A)] — trLPAf’(A)] (6.130) 


tr(P) 


Remark 6.10 tis important to observe that, the condition that f’(A) is a posi- 
tive invertible operator on H can be replaced with the more general assumption 
that 
tr[PAf’(A)] 
tr[Pf’(A)] 


for any P € BY (H)\ {0}, which may be easily verified for particular convex func- 
tions f in various examples as follows. 

Also, as pointed out by the referee, if ( f’(A)x,x) > 0 for any x € H,x #0, 
then tr[Pf’(A)] > 0 for any P € B7(H)\{0} and the inequality (6.126) is valid 
as well. 


ef and tr[Pf'(A)] #0 (6.131) 


Remark 6.11 Now, if the function is concave on / and the condition (6.131) 
holds, then we have the inequalities 

2 tr[Pf(A)] _ a ‘(A)] ) 

~  tr(P) tr[Pf(A)] 

<f (aria ) (ee tr[PAf"(A)] ) 


(6.132) 


tr[Pf(A)] / \ tr) tr Pf’(AD] 
for any P € BY(H)\{0}. 
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Utilizing the inequality (6.132) for the concave function f:(0, 0c) > R, 
f(® = Int, then we can state that 


tr(PIn A) _ in( tr(P) ) g tr(PA“) tr(PA) = 
~ — tr(P) tr(PA!)/ ~ trP) tr) 


(6.133) 


for any positive invertible operator A and P with P € By (H)\ {0}. 
Utilizing the inequality (6.126) for the convex function f:(0, co) > R, 
f(t) =t"", then we can state that 


tr(PA™) _ tr(PA™!) _ tr(PA) tr(PA™) _tr(PA™) 


- - —— 6.134 
~ tr(PA“) tr(P) ~ tr(P) tr(PA7) tr (PA7?) ( ) 
for any positive invertible operator A and P with P € B](H)\ {0}. 
If we take B = A“! in (6.134), then we get the equivalent inequality 
2 2. —1 
tr(PB*) _ tr(PB) _ tr(PB*)tr(PB™) __ tr(PB) (6.135) 


~ tr(PB) tr(P) ~ tr(PB) tr(P) tr(PB?) 


for any positive invertible operator B and P with P € B,(H)\ {0}. 
If we write the inequality (6.126) for the convex function f(t) = exp(at) with 
a € R\ {0}, then we get 


tr[PA exp(@A)] tr[P exp(aA)] 
0< exp (| = ae) (6.136) 
( trLPA exp(a@A)] ) Gar exp(aA)] | 
<aexp|a ae 
tr[P exp(aA)] tr[P exp(aA)] tr(P) 


for any self-adjoint operator A and P € BY(H)\ {0}. 


6.4.2 Further Reverses 


We use the following Griiss’ type inequalities [50]: 


Lemma 6.2 ((50]) Let S be a self-adjoint operator with m1,, < S < M1, 
and f :[m, M] — C acontinuous function of bounded variation on [m, M]. For 
any C € B(H) and P € BY(H)\ {0} we have the inequality 


tr(Pf(S)C) _ tr(Pf(S)) tr(PC) 
tr(P) tr(P) tr (P) 


(6.137) 


M 
1 1 tr(PC) 
<5 VOT ae ( (c- =o 11) ‘) 
M 1/2 
1 tr(PICP) | tr(PC) /? 
a5 Vo tr(P) | tr(P) , 


where \/™(f) is the total variation of f on the interval. 
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If the function f:[m,M] — C is Lipschitzian with the constant L > 0 on 
[m, M], that is, 


If —f(s)| < Lit —s| 
for any t, s € [m, M], then 


tr(Pf(S)C) _ tr(Pf(S)) tr(PC) (6.138) 
tr(P) tr(P) tr (P) , 


1 tr(PC) 
ax(|(c- tr) 11) ‘) 
1 1/2 


Proof: For the sake of completeness we give here a simple proof. 
We observe that, for any A € C we have 


tr(PC) 
= a —_tr [Pca - Ales) (c- Dy in)| (6.139) 


atl _ tr(PC) 
St lea (c aD 11)| 


A tr(PC) 
= mp [ (c = tr) 11)| 


_ tr(PAC) _ tr(PA) tr (PC) 
tr(P) tr(P)  tr(P) 
Taking the modulus in (6.139) and utilizing the properties of the trace, we have 
tr(PAC) _ tr(PA) tr(PC) 
tr(P) tr(P) tr(P) 


tr(PS) 
si|s— 25 H 


tr(PS) tr(P|C|?) 
<1 |s- S21, [ACEP - 


for any C € B(H) and P € BY(H)\ {0}. 


tr(P) 


(6.140) 


a4 o _ tr(PC) 

ras Jes Ali) (c tr(P) 1») 

om cue) 

= apt [4-ato (c a)? 
PC 

<||A- All (P) «( (c- So) ‘) 


for any € C. 
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From the inequality (6.140), we have 


tr(Pf(S)C) _ tr(Pf(S)) tr(PC) (6.141) 
tr(P) tr(P) tr (P) 
1 tr(PC) 
for any’ EC. 
From (6.141), we get 
tr(Pf(S)C) _ tr(Pf(S)) tr(PC) (6.142) 
tr(P) tr(P) tr (P) 
f(m) +f(M) 1 tr(PC) 
< [rs - ; ly aa(|(c- en) i»)a). 
Since f is of bounded variation on [m, M], then we have 
lf _ fm) a | i i ~f(m) +O ~fM) (6.143) 


M 
1 1 
< FIP fem] + [fa -Feoll < 55 Wi 


for any t € [m, M]. 
From (6.143), we get in the order 3(H) that 


S(m) +f(“) ; 
2 H 


M 
1 
rs) - <5 VMhe 


which implies that 


S(m) +f(M) 
2 H 


M 
rs) - <} Vn (6.144) 


Making use of (6.143) and (6.144), we get the first inequality in (6.137). 
The second part is obvious by the Schwarz inequality for traces 


5 Nli/2 
_ tr) _ trc) 1/2 
w(|(c a 11)?|) w(|(c re i) P ) 
—_—}] $$$ < a ° 


tr(P) r rm) 
and by noticing that 
2 
t C- tr(PC) 1 Pi/2 ) 
ss ( ( tr(P) u) ePIC): ||@eo ; (6.145) 
tr(P) ~  tr(P) tr(P) , 


for any C € B(H) and P € BY(H)\ {0}. 
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From (6.141), we also have 


tr(PF(S)C) _ tr(Pf(S)) tr(PC) (6.146) 
tr(P) tr(P) tr (P) 
<|1-1 (Sr) af aan (|(¢- St) 4) 
any C € B(H) and P € BT (H)\ {0}. 
Since 
If) —f(s)| < Lit —s| 
for any t,s € [m, M], then we have in the order 5(H) that 
If(S) —f(s)1y| < LIS — s1y| 
for any s € [m, M]. In particular, we have 
f(S) —f (=) 14] <2[5- ay], 
which implies that 
19-1 (Sas) [545 
and by (6.146) we get the first inequality in (6.138). 
The second part is obvious. Oo 


We also have the following reverse of Schwarz inequality [50]: 


Lemma6.3 ([50]) If C is a self-adjoint operator with k1,, < C < K1,, for 
some real numbers k < K, then 


tr(PC2) (tr(PC) \” 
0< on ( oo ) (6.147) 
1 tr(PC) 
< jw ciate( (c- tr(P) u)a) 
dcp | HO _ (Heo C < +(K-k? 
=a ee tr(P) aes 
for any P € Bi(H)\ {0}. 
Proof: If we take in (6.137) f(t) = t and S = C we get 
tr(PC2) ( tr(PC) \" 
tr(P) = tr(P) ) | oo 
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1 1 tr(PC) | 
shan dge(|(c- ae In) P ) 


1/2 
Pe ae) se (so) ‘ie 
2 tr(P) tr(P) 
Since by (6.145), we have 


tr(PC?) | (sO) NG 
tr(P) tr(P) 


then by (6.148) we get 
tr(PC?) | E= ) 


tr(P) tr(P) 
1 1 tr(PC) 


1/2 
1 tr(PC?)  / tr(PC) \” 
: 0-0 tr(P) -( tr(P) ) | 


Utilizing the inequality between the first and last term in (6.149), we also have 


1/2 
tr(PC2) — ( tr(PC) \” 1 
| tr(P) ( tr(P) ) | Ser 


which proves the last part of (6.147). Oo 


0< 


(6.149) 


Theorem 6.21 ([49]) Let J be an interval and f:J — R be a convex and 
differentiable function on / whose derivative f’ is continuous on /. If A is a 
self-adjoint operator on the Hilbert space H with Sp(A) € [m, M] Cc Tand f(A) 
is a positive invertible operator on H, or 

tr[PAf(A)] _ 

———— e/, tr[Pf'(A 0 

trl PFAD] r[Pf'(A)] # 


for any P € B}(H)\{0}, then 
O<f Geo _ tr[PF(A)] 
tr[Pf’(A)] tr(P) 
tr(P) f' (= "(A)] 
~ tr[Pf’(A)] tr[Pf’(A)] 
for any P € B}(H)\{0}, where 
tr[PAf'(A)] _ tr(PA) tr [Pf"(A)] 
tr(P) tr(P) _ tr(P) 


(6.150) 


) LP, A,f'(A)) 


L(P,A,f'(A)) = 
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‘ j _ tr(PA) 
Lf) -f ma u(|(4 o> 11) 2) 


1 1 , tr(Pf'(A)) 
5(M — mai (F (A) — tn) P ) 


tr(P) 
PA? PA)\* 
LOM) =| - ( ) 


lA 


1/2 


tr(P) tr(P) 


ePLf"AP) _ (ey - 


1 
2m) | tr(P) tr(P) 


< if" (M) — f'(m))(M — m). 


Proof: Utilizing Lemmas 6.2 and 6.3, we have 
tr(Pf'(A)A) _ tr(Pf"(A)) tr(PA) 


tr(P) tr(P)  tr(P) (6.151) 
2; u( (4 _ tr(PA) 1») ‘) 
=o 20 tr(P) 
22% (f'(M) — f'(m)) tr(PA*) _ (a) ve 
= tr(P) tr(P) 
<3 (f'(M) — f'(m))(M — m) 
and 
tr(PF'(A)A) _ tr(Pf"(A)) tr(PA) ae 


~ tr(P) tr(P) _ tr(P) 


1 ; tr(Pf'(A)) 
= 3M — mt ( (r- tr(P) 11) d) 


an my| SELAP) _ (eerrayy?] 
tr(P) tr(P) 


Sq (f'(M) —f'(m))(M — m) 
for any P € BY(H)\{0}. 
The positivity of 
tr(Pf’(A)A) F tr(Pf’(A)) tr(PA) 
tr(P) tr(P) _ tr(P) 
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follows by CebySev’s trace inequality for synchronous functions of self-adjoint 
operators, see [51]. Oo 


The case of convex and monotonic functions is as follows: 


Corollary 6.11 Let J be an interval and f:J — R be a convex and differen- 
tiable function on [ whose derivative f’ is continuous on /. If A is a self-adjoint 
operator on the Hilbert space H with Sp(A) € [m, M] Cc I and f’(m) > 0, then 


wey trfPAf(A) _ trlPf(A) _ f' 
7 tr[Pf’(A)] 


tr(P) ~ f'(m) 
for any P € BY(H)\{0}. 


L(P,A,f'(A)) (6.153) 


The proof follows by (6.150) observing that 
tr(P) _,, (tr[PAf’(A)] g S'(M) 
~ tr[Pf’(A) tr[Pf'(A)] J ~ f’(m) 
for any P € BY(H)\{0}. 
If we consider the monotonic nondecreasing convex function f(t) = ¢? with 
p> 1andt > 0, then by (6.153) we have the sequence of inequalities 
2 tr(PA”) \”  tr(PA?) 
= \ tr(PAP) tr(P) 


(6.154) 


. Se tr(PA?) _ tr(PA) tr(PA?71) 
= EN in tr(P) tr(P)  tr(P) 
1 5(/M\P7} 
<P Ge 
: z tr(PA) 
(MP-) — mp zat(| (4 7 ee) P ) 
x 
: _| tr(PA?-!) 
1 »(/M\?1 
<5P es, 
(Pt pty | BAD _ apa i 
m tr(P) tr(P) 
x 57 1/2 
ew tr(PA2?-)) _/ tr(PAP™) 
8) EP) tr(P) 


m 1 (MY wr — m?")(M — m) 


for any P € B}(H)\{0} and A with Sp(A) C [m, M] C (0, ov). 
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Theorem 6.22 ([49]) Let J be an interval and f:J > R be a convex and 
twice differentiable function on / whose second derivative f” is bounded on 
I, that is, there is a positive constant K such that 0 < f(t) < K for anyt €/. 
If A is a self-adjoint operator on the Hilbert space H with Sp(A) € [m,M] cI 
and f’(A) is a positive invertible operator on H, or 

tr[PAf’(A)] 

tr[Pf’(A)] 
for any P € B}(H)\{0}, then 


jy (stearant) _ tr[Pf(A)] 
= tr[Pf’(A)] tr(P) 
tr(PA) 


1 tr(PA) 
uP) stat (|(4- uP) 1) ) 


tr(P) f' (= "(A)] ) 
tr[Pf(A)] tr[Pf(A)] 


tr(PA) tr(PA?) _ (ae) o- 
tr(P) "||| tr(P) tr(P) 
tr(P) f (oo) 
tr[Pf’(A)] tr[Pf’(A)] 
< 5M - mK [A - 


el,  tr[Pf'(A)] #0 


(6.155) 


<K|4- 


<K[4- 


tr(PA) 
tr(P) @ 


tr(P) _, en "(A)] ) 
tr[Pf'(A)] tr[Pf’(A)] 
for any P € B(H)\ {0}. 


Proof: From (6.150) we have 
or (tearrann _ trfPF(A)] 
tr[Pf'(A)] tr(P) 
tr(P) , (5 [PAf'(A)] 
~ePrAr \ eer 
for any P € BY(H)\{0}. 
From (6.138) we also have 


(0 $)LQ, A, f'(A)) (6.157) 


(6.156) 


) L(P,A,f'(A)) 


tr(PA) 1 tr(PA) 
<K|A- r(P) ant(I(4- tr) 1») 4) 
cla te” tr(PA?) _ / tr(PA)\* ie 
Z | tr(P) “H] tr(P) tr(P) 


for any P € BY(H)\{0}. 
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Therefore, by (6.156) and (6.157) we get 
es) _ tfPf(A)I 


or( 


wpa) ) &) 
tr(PA) 1 tr(PA) 
2) lA- mp) ant(|(4- rP) us) ‘) 


Jest, (sara) 
trlPF(AY \ triPF'(A)] 
tr(PA) 


tr(PA?) | Ce) si 
tr(P) |] | tr(P) tr(P) 
tr(P) (ee) 
tr[Pf’(A)] tr[Pf’(A)] 


that proves the second and third inequalities in (6.155). 
The last part follows by Lemma 6.3. Oo 


<K[4- 


The inequality (6.155) can be also written for the convex function f(t) = 
with p > 1 and t > 0, however the details are not presented here. 
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7.1 Introduction 


Spectral analysis and spectral synthesis deal with the description of translation 
invariant function spaces over locally compact Abelian groups. We consider the 
space @ (G) of all complex-valued continuous functions on a locally compact 
Abelian group G, which is a locally convex topological linear space with respect 
to the pointwise linear operations (addition, multiplication with scalars) and 
to the topology of uniform convergence on compact sets. Continuous homo- 
morphisms of G into the additive topological group of complex numbers and 
into the multiplicative topological group of nonzero complex numbers, respec- 
tively, are called additive and exponential functions. A function is a polynomial 
if it belongs to the algebra generated by the continuous additive functions. An 
exponential monomial is the product of a polynomial and an exponential. 

It turns out that exponential functions, or more generally, exponential mono- 
mials can be considered as basic building blocks of varieties. A given variety 
may or may not contain any exponential function or exponential monomial. If 
every nonzero subvariety of a given variety contains an exponential function, 
then we say that spectral analysis holds for the variety. An exponential func- 
tion in a variety can be considered as a kind of spectral value and the set of all 
exponential functions in a variety is called the spectrum of the variety. It follows 
that spectral analysis for a variety means that the spectrum of any nonzero sub- 
variety is nonempty. On the other hand, the set of all exponential monomials 
contained in a variety is called the spectral set of the variety. It turns out that 
if a nonzero exponential monomial belongs to a variety, then the exponential 
function appearing in the representation of this exponential monomial belongs 
to the variety, too. Hence, if the spectral set of a variety is nonzero, then also 
the spectrum of the variety is nonempty and spectral analysis holds. There is, 
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however, an even stronger property of some varieties, namely, if the spectral 
set of the variety spans a dense subspace of the variety. In this case, we say 
that the variety is synthesizable. If every subvariety of a given variety is syn- 
thesizable, then we say that spectral synthesis holds for the variety. It follows 
that, for a given nonzero variety, spectral synthesis implies spectral analysis. If 
spectral analysis, respectively, spectral synthesis holds for every variety on an 
Abelian group, then we say that spectral analysis, respectively, spectral synthe- 
sis holds on the Abelian group. A famous and pioneering result of Schwartz [1] 
exhibits the situation by stating that if the group is the reals with the Euclidean 
topology, then spectral values do exist, that is, any nonzero variety contains an 
exponential function. In other words, in this case the spectrum is nonempty, 
spectral analysis holds. Furthermore, spectral synthesis also holds in this situ- 
ation: there are sufficiently many exponential monomials in any variety in the 
sense that their linear hull is dense in the variety. 

An interesting particular case is presented by discrete Abelian groups. Here 
the problem seems to be purely algebraic: all complex functions are contin- 
uous, and convergence is meant in the pointwise sense. The archetype is the 
additive group of integers: in this case, the closed translation invariant func- 
tion spaces can be characterized by systems of homogeneous linear difference 
equations with constant coefficients. It is known that these function spaces are 
spanned by exponential monomials corresponding to the characteristic values 
of the equation, together with their multiplicities. In this sense, the classical 
theory of homogeneous linear difference equations with constant coefficients 
can be considered as spectral analysis and spectral synthesis on the additive 
group of integers. 

The next simplest case is the case of systems of homogeneous linear dif- 
ference equations with constant coefficients in several variables. This case is 
settled by the famous result of Lefranc [2] about spectral synthesis on Z”, the 
lattice group. 

At this point, the reader may ask the natural question: what about general 
Abelian groups? In his 1965 paper [3], Elliot presented a theorem on spec- 
tral synthesis for arbitrary Abelian groups. However, in 1987, Gajda [4] called 
the present author’s attention to the fact that the proof of Elliot’s theorem had 
serious gaps. Since then several efforts have been made to solve the problem 
of discrete spectral analysis and spectral synthesis on Abelian groups. In the 
subsequent paragraphs, we exhibit the development of the theory of discrete 
spectral synthesis until the present status. 

An equally important problem arises concerning the possible extension 
of the fundamental theorem of Schwartz to more general locally compact 
Abelian groups. The basic question is: is it possible to extend the theorem at 
least to R”? Unfortunately, counterexamples in [5] show that such a direct 
extension is impossible for n > 2. Nevertheless, some recent results of the 
present author show that still we can find a more sophisticated extension if 
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“translation invariance” is replaced by “invariance under group action.” A 
detailed discussion about these ideas will be presented below. 

The subject of the above-mentioned investigations is spectral analysis and 
spectral synthesis on the whole group — nevertheless, the same problems can 
be studied on particular varieties, too. In fact, spectral analysis or spectral syn- 
thesis on the whole group, or what is the same, for all varieties on the group 
clearly depends on the structure of the given topological Abelian group: it holds 
or does not hold on topologically isomorphic groups simultaneously. However, 
some particular varieties may possess spectral analysis or synthesis without the 
whole group having this property. A classical result in this direction is due to 
Malgrange [6], which is spectral synthesis for the solution space of homoge- 
neous linear partial differential equations with constant coefficients. A gener- 
alization of this theorem is the famous result of Ehrenpreis [7], also known as 
the Principal Ideal Theorem. This result has also been generalized by Elliott [8]. 
Nevertheless, general results about spectral analysis and spectral synthesis for 
particular varieties are still missing. 

Based on some ideas in [7], the present author initiated a detailed study on 
spectral analysis and spectral synthesis in terms of the group algebra in the 
discrete case, or more generally, of the algebra of compactly supported Radon 
measures in the locally compact case. It turns out that general results about 
spectral synthesis properties of particular varieties can be obtained using this 
annihilator method [9]. The details of the annihilator method will be presented 
below. 

Yet another possible way is to generalize the group structure. We summa- 
rize the formulation of the basic problems of spectral analysis and synthesis in 
the hypergroup-setting. The basics of this theory can be found in the mono- 
graph [10]. In addition, we present here some recent results on different types 
of hypergroups. 

Finally, we illustrate some possible applications of spectral analysis and spec- 
tral synthesis in the theory of functional equations, difference equations, and 
differential equations. This can be found in the last section. 


7.2 Basic Concepts and Function Classes 


In this chapter N, Z,1R, C denotes the set of natural numbers (zero included), 
the set of integers, the set of real numbers, and the set of complex numbers, 
respectively. For a locally compact group G, we denote by @(G), the locally 
convex topological vector space of all continuous complex- valued functions 
defined on G, equipped with the pointwise operations and with the topology of 
uniform convergence on compact sets, also known as topology of compact con- 
vergence. For each function f in @ (G), we define f by f(x) = f(«~!), whenever x 
is in G. For a subset H in @(G), we denote by A the set of all functions a with 
f in H. By a ring, we always mean a commutative ring with unit. 
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It is known that the dual of @ (G) can be identified with the space @,(G) of all 
compactly supported complex Borel measures on G which is equipped with the 
pointwise operations and with the weak*-topology. The pairing between © (G) 
and “@(G) is given by the formula 


cf) = ff a 


The following theorem, describing the dual of .@,(G) is fundamental. The 
proof can be found in [11, 17.6, p. 155] (see also [9, theorem 3.43, p. 48]). 


Theorem 7.1 Let G bea locally compact group. For every weak*-continuous 
linear functional F: ™(G) — C, there exists a continuous function f : G > C 
such that F(u) = u(f) for each pw in. @,(G). 


In fact, the function in this theorem is uniquely determined by F, as it is clear 
from the following result, which is a standard application of the Hahn—Banach 
Theorem in functional analysis. 


Theorem 7.2 Let G bea locally compact group. The finitely supported com- 
plex measures form a weak*-closed subspace in .“@,(G). 


In spectral synthesis, the dual pair @ (G) and .“@,(G) will play the fundamental 
role. For each pv in .@,(G), we define fi by the equation fi( f) = uf ) whenever 
f isin @(G). For every subset K in.@,(G), the symbol K denotes the set of all 
measures of the form fi with y in K. The orthogonal complement of the subset 
H in @ (G) is the set of all measures yp in “,(G) satisfying u( f) = 0 for each f 
in H, and it is denoted by H*. The dual concept is the orthogonal complement 
ofaset K in. @,(G) ofall functions f in @ (G) satisfying u(f) = 0 for every y in 
K, and it is denoted by K+. Obviously, H+, respectively, K+ is a closed subspace 
in “ (G), respectively, in @ (G). 

Convolution on M (G) is defined by 


/ f du *v) = i f(xy) du(x) dviy) 


for each y, vin. @,(G) and x in G. Convolution converts the linear space @,(G) 
into a topological algebra with unit 6,, e being the identity in G. 

We also define convolution of measures in .@,(G) with arbitrary functions in 
6 (G) by the similar formula 


u* f(x) = [toro du(y) 


for each p in @(G), f in @(G), and x in G. The linear operators f +H yu * f on 
6 (G) are called convolution operators. It is easy to see that equipped with the 
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action f + f * uw the space @(G) is a left topological module over @,(G). For 
each subset K in @,(G) and H in @ (G), we use the notation 


KxeH={yuxfipek,f €H}. 


We recall that for each subset H in @ (G) the annihilator of H in “@,(G) is the 
set 


AnnH={pinxf=0 foreach f EH}. 


We also have the dual concept: for every subset K in @,(G), the annihilator of 
K in @ (G) is the set 


Annk ={fiuxf=0 foreach weEK}. 


In the rest of this section, we suppose that G is commutative and we apply 
additive notation in G. The identity in G will be denoted by 0. Translation with 
the element y in G is the operator mapping the function f in @(G) onto its 
translate t,f defined by t,f(x) = f(x + y) for each x in G. Clearly, t, is a con- 
volution operator, namely, it is the convolution with the measure 6_,: we have 
t,f = 6_, * f. A subset of @ (G) is called translation invariant, if it contains all 
translates of its elements. A closed linear subspace of @ (G) is called a variety 
on G, if it is translation invariant. Obviously, every closed submodule of @ (G) 
is a variety, in fact, varieties are exactly the closed submodules of @(G). As it 
is easy to see, V is a variety whenever V is a variety. For each function f, the 
smallest variety containing f is called the variety generated by f; or simply the 
variety of f, and it is denoted by t(f), which is clearly the intersection of all 
varieties containing f. 

The following simple relation between orthogonal complements and 
annihilators has been proved in [12]. It shows that we can use orthogonal 
complements and annihilators alternatively, for varieties, they are — in some 
sense — equivalent. 


Theorem 7.3 For each variety V in @(G), its annihilator Ann V is a closed 
ideal in @,(G), and AnnV = (Vvyt. Similarly, for each ideal J in .@,(G), its anni- 
hilator Ann/J is a variety in @ (G), and AnnIJ = (yt. 


The following theorem gives important information about the duality of 
varieties and annihilators. 


Theorem 7.4 Foreachvariety V C Win @(G), wehave AnnV D Ann W and 
for each ideal J CJ in @,(G), we have AnnJ D2 Ann/J. In addition, we have 
Ann(AnnV) = V and Ann(Ann/) 2 J. In particular, V 4 W implies AnnV 4 
Ann W. 


Proof: Let V € W be varieties in @(G) and let J C J be ideals in “,(G). For 
every vw in Ann W and for each f in V, we have that f is in W, hence p * f = 0. 
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This proves that w isin AnnV, and AnnV D Ann W. Similarly, if f is in Ann/ 
and yw isin J, then y isin J, hence yw * f = 0, which proves that f is in AnnJ, and 
AnnI D Ann/J. 

Assume that f is in V and yw is in AnnV, then, by definition, p « f = 0, 
hence f is in Ann(AnnV), which proves Ann(AnnV) D V. Similarly, we have 
Ann(Ann/J) 2 J. 

Suppose now that Ann(AnnV) & V. Consequently, there is a function f in 
Ann(Ann V) such that f is not in V. By the Hahn—Banach Theorem, there is a 
Ain M (G) such that XX f) #0, and J vanishes on V. This means 


(p * AO) = i, p(—y) dA(y) = A) = A(g) = 0, 


whenever ¢ is in V. As V is a variety, this implies, by the previous theorem, 
that A is in AnnV, in particular, 4 * f =0, a contradiction. This proves 
Ann(Ann V) = V, which also implies AnnV # AnnW, whenever V4W. oO 


We note that for ideals in .@,(G), the equality Ann(AnnJ) = J does not hold 
in general. For this, by Theorem 7.3, it is enough to show that J++ = does 
not hold, in general. A counterexample can be found in [13]. Nevertheless, the 
following theorem holds true [13]. 


Theorem 7.5 Let G bea discrete Abelian group. Then Ann(Ann/J) = J holds 
for every ideal J in .@,(G). 


For further properties of the variety—ideal correspondence, see [9, 12]. Here 
we recall the following result. 


Theorem 7.6 Let G bea locally compact group. 


1. For each family (V,), <r of varieties in © (G), we have 


Ann (x “ = (| Annv,, (x v,) = le 


yer yer yer yer 


2. For each family (/,), <r of ideals in @,(G), we have 
1 
Ann (d4 — () Annz,, (z) = (ie 
vel vel vel yer 


We note that here }).-V, denotes the topological sum of the family of vari- 
eties (V,), cr, that is, the closure of the union of the sums of finite subfamilies. 
However, eck denotes the algebraic sum of the family of ideals (/,), <r, that 
is, the ideal generated by the sums of finite subfamilies. 

The basic building blocks of spectral analysis and spectral synthesis are 


the exponentials. Let G be a locally compact Abelian group and m: G> C 
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a continuous homomorphism of G into the multiplicative group of nonzero 
complex numbers. Then we call m and exponential on G. Clearly, every 
exponential is normalized in the sense that m(0) = 1. The following result is a 
simple characterization of exponentials. 


Theorem 7.7 Let Gbea locally compact Abelian group andm: G > Cacon- 
tinuous function. Then the following statements are equivalent: 


(i) m is an exponential. 
(ii) m is nonzero and for each x, y in G we have 


m(x + y) = m(x)m(y). (7.1) 


(iii) m is a normalized common eigenfunction of all translation operators. 
(iv) m is a normalized common eigenfunction of all convolution operators. 
(v) m is normalized and t(m) is one dimensional. 


Proof: The first two statements are obviously equivalent, by the definition. By 
(7.1), we have t,m = m(y) - m, hence (ii) implies (iii). If (iii) holds, then there 
exists a mapping 4: G > C such that 


m(x+y)= 6_y * M(x) = A(Vy)m(x) 


for each x, yin G. With x = 0, we have A = m, hence (ii) holds. If m satisfies (iv), 
then it satisfies (iii). Conversely, if (iii) holds for m, then m is an exponential and 
we have 


He * m(x) = m(x — y) du(y) = m(x) i m(—y) duty) 
G G 


for each measure yp, hence we have (iv). It follows that all the conditions (i)—(iv) 
are equivalent. Finally, if 7 is normalized and t(m) is one dimensional, then 
obviously, each translate of m is a constant multiple of m, hence we have 
(iii), and (ii) clearly implies (v). The theorem is proved. Oo 


Using translation, one introduces modified differences in the following man- 
ner: for each f and y in G, we let 


Apy = 8_y ~fW)So, 
which is an element of @,(G). Products of modified differences will be denoted 


in the following way: for each function f, for every natural number n, and for 
arbitrary y), 72, ---.¥,41 in G, we write 


Ary, dys-Iun = ey (oy) — £(0)5o)> 


where II denotes convolution. In the case f = 1, we use the simplified nota- 
tion A, for A,., and we call it difference. Accordingly, we write A, for 


Bicrie. re For a given function f, the closed ideal generated by ail “modified 
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differences of the form A,., with y in G is denoted by M;. The following theorem 
is of fundamental importance. 


Theorem 7.8 Let Gbea locally compact Abelian group andf : G > Cacon- 
tinuous function. The ideal M, is proper if and only if f is an exponential. In 
this case, the ideal M, = Annz( f) is maximal, and “@,(G)/M, is topologically 
isomorphic to the complex field. 


Proof: As M, is closed, we have Ann(AnnM,) = M,; and M;* = M, [12]. 
Suppose that f is an exponential. Then f 4 0, and 
Ary *f(%) =f + y) —ff) =0 
for each, yin G, hencef is in Anny. As c( f) consists of all constant multiples 
of f, we infer that r( f) C AnnM;. Moreover, if g is in AnnM,, then we have 
0 = Ay * O(%) = G(x + ¥) — fC) 


for each x,y in G. It follows y = g(0) - f, hence ¢ is in t( f). We conclude that 
Uf) = Ann™,, and M; = Annt(f). 
We define the mapping ®; : @(G) > C by 


®/(u) = uf) = ‘ f(-9) du) 


for each w in “@,(G). Then ®, is a linear mapping, ®/(do) = 1, and for each p, v 
in @(G), we have 


O-(u * v) = / S(-x — y)du(x) dv(y) 


= [t-» du(x) [io du(y) = (uv) - P/(v), 


hence @, is an algebra homomorphism. Obviously, ®; maps @,(G) onto C, 
hence it is a multiplicative linear functional. We infer that Ker ®, is a maximal 
ideal and @,(G)/Ker ®, is isomorphic to the complex field C. For each y in 


Ker ®,, we have u(f ) = 0; hence for each complex number c, we have 


eae 4 fle —y) duly) = cf ou) = 0, 


consequently y isin Annt( f) = M,. It follows Ker ®, C My, which implies that 
M, is a maximal ideal. We also have that Ker ®, is closed, hence ®; is contin- 
uous. As ®, is also open, we have that “@,(G)/M, is topologically isomorphic 
to the complex field. 

Finally, if M; is proper, then AnnM, is nonzero. Let 9 #0 be a function in 
AnnM,, then we have 


0 = Ay * O() = O(% + ¥) —fNO™), 
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and in the same way as above we conclude that f is an exponential. The theorem 
is proved. Oo 


Given a complex algebra A, we call a maximal ideal M in A an exponential 
maximal ideal, if the residue algebra A/M is isomorphic to the complex field. If 
Aisa topological ring, then we require the isomorphism to be topological. From 
the above proof, it is clear that if G is a locally compact Abelian group, then each 
exponential maximal ideal in .@,(G) is of the form M,,, = Annzt(m) with some 
exponential m. In particular, every exponential maximal ideal is closed. 

The following theorem presents another characterization of exponentials 
in terms of the annihilators of their varieties. The statements follow easily 
from the previous theorem and from the connection between annihilators and 
orthogonals [12]. 


Theorem 7.9 Let Gbea locally compact Abelian group andm: G > Cacon- 
tinuous function. Then the following statements are equivalent: 


(i) m is an exponential. 

(ii) m is normalized and Annt(m) is an exponential maximal ideal. 

(iii) m is normalized and t(m)+ is an exponential maximal ideal. 

(iv) mis a normalized and .@,(G)/Annt(m) is topologically isomorphic to the 
complex field. 

(v) m is a normalized and @,(G)/t(m)* is topologically isomorphic to the 
complex field. 


The most important function class in spectral analysis and spectral synthesis 
is the class of exponential monomials. There are different ways to define expo- 
nential monomials, the most common one is the following. Let G be a locally 
compact Abelian group. The continuous function a: G > C is called additive 
if it is a homomorphism of G into the additive group of complex numbers. The 
continuous function f : G > C is called an exponential monomial if it has the 
form 


f(x) = P(a,(a), ay(x), ..., a, (*))m(), (7.2) 


where k is a positive integer, P isan ordinary complex polynomial in k variables, 
G,4,...,a, are additive functions, and m is an exponential. Linear combina- 
tions of exponential monomials are called exponential polynomials. A funda- 
mental result about exponential polynomials is the following [9]: 


Theorem 7.10 Let G be a locally compact Abelian group. The continuous 
function f is an exponential polynomial if and only if r(_/) is finite dimensional. 


It is easy to show that exponential monomials of the above form satisfy the 
functional equation 


Rey, Spo Daas * f(x) =0 (7.3) 
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for each %,9;,79,--->¥yn4, 1n G with some natural number n. However, the 
converse is not necessarily true: not every solution of (7.3) generates a 
finite-dimensional variety. Continuous functions f : G > C satisfying (7.3) are 
called generalized exponential monomials. They are exponential monomials 
exactly in the case if r(_f) is finite dimensional. The following characterization 
of generalized exponential monomials is of basic importance. 


Theorem 7.11 Let G be a locally compact Abelian group. The continuous 
function f is an generalized exponential monomial if and only if there is an 
exponential maximal ideal M in .@,(G) and a natural number such that 


M"*" c Annz(/f). (7.4) 


Proof: If f satisfies (7.3), then t(f) is annihilated by all measures of the form 
Any yy.--dnn* OD the other hand, these measures generate a dense subset in 
M**1 hence (7.4) is satisfied with M = M,,,, which is an exponential maximal 
ideal. Conversely, if (7.4) holds for some exponential maximal ideal M and nat- 
ural number n, then M = M,, for some exponential m, by Theorem 7.9, further 


we have (7.3), as Ajny, y,.y,,, 18 in M""" for each y,,9, +++ Yat Oo 


We note that if f is nonzero, then the exponential in (7.3) is uniquely 
determined. Indeed, if f is nonzero, then Annrt(/f) is a proper ideal, hence 
it is included in a maximal ideal M,. It follows, by (7.4), that M7"! C Mp. As 
My, is maximal, it is also prime, hence M,, € M,, which implies M,, = Mo, 
by maximality. Thus a unique exponential m is assigned to every nonzero 
generalized exponential monomial f, and f is said to be associated with m, 
or we say that f is a generalized m-exponential monomial. The smallest n 
satisfying (7.3) is called the degree of f. We do not associate a degree to the 
generalized exponential monomial identically zero but it is considered as a 
generalized m-exponential monomial for every exponential m. 

Linear combinations of generalized exponential monomials are called 
generalized exponential polynomials and linear combinations of exponential 
monomials are called exponential polynomials. 

The following characterization theorems [14] are the fundamentals of the 
annihilator method on discrete Abelian groups — they characterize exponen- 
tial monomials and exponential polynomials completely in terms of the residue 
algebra with respect to the annihilator, which plays the role of a coordinate ring. 


Theorem 7.12 Let G bea discrete Abelian group. The function f: G > Cis 
an exponential monomial if and only if CG/r( f)* is a local Noether ring with 
nilpotent exponential maximal ideal, or equivalently, it is a local Artin ring with 
exponential maximal ideal. 


Theorem 7.13. Let G be an Abelian group. The function f: G—->C is 
an exponential polynomial if and only if CG/zr(f)* is an Artin ring with 
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exponential maximal ideals. The function f : G > C is a generalized exponen- 
tial polynomial if and only if CG/r(f)+ is a semilocal ring with exponential 
maximal ideals and nilpotent Jacobson radical. 


7.3 Discrete Spectral Synthesis 


An important special case is the case of discrete Abelian groups. The use of the 
discrete topology makes things somewhat simpler: the function space consists 
of all complex-valued functions on G and the topology is that of the point- 
wise convergence. Compactly supported measures are identified with finitely 
supported functions, and every ideal in ™,(G) is closed with respect to the 
weak*-topology. As a consequence, we have the following result [13, 14). 


Theorem 7.14 Let G be an Abelian group, V a variety on G and J an ideal in 
CG. Then we have 


Verev, Prsl. 


Obviously, the following types of problems arise: the first is about a char- 
acterization of those varieties having spectral analysis or synthesis, or being 
synthesizable, and the second is about the characterization of those Abelian 
groups having spectral analysis or synthesis. As it is easy to prove that spec- 
tral analysis or synthesis holds or does not hold on isomorphic Abelian groups 
simultaneously, one may expect a completely group-theoretic solution for the 
second type of problems — the answer depends merely on the structure of the 
group. As we shall see, however, this is not the case concerning the first type of 
problems. 

First, we have the following simple result. 


Lemma 7.1 If spectral analysis, respectively, spectral synthesis holds on an 
Abelian group, then it holds on every subgroup of it, too. 


Proof: Let G be an Abelian group on which spectral analysis holds, and let H 
be a subgroup. If V is a nonzero variety on H, and 


We={f: fisin@(G) and 1,|f, isin V foreach yin G}, 


then V is a variety on G. Let U bea subset of G containing exactly one element 
in each coset of H. If f #0 is in V, further we define g(u + x) = f(x) for u in 
U and x in H, then obviously g is in W, hence W is nonzero. By assumption, 
W contains an exponential m. Then m|,, belongs to V, hence spectral analysis 
holds on H. 

The statement about spectral synthesis can be proved in a similar way. Oo 


The following theorem shows that, in spectral analysis, exponentials can be 
replaced by nonzero exponential monomials. 
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Theorem 7.15 Let G be an Abelian group. A variety on G contains an expo- 
nential if and only if it contains a nonzero (generalized) exponential monomial. 


Proof: As every exponential is a (generalized) exponential monomial, the 
necessity is obvious. Now suppose that the variety V contains the nonzero gen- 
eralized m-exponential monomial g of degree n. It follows that t(p) € V, which 
implies AnnV C Annzr(g). By definition, we have My*! C Annt(g) C M,,, 
and we infer AnnV C M,,, consequently, we have t(m) = AnnM,, ¢ V and 
the statement is proved. Oo 


As a consequence, in the light of the results in section 12 in [9], in particular 
in Section 12.7, exponential polynomials are exactly those functions which 
generate finite-dimensional varieties. Consequently, spectral analysis, syn- 
thesizability and spectral synthesis for a variety can be reformulated in the 
following manner: 


Theorem 7.16 Let G be an Abelian group. Spectral synthesis holds for 
a nonzero variety on G if and only if it has a nonzero finite-dimensional 
subvariety. A variety on G is synthesizable if and only if all finite-dimensional 
subvarieties span a dense subspace in it. 


Using the characterization theorems in the previous section, we can refor- 
mulate the basic spectral analysis and synthesis problems in the language of 
annihilators. 


Theorem 7.17 Let G be an Abelian group. Then spectral analysis holds for 
the variety V on G if and only if every maximal ideal of 4,(G)/AnnV is expo- 
nential. 


Proof: Clearly, the condition is equivalent to that every maximal ideal of ,(G) 
containing Ann V is exponential. Suppose spectral analysis holds for V and let 
M bea maximal ideal with Ann V C M. Then Ann isa nonzero subvariety in 
V, hence there is an exponential m in AnnM, and we infer AnnM,,, = t(m) C 
Ann, consequently M C M,,,. By maximality, we deduce M = M,,,, hence M 
is an exponential maximal ideal. 

Conversely, suppose that every maximal ideal containing Ann V is exponen- 
tial and let V, be a nonzero subvariety in V. We have AnnV € Ann Vy and 
Ann V) is a proper ideal. Let M be a maximal ideal in .@,(G) containing Ann Vo, 
then, by assumption, M is exponential, hence M = M,,, for some exponential m. 
We conclude t(m) = AnnM,,, € Vo, thus m is in Vp and the theorem is proved. 

Oo 


The synthesizability of a variety can also be reformulated in terms of the anni- 
hilator of the variety, using the characterization in Theorem 7.12. 
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Theorem 7.18 Let Gbean Abelian group. Then the variety V on G is synthe- 
sizable if and only if 


AnnV = () Cann V+M") (7.5) 


Ann VCM n=0 


holds, where the outer intersection extends for all exponential maximal ideals 
M which contain AnnV and @,(G)/M"*" is a local Noether ring. 


Despite the simplification when restricting ourselves to discrete Abelian 
groups, for a relatively long time the only relevant result about spectral 
analysis and spectral synthesis was the one due to Lefranc [2] which says that 
spectral synthesis holds on Z". The original proof of this sufficient condition 
for spectral analysis depends on the primary decomposition in Noether rings. 
Here we give another simple proof which uses the following generalization of 
Krull’s Intersection Theorem [15]: 


Theorem 7.19 Let R be a Noether ring. Then the intersection of all positive 
powers of all maximal ideals in R is zero. 


Proof: We claim that 
(\()m" =o, (7.6) 
M n=1 
where the first intersection is extended to all maximal ideals M in CG. We note 
that one classical version of Krull’s Intersection claims that in a Noether ring R 
we have 


foe} n 
a(n) =0, (7.7) 
n=1 M 

and here the second intersection is extended to all maximal ideals M in R. We 
note that it is obvious that the left side of (7.6) is a subset of the left side of (7.7) 
in any ring. 

We use the following form of Krull’s Intersection Theorem [[16], theorem 2, 
p. 356]: Let R be a Noether ring and J and ideal in R. Ifx is in (7°, 1”, then x is in 
xI. We apply this result to prove our statement in the following way: let M bea 
maximal ideal in R and suppose that x is in (]*°_, M”. Then, by the result quoted 
above, we have that x is in xM. Hence there exists an m in M such that x = xm, 
or x(1 — m) = 0. It follows that 1 — m annihilates x, hence the annihilator of x is 
not a subset of M. Consequently, if x is in (],, (7, M”, then the annihilator of 
x is not contained in any maximal ideal, hence it is R, and x = 0. The theorem 
is proved. Oo 


We need the following simple result. 
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Theorem 7.20 Let Gbean Abelian group. Then CG is Noetherian if and only 
if G is finitely generated. If CG is Noetherian, then every maximal ideal of CG 
is exponential. 


Proof: Suppose that X is a finite generating set for G. Then X U X~! generates 
CG, whence [[17], corollary 7.10., p. 82] yields that CG is Noetherian and its 
maximal ideals are exponential. 

For a subgroup H of G, we regard CH as a subalgebra of CG. Letting S bea 
set of coset representatives of H in G, the set J,, of finite sums of terms 6, * 
with s in S and y in the augmentation ideal of CH is an ideal of CG that does 
not depend on the specific choice of S. If K is a proper subgroup of H, then I, is 
properly contained in J,,. Hence, for CG to be Noetherian, G must be “subgroup 
Noetherian,” that is every strictly ascending chain of subgroups must be finite. 
In particular, G is finitely generated. Oo 


Theorem 7.21 Let G be an Abelian group and V a variety on G such that 
M (G)/Ann V is a Noether ring. Then spectral synthesis holds for V. 


Proof: We shall use Theorem 7.12. Obviously, @,(G)/M"*! is always a local 
ring with nilpotent maximal ideal M’, which is the image of M under the natural 
homomorphism of “@,(G) onto @,(G)/M"*!. In our case, by Theorem 7.20, M 
and M’ are exponential and “@.(G)/M”*! is Noetherian. Synthesizability of V 
means, by Theorem 7.12, that 


AnnV= [) [)(Annv+m™), (7.8) 
Ann VeEM n=0 
where the sum extends to all maximal ideals M containing Ann V. This means 
that in the residue ring we have to show that 


Gi= a Cu ; (7.9) 


M' n=0 
where the first intersection extends to the set of all maximal ideals ’ in the ring 
R=CG/Ann V. But this follows from Theorem 7.19. Hence V is synthesizable. 
Now we can repeat our argument for every subvariety of V, and the theorem is 
proved. Oo 


Corollary 7.1 (Lefranc) Spectral synthesis holds on every finitely 
generated Abelian group. 


Having Lefranc’s result a reasonable question can be formulated: is there an 
Abelian group having spectral synthesis which is not finitely generated? This 
question remained open for almost a decade until the paper [3] of R. J. Elliott 
has been published in which the author presented a theorem claiming that spec- 
tral synthesis holds on any Abelian group. Unfortunately, the proof of Elliott’s 
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theorem had a gap which has not been filled after several unsuccessful attempts. 
Not to mention that without spectral synthesis even the spectral analysis prob- 
lem for nonfinitely generated Abelian groups remained still open. The first rel- 
evant result in this respect has been published in [18] about spectral analysis 
on torsion groups, and then in [19] spectral synthesis on torsion groups has 
also been proved. As there are nonfinitely generated torsion groups, our above 
question has been answered in the positive. 

The characterization problem of those discrete Abelian groups having 
spectral analysis has finally been settled in [20] where the authors proved the 
following result. 


Theorem 7.22 Spectral analysis holds on an Abelian group if and only if the 
torsion-free rank of the group is less than the continuum. 


We recall that the torsion-free rank of the Abelian group G is the cardinality 
of a maximal linearly independent system of elements. Independence is meant 
over the integers, that is, the set x,,%2,...,,, of elements is called linearly inde- 
pendent, if an equation 


kx, kx, +---+k,x, =0 


with some integers k,,k,,...,k,, impliesk, =k, =--- =k, =0. 

The proof of the above theorem given below depends on the characteriza- 
tion of spectral analysis in terms of the annihilators given in Theorem 7.17. In 
their proof in [20], the authors used the following lemma, which is a variant of 
[[21], theorem 5.2, p. 32] and is contained in problem 10(b) of [[22], chapter V. 
Section 3, p. 373]. 


Lemma 7.2 Suppose that K is a field, k is a subfield, and X is a subset of K 
such that max(|X|,@) < |k|, and K = k[X]; that is, K, as a ring, is generated by 
k and X. Then K is an algebraic extension of k. 


Proof: (of Theorem 7.22) First we prove the sufficiency. Suppose that G is an 
Abelian group and its torsion-free rank satisfies ry(G) < 2°. By Theorem 7.17, 
it is enough to show that every maximal ideal M in CG is exponential, or, what 
is the same, that the field K = CG/M is isomorphic to the complex field. We 
prove this in the subsequent paragraphs. 

Let F: CG > CG/M denote the natural homomorphism. Then it is obvious 
that k = {c- 6): c € C} is a subfield in CG, which is isomorphic to C. Conse- 
quently, c - dy > F(c- 69) is an isomorphism from k into K, as c $ 0 implies that 
c+ 6) is not in M, hence F(c - 69) # 0 in K. It follows that F(k) is a subfield in K 
isomorphic to C, and if we identify it with C, then K is an extension of C. Let 
for each x in G 


m(x) = F(6,) , 
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then we have for each x, y in G 
m(x + y) = F.4y) = F(6, * 5) = F(6,)F(6,) = m(x)m(y) . 


Obviously, K is the ring generated by C and by the elements m(x) with x in G, 
in other words K = C[m(G)]. 

Let T denote the torsion subgroup of G, then G/T is torsion free. Let X 
be a subset in G containing exactly one element from each coset of T. We 
show that the cardinality |X| of X satisfies |X| < 2°. Supposing the contrary, 
by assumption, G/T contains a free Abelian group of rank > 2”. Let Y bea set 
of generators of this free group with | Y| > 2°.Let yy: G > G/T denote the nat- 
ural homomorphism, and select a point from each set y~'(y) with y in Y. Since 
the set Z of these points is linearly independent, it follows that the torsion-free 
rank of G is at least |Z| > 2, a contradiction. Consequently, |X| < 2°. 

Every element g in G can be written in the form g = x + t with in X and tin 
T. Fortin T, there is a natural number n with nt = 0, hence 1 = m(0) = m(nt) = 
m(t)", and we infer that m(£) is an mth root of unity. In particular, m(£) is a com- 
plex number for each ¢ in T, that is, m(T) is in C. It follows that K = C[m(X)], 
and here |m(X)| < |X| < 2° =|C|. By Lemma 7.2, we have that K is an 
algebraic extension of C. As C is algebraically closed, we conclude that K = C. 

For the necessity, we note that if the torsion-free rank of G is not less than 
2°, then G contains a free subgroup of rank 2°. Hence, by Corollary 7.1, it 
is enough to show that spectral analysis does not hold on the free Abelian 
group of rank 2°. Although this is just a reformulation of problem 10(c) of 
[[22], chapter V. Section 3, p. 373], here is a direct proof by showing that if 
G is the free Abelian group of rank 2°, then there is a maximal ideal M in 
CG such that CG/M is not isomorphic to the complex field [20]. Indeed, let 
X be the set of generators of G, then |X| = 2. There is a surjective mapping 
gp: X > C(t), C(é) being the quotient field of the complex polynomial ring. 
Then there is a unique homomorphism F : CG > C(¢) with F(6,) = o(«) for 
each x in X. As C(f) is a field, hence Ker F is a maximal ideal in CG. However, 
CG/Ker F = C(£), hence it is not isomorphic to C. This means that not every 
maximal ideal in CG is exponential, hence, by Theorem 7.17, spectral analysis 
fails to hold on G. Our proof is complete. Oo 


Concerning spectral synthesis, in [23], the present author gave a counterex- 
ample for Elliott’s result showing that not just the proof had a gap but, in fact, 
Elliott’s theorem was not true. In the same paper, influenced by the previous 
result, the following conjecture has been formulated: spectral synthesis holds 
on an Abelian group if and only if the group has finite torsion-free rank. 
The necessity of this condition has been verified by the counterexample and 
the sufficiency remained an open problem for a couple of years. Now we settle 
the necessity part of the conjecture [24]. We need the following concept. Let 
G be an Abelian group. The variety V on G is called decomposable if it is the 
sum of two proper subvarieties. Here the “sum” is meant in the topological 
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sense, that is, the algebraic sum of the two subvarieties is a dense subspace in 
V. We call V indecomposable if it is not decomposable. Clearly, by Theorem 
7.6, V is indecomposable if and only if its annihilator is not the intersection of 
two ideals both being different from it. Using this concept, we can derive the 
following result. 


Theorem 7.23 Let G be an Abelian group and V be a variety on G. If V is 
indecomposable, and synthesizable, then V is the variety of an exponential 
monomial. 


Proof: If V is synthesizable, then it is the topological sum of all subvarieties 
generated by exponential monomials belonging to V, by definition. This means 
that we have, by Theorem 7.6, 


vi=()r@)', (7.10) 

gpeEV 
where the intersection is extended to all exponential monomials g in V. As 
V is indecomposable, hence, by definition, V1 is equal to one of the factors 
of the intersection on the right side, that is V+ = t(y)+ for some exponential 
monomial ¢g in V. It follows V = r(g). Oo 


In particular, finite-dimensional indecomposable varieties are generated by 
exponential monomials. We note that the converse is also true: by theorem 
12.27 on p. 176 in [9], it follows that exponential monomials are exactly those 
functions generating finite-dimensional indecomposable varieties. 

From the above theorem, we conclude immediately that the variety of a gen- 
eralized exponential monomial is synthesizable if and only if the generalized 
exponential monomial is an exponential monomial. As a consequence, we 
obtain the following theorem. 


Theorem 7.24 Let G be an Abelian group and V a variety on G. If V contains 
a generalized exponential monomial which is not an exponential monomial, 
then spectral synthesis does not hold for V. 

Let G denote the Abelian group of all finitely supported complex sequences 


equipped with pointwise addition. G is the direct sum of countably many copies 
of Z. We define f: G > C by 


f@= > oa 
k=0 


for x = (%,*),...,%, -..) in G. We can write f in the form 


fe, 
k=0 
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where p,;: G —> Z is the projection to the kth copy for k = 0,1,.... Then it is 
an elementary calculation to check that the variety of f is generated by the 
functions 1, p, and f, where k = 0,1, ..., hence it is infinite dimensional, as the 
projections are linearly independent. On the other hand, it is easy to see that 


Aly zw «f =0 


holds for each y, z, w in G, where 1 denotes the exponential identically 1 on G. 
Hence f is a generalized exponential monomial, which is not an exponential 
monomial, consequently, its variety is not synthesizable, by Theorem 7.24. It 
follows that spectral synthesis does not hold on G. We note however, that, by 
Theorem 7.22, spectral analysis holds on G, as its torsion-free rank is countable. 
Hence we have an example for an Abelian group on which spectral analysis 
holds and spectral synthesis fails to hold. We also note that the construction of 
f works on any Abelian group with infinite torsion-free rank; hence, we have 
the following corollary: 


Corollary 7.2 If spectral synthesis holds on an Abelian group, then the 
torsion-free rank of the group is finite. 


As we noted above the converse of this statement has been formulated in [23] 
as a conjecture. 

The above results on discrete spectral synthesis focus on the whole group. 
However, the problem about characterizing those varieties possessing spectral 
analysis or spectral synthesis is still open, although there are particular results. 
An obvious necessary condition for a variety to have spectral synthesis is that 
it does not contain a generalized exponential monomial which is not an expo- 
nential monomial but at this moment it is unclear if this condition is sufficient, 
too. Nevertheless, the existing examples suggest that only the existence of such 
functions violates spectral synthesis for a variety. 

The first important result about spectral synthesis for special varieties is due 
to Malgrange [6] establishing synthesizability for the variety formed by the 
solution space of linear homogeneous partial differential equations with con- 
stant coefficients [25]. In [7], this result has been generalized by L. Ehrenpreis to 
the famous Principal Ideal Theorem for varieties in the space of infinitely differ- 
entiable functions whose annihilator is a principal ideal. Finally, in [8], a similar 
result has been proved for varieties on locally compact Abelian groups. The lat- 
ter result uses the structure theory of locally compact Abelian groups. Here we 
give a simpler proof for a generalization of the discrete version of this theorem 
[26]. We recall that a continuous function f : G > C on the locally compact 
Abelian group is an exponential monomial if and only if it has the form 


f(x) = P(A, (a), a(x), ..., 4,(%)) n(x), 


where m: G = C is an exponential, a,,d,,...,a,,: G — C are additive func- 
tions and P: C” > C is a polynomial in n variables. When dealing with 
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exponential monomials and polynomials on Abelian groups, we may always 
suppose that all additive functions in their above representation are taken 
from a fixed basis of the linear space of all additive functions on G. In this 
case, the above representation is unique — assuming f is not identically zero, 
that is, the exponential m and the polynomial P is uniquely determined by 
f. In particular, the total degree of P is the degree of f. For more details, 
see [9]. 


Theorem 7.25 Let G bea discrete Abelian group. Then every variety that has 
a finitely generated annihilator ideal is synthesizable. 


Proof: Suppose that the annihilator J = Ann V of the variety V is generated by 
the measures /41, My, ...,H,- It is clear that the solution space of the system of 
functional equations 


u,*f=0, i=1,2,...,0 (7.11) 


coincides with the variety V. Indeed, f: G > Cis in V = AnnAnnV = Ann/J 
if and only if f annihilates the generators of J, which is equivalent to the sys- 
tem (7.11). Hence it is enough to show that in the solution space of this system 
of functional equations the exponential monomial solutions span a dense sub- 
space. We will show this in the sequel. 

Let F denote the (finitely generated) subgroup generated by the supports of 
the measures y,;, i = 1,2,...,”. We suppose that a linearly independent set of 
additive functions on F is given and all exponential monomials on F are built 
up from this set. Given a finitely generated subgroup H D F in G let E,, denote 
all finite linear combinations of those exponential monomials on H, which are 
solutions of the system (7.11) on H. In other words, E,;, is the set of all expo- 
nential polynomial solutions of (7.11) on the group H. By Corollary 7.1, the set 
E,, is dense in the set of all solutions of (7.11) on H. It is obvious [27] that every 
exponential monomial on H can be extended to an exponential monomial on 
G: the set of all such possible extensions of the exponential polynomials in the 
sets E,, will be denoted by E, where H runs through all finitely generated sub- 
groups of G containing F. We show that every function in E is a solution of 
(7.11) on G. In fact, it is enough prove the following statement: let p: G > C 
be an exponential monomial. Then ¢ is a solution of (7.11) on G if and only if 
the restriction of g to F is a solution of (7.11) on the group F. The necessity 
of this condition is obvious. To prove the sufficiency suppose that g has the 
following form: 


e(x) = P(a,(*), a(x), ...,4,(«))m(x) 


for each x in G, where m: G > C is an exponential, the functions a4;: G > C 
for i=1,2,...,k are additive and their restrictions to F are linearly inde- 
pendent, and P: C* = C is an ordinary complex polynomial in k variables. 
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Suppose that ¢ is a solution of (7.11) on F, that is, we have for each x in F and 
for j =1,2,...,7: 


0=9* nix) =) o@- yu) (7.12) 
yEeG 
= m(x) > P(A\(% — y), dy(* — y), --- ,A(% — y))m(—-Y) HY). 
yer 


For the sake of simplicity, we shall use standard multiindex notation and 
a: G > C* will denote the vector valued function a = (4), 45,..., a,), further 


ja] =a, +a, +...4+a%, 
11 @ k 


0 = (01,095... 50,), 0% = Of'd5? «ON, 


a(x)" = 4%)" a4(x)” ++ a(x)”. 


Using Taylor’s Formula, we have 


Paax-y) = YA a"P(a(-y))atw". 


la|<degP ~* 


We insert this into (7.12) to obtain 


1 a a 
DY =a" DY) a*Plal—yn(—y) 4) = 0 
Qa: 
|a|<deg P yer 
for each x in G. As the additive functions a,,d,, ... ,a, are linearly independent 
on F, hence so are the functions a* for different multiindices a [28], lemma 2.7, 
p. 29. Consequently, the above equation implies that 


>! a*P(a(-y)n(—y) u(y) = 0 (7.13) 


yeF 


holds for j = 1,2,...,. Multiplying these equations by m(x)a(x)" for any x 
in Gand summing up for |a| < deg P, we obtain (7.12) for every x in G, which 
means that the exponential monomial ¢ is a solution of the system (7.11) on G. 

We have proved that every function in E is an exponential polynomial 
solution of the system (7.12). Now let f be any solution of (7.12), further 
let %,,% ,...,x, be arbitrary elements in G and € > 0 a given number. If H 
denotes the subgroup generated by +,,x,,...,%, and F, then H is finitely 
generated and the restriction of f is a solution of the system (7.12) on H. By 
assumption, there exists an exponential polynomial yg): H — C in E,, such 
that Lf (x;) - Po(%))| <e for j =1,2,...,k. On the other hand, any extension g 
of @ to an exponential monomial on G belongs to E, and it satisfies the same 
inequalities, as @ = g, on H. This proves that the exponential polynomial 
solutions of the system (7.12) form a dense subset in the set of all solutions of 
(7.12), and our theorem is proved. Oo 


The purpose of the study of spectral synthesis for varieties on discrete 
Abelian groups is to find satisfactory necessary and sufficient conditions. 
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One step toward aim is presented in the recent paper [29], which is based 
on the following concept. A complex algebra A will be called residually 
finite-dimensional if, for each nonzero element a of A, there is an ideal of A of 
finite codimension not containing a. In other words, the algebra A is residually 
finite dimensional if and only if the intersection of the kernels of all algebra 
homomorphisms of A to finite-dimensional complex algebras is zero. Roughly 
speaking, A has sufficiently many finite-dimensional representations. Using this 
concept, we have the following characterization of synthesizable varieties [29]. 


Theorem 7.26 Let G be an Abelian group and let V be a variety on G. Then 
V is synthesizable if and only if CG/V* is residually finite dimensional. 


Proof: Let I= V+. Suppose that V is synthesizable. Then V is the closure 
of the linear span of its finite-dimensional subvarieties. Thus if a is in CG\/, 
then there is a finite-dimensional subvariety U of V such that a is not in 
U+. Letting J = U+, we have I CJ and, obviously, U and (CG/U)* are iso- 
morphic as CG-modules. In particular, CG/J has finite dimension. Since 
CG/J = (CG/ID/U/J) hence CG/I has turned out to be residually finite 
dimensional. 

Conversely, assume that CG/J is residually finite-dimensional. Let W be the 
closure of the subspace spanned by the exponential monomials contained in 
V; note that W is a subvariety of V. Suppose that W # V. Then, by Theorem 
7.14, there is an element a in W+\J. On the other hand, our assumption 
necessitates the existence of an ideal J of CG containing J such that CG/J has 
finite dimension and a is not in J. Let U = J+. Evoking Theorem 7.14 and the 
module isomorphism of U and (CG/U)*, we see that U/ is a finite-dimensional 
subvariety of V such that a is not in U+. However, a finite-dimensional 
CG-module is spanned by its one-generator indecomposable submodules, 
whence U C W C {a}+, a contradiction completing the proof. Oo 


As an application of this concept we obtain the result below. 


Corollary 7.3. Let V, W be synthesizable varieties on the Abelian group G. 
Then the variety V + W is synthesizable. 


We note that here V + W means the topological sum of V and W, that is, the 
closure of the algebraic sum. 


Proof: We have to show that CG/(V + W)” is residually finite dimensional. 
By Theorem 7.14, we have (V + W)+ = V'n W!. Let b be in CG but not in 
V+nW1. If bis not in V+, then there is an ideal L of CG and of finite codimen- 
sion such that V+ C L and Dis not in L. If b is in V+, then b is not in W+ and 
similarly, there is an ideal L of CG of finite codimension containing W*+ to which 
b does not belong. In both cases, there is an ideal containing V+ n W+ of finite 
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codimension to which b does not belong, hence CG/(V + W)? is residually 
finite dimensional. Oo 


Theorems 7.19—7.21 and Lefranc’s theorem 7.1 suggest a deep relation 
between spectral synthesis and the Noetherian property. Nevertheless, simple 
examples show that the Noetherian property of CG is not necessary for 
spectral synthesis on G [[30], theorem 3.3]. To understand the situation better, 
we need the following concept: the ring R is called locally Noetherian if, for 
every maximal ideal M in R, the localization of R at M is Noetherian. Clearly, 
every Noetherian ring is locally Noetherian [[31], corollary 6.5, p. 15]. We 
illustrate the usefulness of these concepts by presenting a short proof of the 
result in [13] characterizing discrete Abelian groups with spectral synthesis. 
In fact, we prove the following equivalence result: 


Theorem 7.27 Let G be an Abelian group. Then the following conditions are 
equivalent: 


(i) Ghas finite torsion-free rank. 

(ii) CG is locally Noetherian. 
(iii) Every homomorphic image of CG is residually finite dimensional. 
(iv) Spectral synthesis holds on G. 


Proof: Suppose that G has finite torsion-free rank. By theorem A (i) in [32], CG 
is locally Noetherian. 

Now suppose that CG is locally Noetherian and let J be an ideal in CG and 
let b be an element of CG which is not in J. We need to show that CG/J is 
residually finite dimensional. Let J] = (/: b), the set of those x in CG for which 
bx is in I. Then J is a proper ideal of CG containing J. Let M be a maximal 
ideal of CG containing J. By Theorem 7.22 and [20], spectral analysis holds for 
G and Theorem 7.17 yields that M is exponential. Let S = CG\M. The unique 
maximal ideal of CG,,, the localization of CG at M, is S~'M. By Proposition 3.1 
in [17], 


SU +M") = S714 S7M" = S11 + (S-M)" 


for n in N, and by assumption, the quotient CG,,/S~U, which will be called R 
is a Noetherian local ring whose unique maximal ideal is S--M/S"1J. Applying 
Krull’s Intersection Theorem 7.19 to R, we obtain that (] SU + M1!) = S"1U. 


neN 
Consider the image of b under the natural homomorphism of CG onto CG,,. 
If 2 is in SZ, then bs belongs to I for some s in S. However, this implies that s 
belongs to J, a contradiction because of J € M. 
It follows that 2 is not in S“1J + (S-1M)"*? for some positive integer 1. Now 
letting L = S-11 + (S+1M)"*1, the codimension of L in CG,, is finite because 
CG,, is Noetherian. Furthermore, CG,,/L becomes a CG-module by the 
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obvious definition r(v + L) = =v +L whenever v is in CG,, and r is in CG. 
Since J annihilates this module, while b does not, CG/I emerges as residually 
finite dimensional. 

If every homomorphic image of CG is residually finite dimensional, then, 
by Theorem 7.26, every variety on G is synthesizable, hence spectral synthe- 
sis holds on G. Finally, if spectral synthesis holds on G, then, by Corollary 7.2, 
the torsion-free rank of G is finite. Oo 


As it has been shown in [[33], theorem 3], the torsion-free rank of an Abelian 
group is finite if and only if the ring of polynomial functions on the group is 
Noetherian. A side-result of the previous theorem is the following: 


Theorem 7.28 ‘The complex group algebra of an Abelian group is locally 
Noetherian if and only if the ring of polynomial functions on the group is 
Noetherian. 


In fact, both of these properties are equivalent to spectral synthesis on the 
group. Another related result follows. 


Theorem 7.29 Let G be an Abelian group possessing spectral analysis. Spec- 
tral synthesis holds on G if and only if for each maximal ideal M in CG the 
module M/M? is a finite-dimensional complex vector space. 


Proof: First we recall that in any case M/M? is a complex vector space with 
the addition defined by 


(w+ M?)+(v+M?) =(utv)+M 
and with the multiplication with scalars defined by 
c-(u+M?) =cu+M? 


for each u,v in M and c in C. Suppose first that spectral synthesis holds on 
G and M is a maximal ideal in CG. By spectral analysis, M is an exponential 
maximal ideal, and CG/M is isomorphic to the complex field. In particular, M 
is the annihilator of the variety of an exponential m: M = Annt(m). Then we 
define the mapping ®: CG/M? > CG/M in the following manner: for each py 
in CG we let 


Ou + M’)=nH+M. 


If w+ M? = yp’ + M?’, then w— yp’ is in M?, hence it is in M, which implies 
u+M=y' +M, that is, O(u + M?’) = O(y' +_M”’). It follows that the defini- 
tion of ® is correct and it is easy to see that ® isa CG-module homomorphism 
of CG/M? onto CG/M. Clearly, the kernel of ® consists of those elements 
H+ M? of CG/M? for which 


O(u+M’)=M 
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holds, that is Ker ® = M/M?. By the Homomorphism Theorem, we have the 
isomorphism 


CG/M*M/M? = CG/M. (7.14) 


In particular, this is an isomorphism of complex vector spaces. As spectral 
synthesis holds on G the torsion-free rank of G is finite. The torsion-free 
rank of G is equal to the dimension of Hom (G,C), of the linear space of all 
complex additive functions on G. It follows that the linear space spanned by 
all exponential monomials of degree at most 1 corresponding to m is finite 
dimensional, too. This vector space is exactly AnnM?. The algebraic dual space 
of the vector space AnnM? is isomorphic to CG/AnnAnnM? = CG/M’. 
It follows that CG/M? is a finite-dimensional vector space. As CG/M is 
isomorphic to the complex vector space, we infer from (7.14) that the vector 
space M/M? is finite dimensional. 

To prove the converse statement first, we observe that in (7.14) the vector 
spaces M/M? and CG/M are finite dimensional; hence, CG/M? has finite 
dimension, too. Repeating the above argument, we have that the dimensions 
of CG/M? and AnnM? are equal, hence Hom (G,C) C AnnM? is finite 
dimensional. We infer that the torsion-free rank of G is finite, hence spectral 
synthesis holds on G. Oo 


An important result about synthesizability of a given variety is the following 
sufficient condition. For the proof, see [29]. 


Theorem 7.30 Let H be a subgroup of the Abelian group G and let V be a 
variety in @ (G). Suppose that V+ is generated by Vt m CH as an idealin CG and 
that CH/(V+ n CH) is residually finite dimensional. Then V is synthesizable. 


We note that for a given variety V in @(G) and a for a subgroup H in G 
the set V,, of all the restrictions of the functions in V is a variety in H, as it 
is proved in [13], moreover Ve = V+ NCH in the sense that the functions in 
V+ mn CH are considered as functions on H (being zero outside H). We may call 
the variety V,, the restriction of the variety V to H. Hence, by Theorem 7.26, this 
theorem can be formulated in the following way: if the annihilator of a variety 
on G is generated by the annihilator of its restriction to a subgroup H, and this 
restriction is synthesizable, then the variety is synthesizable. 

An immediate corollary of the above results yields another sufficient condi- 
tion for the synthesizability of a variety [29]. 


Corollary 7.4 Let G be an Abelian group and let V be a variety on G with the 
property that V+ is generated by V' n CH for some subgroup H of G of finite 
torsion-free rank. Then V is synthesizable. 


We remark that using Corollary 7.4, we can givea short proof of Theorem 7.25 
[[26], theorem 5] stating that a variety is synthesizable if its orthogonal comple- 
ment is finitely generated. Let V+ be the ideal of CG generated by the elements 
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G,,4,...,a,. The subgroup H of G generated by the union of the supports of 
,,4>,...,4,, is finitely generated and V+ is generated by Vt Nn CH. 


7.4 Nondiscrete Spectral Synthesis 


In the previous section, we presented the basic results about spectral analysis 
and synthesis on discrete Abelian groups. The situation on nondiscrete locally 
compact Abelian groups is more sophisticated. The fundamental result is due to 
Schwartz [1] stating spectral analysis and synthesis on the reals equipped with 
the Euclidean topology. A reasonable question is to ask whether this theorem 
can be extended to more general locally compact Abelian groups. We have seen 
that the basic tools are available on any locally compact Abelian group: expo- 
nentials and exponential monomials are well-defined in the obvious manner 
just we always impose the additional continuity property on these functions. 
For the successful application of the annihilator technique, however, a crucial 
point is the identity Ann Ann/J = J for the ideals in the measure algebra, which 
does not hold, in general (see, e.g., the counterexample in [13]). Hence the fol- 
lowing natural question arises on an arbitrary locally compact Abelian group: 
what is the necessary and sufficient condition for the equality AnnAnn/I = J, 
whenever J is an ideal in @,(G)? We obviously have the following lemmas. 


Lemma 7.3 Let G bea locally compact Abelian group, and let J be an ideal in 
M (G). Then AnnJ = AnnAnnAnnl. 


Proof: Let V = Ann/J, then V isa variety on G, hence, by Theorem 7.4, we have 
AnnAnnV = V. It follows AnnJ = V = AnnAnnV = AnnAnnAnnl. Oo 


Lemma 7.4 _ Let G be a locally compact group, and let V be a variety on G. 
Then Ann V is weak*-closed in “,(G). 


Proof: As AnnV = (V)* hence it is enough to show that V+ is weak*-closed in 
MM (G) for each variety V. Let (H,),er be a generalized sequence in V+ which 
converges to in the weak*-topology. This means that for each f in @(G) 
the generalized sequence ((u,,f)),<r converges to (u,f). If f is in V, then 
(H,f) = 0 for each y inT, and we infer (4, f) = 0, hence yp is in vi. Oo 


Now we can answer our previous question. 


Theorem 7.31 Let G be a locally compact group, and let J be an ideal in 
M (G). Then we have AnnAnn/ = J if and only if J is weak*-closed. 


Proof: By the previous lemma, the annihilator of each variety is weak*-closed, 
hence AnnAnn/J, as the annihilator of the variety Ann/J, is weak*-closed, which 
proves the necessity of our condition. 
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As in the previous theorem, we switch from annihilators to orthogonal 
complements. Thus, we suppose that J is weak*-closed, and J is a proper 
subset of J++, Let y be in J++ such that y is not in J. As the space @(G) with 
the weak*-topology is locally convex, hence, by the Hahn—Banach Theorem, 
there is a linear functional € in @,(G)*, which annihilates J and (&, w) # 0. By 
Theorem 7.1, it follows that there is an f in @ (G) with (&, v) = (v,f) for each v 
in @(G). We infer (uf) = (é, uw) #0, and yp is in J++, hence f is not in J++". 
On the other hand, (v,f) = (€,v) = 0 for each v in J, as &€ annihilates J, which 
implies that f is in J+, however, this contradicts to Lemma 7.3. Our theorem is 
proved. Oo 


The fact that the reflexivity property of orthogonal complements and anni- 
hilators holds for weak*-closed ideals only, makes things more complicated 
in nondiscrete locally compact Abelian groups. In particular, the annihilator 
method can be applied with restrictions only since not every ideal, especially 
not every maximal ideal in .@,(G) is the annihilator of some variety. 


Theorem 7.32 Let Gbean Abelian group. Then spectral analysis holds for the 
variety V on G ifand only if every weak*-closed maximal ideal of @,(G)/AnnV 
is exponential. 


Proof: Clearly, the condition is equivalent to that every weak*-closed maxi- 
mal ideal of .(G) containing Ann V is exponential. Suppose spectral analysis 
holds for V and let M be a weak*-closed maximal ideal with Ann V C M. Then 
AnnM isa nonzero subvariety in V, hence there is an exponential m in AnnM, 
and we infer AnnM,, = t(m) € AnnM, consequently M C M,,,. By maximality, 
we deduce that M = M,,,, hence M is an exponential maximal ideal. 
Conversely, suppose that every weak*-closed maximal ideal containing 
AnnV is exponential and let V) be a nonzero subvariety in V. We have 
AnnV € Ann V) and Ann V) is a proper ideal. Let M be a weak*-closed maxi- 
mal ideal in .@,(G) containing Ann Vo, then, by assumption, M is exponential, 
hence M = M,,, for some exponential m. We conclude t(m) = AnnM,, C Vo, 
thus m is in Vp and the theorem is proved. Oo 


The first application of spectral synthesis ideas is due to B. Malgrange who 
proved the following theorem in [25] (see also [6]): 


Theorem 7.33 For every nonzero linear partial differential operator with 
constant coefficients P(D) in R”, the solution space of the partial differential 
equation P(D)f = 0 is synthesizable. 


It follows that every solution of this partial differential equation is the uni- 
form limit on compact sets of linear combinations of exponential monomial 
solutions of the form x p(x) exp(/,x), where p is a complex polynomial 
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in n variables, A is a complex vector in C” and (A,«) = Yi_, Ay + &j. As such 
solutions can be computed easily by solving simple algebraic equations for 
the components of J and the coefficients of p we obtain an effective method 
to describe a dense set in the solution space. The above theorem has been 
generalized by Ehrenpreis [7] to the following form, which is sometimes 
referred to as the “Principal Ideal Theorem’: 


Theorem 7.34 Every variety in @(C”) is synthesizable if its annihilator is a 
principal ideal. 


Here @(C”) denotes the Schwartz's space of infinitely differentiable 
complex-valued functions on C”. 

Although different generalizations under various additional conditions 
appeared on nondiscrete locally compact Abelian groups [3, 8], but despite 
several efforts an extension of Schwartz’s spectral synthesis result from R to 
R” was not available. Finally, in [5], Gurevich published the following result: 


Theorem 7.35 


1. For each natural number x > 2, there exist compactly supported measures 
u,v such that the exponential monomial solutions of the system of func- 
tional equations 


wef =0, vex f=0 


do not span a dense subspace in the solution space of this system. In other 
words, spectral synthesis fails to hold in R” for n > 2. 

2. For each natural number > 2, there exist compactly supported measures 
Hy, My, --- He Such that the system 


u.*xf =0, k=1,2,...,6 


has no exponential monomial solution. In other words, spectral analysis fails 
to hold in R” for a > 2. 


The counterexamples of Gurevich show that in the space of continuous func- 
tions in several variables the classical approach does not work. In the following 
section, we present another reasonable way to generalize Schwartz’s result for 
higher dimensions. 


7.5 Spherical Spectral Synthesis 


Let G bea locally compact group. Then convolution in MG) is defined by 


(H* vf) = re S (xy) du(x) dv(y) 
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for each wv, vin. @,(G) and x in G. Convolution converts the linear space “@,(G) 
into a topological algebra with unit 6,, e being the identity in G. In general, 
6, denotes the point mass with support {x} for each x in G. In addition, /# is 
defined by 


(if) = (uf) 
for each w in. @(G) andf in @ (G). 
Convolution of measures in .@,(G) with arbitrary functions in @(G) is 
defined by the similar formula 


POE , Fox) duly) 


for each y in. @(G), f in @ (G) and x in G. With the action f + yu « f, the space 
@ (G) is a topological left module over @,(G). 

In what follows K will always denote a compact subgroup in G with normal- 
ized Haar measure w. We recall that is left invariant, right invariant, and 
inversion invariant. The function f in @ (G) is called K-invariant, if it satisfies 


Sf (kxl) = f(*), 
whenever x is in G and k,/ are in K. All K-invariant functions form a closed 
subspace in the topological vector space G (G), which we denote by @(G//K). 


Clearly, f is K-invariant if and only if f is K-invariant. 
For each f in G (G), the function defined by 


fi@= } f (kel) da(k) da(d) 
K JK 


for x in Gis called the projection of f. Then the projection f +> f* isa continuous 
linear mapping of @ (G) onto @ (G//K) with f* = f* and (f*)” = (f)* for each 
f in @(G), further f is K-invariant if and only if f* = f. 

The projection y* of the measure y is defined by the equation 


(HS) = (wf) = ‘i ' [fos dak) dal) du(«) 
GIJKJK 


for each f in @ (G). Clearly, u* isa measure. A measure yp is called K-invariant, 
if u* = py. Obviously, the projection pv & y* is the adjoint of f + f*, hence it isa 
continuous linear mapping of “@,(G) onto the set @.(G//K) of all K-invariant 
measures with the properties y** = y*, and (u*)” = (fi)* for each w in @,(G). 
In particular, y is K-invariant if and only if v* = yw. 

As a special case, the projection of the point mass 6, defined by 


(6,.f) =f") = i f (kyl) dak) do(]). 
K 


Using these measures, we introduce K-translation with y in G for each f in 
@ (G) as the function 7,f defined by the equation 


,f (x) = 6t, a f(x) = fkylx) da(k) da(D) 
id KIK 
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for each x in G. In particular, for each K-invariant function f, we have 


tf (x) = 7 Sf (ykx) dak) 
K 
whenever x, y are in G. Similarly, we define 
rus Oh 
for each yw in. @,(G//K). 

A subset H in @ (G//K) is called K-invariant, if for each f in H and yin G the 
function t,f is in H. A closed K-invariant linear subspace of 6 (G//K) is called 
a K-variety. Clearly, the intersection of any family of K-varieties is a K -variety. 
The intersection of all K-varieties including the K-invariant function f is called 
the K-variety generated by f and it is denoted by t( f). This is the closure of the 
linear space spanned by all K-translates of f. 

In the following theorem, we describe the space of all continuous linear func- 
tionals of the space @(G//K), that is, the topological dual @(G//K)*. This 
result will also justify the notation “@,(G//K) for the set of all K-invariant mea- 
sures. 


Theorem 7.36 The dual of @ (G//K) is topologically isomorphic to the space 
of the restrictions of all K-invariant measures in @,(G) to @(G//K). 


Proof: Suppose that / is in @(G//K)* and we define 


(AS) = AF") 
for each f in @ (G). Then obviously 4 is in M (G). We have 
(AYA) = APY = AP) = AP) = AS) 


for each f in @ (G), hence / is K-invariant. If f isin @(G//K), then f = f*, and 
we infer 


(Af) = (Af) = (ASM) = (AS) = AS), 


hence J coincides with A on @ (G//K). This shows that is the restriction of a 
K-invariant measure in @,(G). 

Conversely, it is clear that the restriction of every K-invariant measure in 
M (G) to @(G//K) is a linear functional on 6 (G//K), hence it is an element 
of @(G//K)*. Finally, it is obvious that the mapping 4 + 4 is a topological iso- 
morphism of @(G//K)* onto the space of the restrictions of all K-invariant 
measures in @,(G) to @ (G//K). Oo 


It follows from this theorem that with the convolution of measures 
M (G//K) is a topological algebra with unit 6,. It is easy to see that all finitely 
supported K-invariant measures form a dense subalgebra in @,(G//K). Fur- 
ther, @ (G//K) is a left module over “@,(G//K) with the ordinary convolution 
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fw ux f. Closed submodules of this module are exactly the K-varieties. Left, 
right and two-sided ideals in @,(G//K) are called left K-ideal, right K-ideal 
and K-ideal, respectively. It is easy to see that all finitely supported K-invariant 
measures form a dense subalgebra in .@,(G//K). 

As the role of orthogonal complements and annihilators is equally impor- 
tant for our purposes we introduce these concepts in this new setting, too. The 
following result has been proved in [34]. 


Theorem 7.37 Let J bea left K-ideal. Then 

I'=({f:f €©@(G//K), (uf) =0 foreach wp EJ} 
is a K-variety. Let V be a K-variety. Then 

Vt ={ui pe “(G//K),(u,f) =0 foreach f € V} 
is a closed left K-ideal. 


The K-variety I+ is called the orthogonal complement of I and the closed left 
ideal V+ is called the orthogonal complement of the K-variety V. The following 
duality theorem is of fundamental importance [34]. 


Theorem 7.38 For each K-variety V, we have Vt+ = V. For each closed left 
K-ideal I, we have I++ = I. 


Proof: Obviously, we have V+ D V and J++ D1. 

Suppose now that V+ 2 V. Consequently, there is a function f in V+ such 
that f is not in V. By the Hahn—Banach Theorem [35], and by Theorem 7.36, 
there isa Ain. @,(G//K) such that (A, f) # 0, and A vanishes on V. This means 
that dis in V+, and f is not in V+, a contradiction. Hence V+ = V. 

Similarly, suppose that J++ 2 Jand let y be in I*+ such that y is notin I. As J is 
closed, by the Hahn—Banach Theorem, there is a linear functional A in the dual 
space M_(G//K)* such that A annihilates J but A(u) 4 0. By Theorem 7.1, every 
weak*-continuous linear functional on a dual space arises from an element of 
the original space, that is, there is an f, in @(G//K) with A(v) = (v,f,) holds 
for each for each v in.@,(G//K). As A annihilates J, we have 


A(v) = (v, fx) =0 
for each v in J, hence f, is in J+. On the other hand, 
0 # A(u) = (Hfy), 
a contradiction, as y is in J++. The proof is complete. o 
As K-invariant measures have the property that, considering @(G) as 


a module over the algebra .@,(G), they leave @(G//K) invariant, hence 
€ (G//K) itself is a topological module over the algebra @,(G//K). Then the 
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annihilators of subsets in @ (G//K), respectively, in @.(G//K) have the usual 
meaning from module theory [17]. Let V, respectively, J be a K-variety, respec- 
tively, a left K-ideal. Then the annihilator of V in @,(G//K), respectively, of 
Tin 6 (G//K) is defined as 


AnnV = {ui pe @(G//K) and uf =0 for each f in V}, 
respectively, 

Anni = {f: f € @(G//K) and wy *f =0 foreach p in J}. 
Clearly, Ann V, respectively, Ann/J are closed subspaces in @,(G//K), respec- 
tively, in @ (G//K). Using the notation 

H=({f: fen}, L={h: wel}, 


for each subset H in @ (G) and L in .@,(G), we have the above simple relations 
between orthogonals and annihilators which can be verified by easy calculation 
[34]. 


Theorem 7.39 For each K-variety V and left K-ideal J, we have 
AnnV =(V)', Anni = (dt. 


By Theorem 7.38, we deduce the following corollary. 


Corollary 7.5 For each K-variety V and closed K-ideal J, we have 
Ann(AnnV)=V, Ann(Ann/J) =I. 


Given the locally compact group G and its compact subgroup K we shall call 
(G, K) a Gelfand pair if the algebra “@,(G//K) is commutative. For basic knowl- 
edge on Gelfand pairs, the reader should consult with [36, 37]. We note that the 
commutativity of G is not necessary for (G, K) to be a Gelfand pair. A simple 
necessary and sufficient condition, as a consequence of the earlier results, can 
be given as follows. 


Theorem 7.40 (G,K) isa Gelfand pair if and only ifthe measures (Sec form 
a commuting family. 


It is known [37] that if (G, K) is a Gelfand pair, then G is unimodular. We also 
have the following sufficient conditions of Gelfand [37]: 


Theorem 7.41 Assume that there is a continuous involutive automorphism 
8: G—>G such that 0(x) is in Kx7!K for each x in G. Then (G,K) is a 
Gelfand pair. 
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Corollary 7.6 Assume that there is a continuous involutive automorphism 
0: G > Gsuch that the subgroup of all 6-fixed points K is compact, and every 
element x of G can be written in the form x = ky with k in K and @(y) = y7l. 
Then (G, K) is a Gelfand pair. 


Proof: Let x = ky with k in K and @(y) = y“!, then 
O(x) = O(k) -O(y) =k-yt =k-x-kEKx'K, 


hence the statement follows from the previous theorem. Oo 


An important special case is obtained when the group G is a semidirect prod- 
uct. Let N be a locally compact group and K a compact topological group of 
continuous automorphisms of N. Hence, as a group, K is a subgroup of the 
group Aut (N) of all continuous automorphisms of N, and K is equipped with 
a compact topology which is compatible with the group structure. We consider 
the semidirect product G = K & N, where the operation is defined by 


(k,n) - (l,m) = (k -1,k(m) +n) (7.15) 
for each (k, 7), (J, m) in G. Here k(m) denotes the image of the element m in 
N under the automorphism k in K. The identity of this group is (id, e), where 


id is the identity mapping on N and eis the identity element of N, further, the 
inverse of (k, 1) is 


(k,n) 1 = (kk). 


In general, K is topologically isomorphic to the compact subgroup given by 
{(k,e): k € K} of G, and N is topologically isomorphic to the normal sub- 
group given by {(id,n): n € N}. Wenote that G is not necessarily commutative 
even if N and K is commutative. 

Suppose now that N is commutative and we write the operation in N as addi- 
tion with e = o. If we define 0 : G > G by 


0(k, n) = (k, —n) 
for each k in K and n in N, then we have that 


O[(k, n)(L, m)] = OC(KL, k(m) +n) = (kl, —k(m) — n) 


= (k, —n)(1, —m) = 0(k, n)O(1, m), 


that is, 0 is a continuous involutive automorphism of G. On the other hand, we 
have 


6(k,n) = (k, —n) = (k, 0)(k7, k-(—n))(k, 0) = (k, o)(k, n)*(k, 0), 


that is, 0(k, 2) isin K - (k,n)~1 - K for each (k, 1) in G. By Theorem 7.41, we have 
the following result. 
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Corollary 7.7 With the above notation G = K K N we have that (G,K) is a 
Gelfand pair. 


In this case, we can say — somewhat loosely — that (N, K) is a Gelfand pair. 
The continuous function f : K x N > C is K-invariant if and only if 


Sk n) =f(K, ok, nl’, 0)) = f (KKM, k’(n)) 


for each k,k’,/' in K and x in N. With the choice k’ = / and I’ = k“!J7' it fol- 
lows that f(k, 1) = f(id, l(n)) for each k,/ in K and n in N. This means that 
K-invariant functions depend on the second variable only, that is, they can 
be identified with continuous functions on N by restriction f + f|,, and this 
restriction is invariant with respect to the action of K on N: f|,(k(1)) = f|ly@ 
for each k in K and nv in N. These functions on N are called K-radial functions 
and @ (G//K) will be identified with the space @,(N) of all K-radial functions. 
Hence f is in @,(N) if and only iff : N — C is a continuous function satisfying 
Ftk(n)) = f( for each k in K and n in N. The dual 4@,(G//K) is the space of 
K-radial measures y on G satisfying 


(uf) = [| [sew xom da(k’) da(l’) du(k, 1) 
GIKIK 


for each continuous function f : K x N > C. Clearly, K-radial measures can be 
identified with those measures y on N, which satisfy 


/ S(k(a)) du(n) = f(a) dum) 
N N 


for each continuous function f: N > C and for every k in K. The space of 
K-radial measures will be denoted by @,,(N). 
Given a continuous function f : K x N > C its K-projection is the function 


fin = [faxt.son da(k) dati’) = [fe k(n)) da(k). 
K K 


For each (k,m) in K x N, the K-radial measure 5", is independent of k: 6 


# — 
(k,m) (k,m) 


6*, and for each K-radial function f, we have 


T,,f(n) = 5, * f(n) = [fo + k(m)) dak) 
K 


Now suppose that X is a finite-dimensional linear space over KK = R or C, and 
GL(X) denotes the general linear group of all invertible linear operators on X. 
Clearly, we may identify GL(X) with the topological group of all invertible d x d 
matrices with entries in K, where d is the dimension of X. Suppose that K is a 
compact subgroup of GL(X) and we consider the set of all affine transforma- 
tions on X of the form 


xwek-x+ov 


for x in X, where k is from K and v is from X. Each transformation of this type 
can be uniquely described by the pair (k, v). All these affine transformations 
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form a group for composition: the product of (k, v) and (/, w) in this order is 
given by 


xek-(l-x+tw)tv=(k-D-x+k-wtu, 


which is the affine transformation (k - /,k - w + v). Consequently, the group of 
affine transformation can be identified with the semidirect product Aff K = 
KX which is called the affine group of K on X. 

For instance, the Poincaré group Aff O(1, 3) is the affine group of the Lorentz 
group O(1, 3): O(1, 3)KR?3, where O(1, 3) is the isometry group of the real vec- 
tor space R!* = R @ R? equipped with the quadratic form, the indefinite inner 
product 


3 
{v, W) = UpWy - » U;W;, 
j=l 


where v = (Up, Uj, V2, V3) and W = (Wy, W 1, Wy, W3). 

One obtains further important special cases with the choice N = R” and 
K =O(n), or K = SO(n), or N=C” and K = U(n), or K = SU(n). In all 
these cases, (R”,K) is a Gelfand pair, and the space @ (G//K), respectively, 
M (G//K) will be identified with @,,(IR”), respectively, “@,(IR”). Convolution 
in “@,(IR”), and between .@,(R”) and @,,(IR") is the same as in .@,(IR"), and 
between .@,(IR”) and @ (R”). 

From now on, we suppose that (G,K) is a Gelfand pair. For every f in 
@ (G//K) and for each y in G, the K-invariant measure 


Dry = 5 ~f6. 
is called the modified K-spherical difference corresponding to f and y [9, 12, 14]. 


Given f in @ (G//K) the closed K-ideal generated by all modified K-spherical 
differences of the form D,,, with y in G will be denoted by M,. 


Theorem 7.42 Let f be in @(G//K). The K-ideal M, is proper if and only if 
we have f(e) = 1, and/f satisfies 


‘| FS (xky) da(k) = f(x)f(y) (7.16) 
K 


for each x,y in G. In this case, M; is a maximal ideal and W@,(G//K)/M, = C. 


Proof: Suppose that M, is a proper ideal. Then V = M + is anonzero K-variety, 
by Theorems 7.37 and 7.38. Let g # 0 be in V, then we have for each x, y, zinG 


0 = (Dy, 52 * D) = (5).1,6; * 9) —f(y) 8 * P(e) 


= (62 * p(y") -fO) | i, o(kz'l) da(k) da(l) 
KJK 


= [f [ocr dal) dat’) datk’) — f(y) 
KIKIK 
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| [owe da(k) da(l) 
KIK 


= foc da(l) — f(y) [oer da(7) 
K K 


= i ez ly") dat) — f(z"). 
K 


The substitution z=e gives g(y') = f(y)(e) thus g(e) #0 and we obtain 
equation (7.16) and f(e) = 1. 

We have proved that V consists of all constant multiples of f . In particular, 
V is a one-dimensional vector space, which implies, by Theorem 7.38, that M; 
is a maximal ideal. We show that “,(G//K)/M,, as an algebra, is isomorphic 
to the algebra of complex numbers. 

For each pv in. @,(G//K), we define 


O(u) = (if). 


Clearly, ®: @(G//K) > C is a surjective continuous linear functional. For 
H,vin “,(G//K), we have 


Ou * v) = (we vf) = / i f(uv) duu) dv(v) = : : F(uv) du*(u) dv*(v) 
GJG GJG 


GIGIKI KI KIK 
GJGJK Pe 


= [ [foro dji(u) dv(v) = O(u)P(v), 
GJG 
that is, ® is an algebra homomorphism. On the other hand, 
O(D,,) = O64,) —f() 
= (55) Ff) —f0) = (5).f) —f) =f°0) —f0) = 0, 

as f is K-invariant. It follows that M; is a subset of the kernel of ®. As © is 
nonzero, its kernel is a maximal ideal, hence, in fact, M, is the kernel of ®. As 
@ is surjective, we have W(G//K)/M; = C. 


Now we suppose that f(e) = 1, and/f satisfies (7.16). Then we have for each y 
in G: 


Did) = [FeO a8. - Foo 
G 
= i | f(kt-'1) dex(k) deo) 45} (t) —f() 
GI KIK 


7 i: kyl) dotk) dex(l) — f(y) = 0, 
KIK 
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which proves that f isin M+, hence M [, is proper, by Theorem 7.38. The theorem 
is proved. Oo 


We call the nonzero K-invariant function f a K-spherical function, if it sat- 
isfies equation (7.16) for each x, y in G. In this case, f(e) = 1. By the previous 
theorem, there is a one-to-one correspondence between K-spherical functions 
on G and those maximal ideals of the algebra “@.(G//K) whose residue alge- 
bra is isomorphic to C. Such maximal ideals are called — in accordance with 
the terminology in the commutative case — exponential maximal ideals [9]. In 
other words, a maximal ideal in .@,(G//K) is exponential, if it is the kernel of a 
continuous algebra homomorphism of “,(G//K) onto C. In particular, every 
exponential maximal ideal is closed. It follows immediately that, in the case of 
commutative G, the K-spherical functions are exactly the exponentials of the 
group G/K. For more about spherical functions, see [36-41]. 

We shall call the function f in @ (G) normalized if f(e) = 1. Using this termi- 
nology, we have the following characterization of K-spherical functions. 


Theorem 7.43 The f be a continuous K-invariant function. Then the follow- 
ing statements are equivalent: 


(i) The function f is a K-spherical function. 
(ii) The function f is nonzero and satisfies (7.16) for each x, y in G. 
(iii) The function f is normalized and for each K-invariant measure y there 
exists a complex number J, such that w * f =A, -f. 
(iv) The function f is a common normalized eigenfunction of all translation 
operators t, with y in G. 
(v) The function f is normalized and the ideal M, is an exponential maximal 
ideal. 
(vi) The function / is normalized and the mapping wb (y, f ) isa nonzero mul- 
tiplicative functional of the algebra W@,(G//K) with kernel My. 


Proof: ‘The first two statements are equivalent, by definition. 
Suppose that f is nonzero and satisfies (7.16) for each x,y in G. Let w be a 
K-invariant measure, then we have 


yw « f(x) = [fos du(y) = fie du(y) = fie du*(y) 
G G G 
= / / | Fe tkyl) dak) dal) du(y) = | | Fx tky) datk) duty) 
GJ KJK GJK 
= | [forthe dexty aun = [ fo) duo -Fo0, 
GJ K G 


which proves (iii) with A, = Jt or) duty). 
As 1,f = 6, *f, (iii) obviously implies (iv). 
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If f is a common normalized eigenfunction of all translation operators t, 
with y in G, then r(f) is a one-dimensional variety. It is easy to see that r(f) 
is a one-dimensional variety, too. Hence xf )+ is a maximal ideal in. @(G//K), 
by Theorem 7.38. In the proof of Theorem 7.42 we have seen that r(f)+ = My. 
The proof of the statement that M, is exponential is included in the proof of 
Theorem 7.42, too. 

Now we suppose that the ideal M, is an exponential maximal ideal and f is 


normalized. Then we define ®(y) = (uf) for each yw in @(G//K). We can 
perform the same calculation as in the proof of Theorem 7.42 to show that ® is 
a multiplicative functional of the algebra @,(G//K). As 


(5!) = (5,.f) =fle) =f(e) = 1, 


hence ® is nonzero. The statement about the kernel of ® is proved in 
Theorem 7.42, too. 

Finally, we suppose that the mapping pb (yp, f ) is a nonzero multiplicative 
functional of the algebra “@,(G//K) with kernel M; and f is normalized. We 
have for each x in G 


f(x) = (54,,f) = 0(6%,), 
hence 


FOO) = PEL )OE,.) = OE, * 6) = (Ba * Ff) 
= | [iu dd! (w) dd¥,(v) 
ol 


=ff fff F(kulk'vl') da(k) da(l) da(k’) 
GIGJKIKIKIK 


dal’) dé,-.(u) d6,-1(v) 


ze / | | flulv) da(l) dé,.(w) déb,.(v) 
GIG/JK 


= | Feb) dad) = | filx) dod), 
K K 


and the theorem is proved. Oo 


Now we present the extension of Fourier transformation [9, 42, 43] to the 
spherical case. For each K-invariant measure y and K-spherical function s, we 
define 


f(s) = (H,8). (7.17) 


The function fi: S,(G) > C is called the K-spherical Fourier—Laplace trans- 
form of yu. The mapping p + {fiis called K-spherical Fourier-Laplace transfor- 
mation. The following lemma is obvious. 
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Lemma 7.5 All spherical Fourier—Laplace transforms form a commutative 
algebra with unit with respect to pointwise operations. 


Proof: Clearly, wehave it+0 =(ut+v)3(c-)*=c: fiandfi- 0 = (u * v)% for 
each uv, vin @,(G//K) and for any complex number c. Further, we have 6, = 1. 
Oo 


The algebra of all K-spherical Fourier—Laplace transforms will be called the 
K-spherical Fourier algebra of G and it is denoted by #(G//K). The following 
statement is obvious, by the previous lemma. 


Theorem 7.44 The K-spherical Fourier—Laplace transformation is an algebra 
homomorphism of @,(G//K) onto #(G//K). 


As a simple example we consider the case G = KR, where K = O(1). By 
the above results, (R,K) is a Gelfand pair. Clearly, K = O(1) = {-1,1} with 
the multiplication. The continuous function f : R > C is K-radial if and only if 
f() =f (|x|) holds for each x in R, further the compactly supported measure yu 
on R is radial, if 


i f(lel) dua) = i. fle) d(x) 
R R 


holds for each continuous function f : R > C. 
Clearly, the K-projection of the continuous function f: K xR — C is 
given by 


fie) = S19) +f.) (7.18) 
for each x in R. We also have 
tf (x) = at * f(x) = [re + k(y)) dak) = se +y)+f(x-y)] 
K 


for every K-radial function f and for each x,y in R. This is the K-translation 
with y in R. The closed linear subspace V in @ (G//K) is a K-variety if and only 
for each y in G it contains the functionx & g(x + y) + g(@& — y) whenever gis in 
V. In particular, V is a one-dimensional K -variety if and only if it consists of all 
constant multiples of a nonzero continuous even function g: R — C satisfying 


p(x + y) + P(x — y) = 2y(V) G(x) (7.19) 
for each x,y in R, where y: R-C is continuous and nonzero. Clearly, 
pO) #0, and e(x) = p(O)y (x). It follows that y: R — C is even, too, and it 
satisfies d’Alembert’s functional equation 

w(x ty) + w(x —y) = 2yy)y (x) (7.20) 


for each x,y in R. In particular, the nonzero continuous even function 
g: R-C is a K-spherical function if and only if it is a solution of the 
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functional equation (7.20) for each x,y in R. We conclude that y(x) = cosh Ax 
with some complex number 4, and these are the generating functions of 
one-dimensional K-varieties. Clearly, different complex numbers / corre- 
spond to different K-spherical functions, hence S,(R) can be identified with 
the set of complex numbers. The K-spherical Fourier—Laplace transform of the 
compactly supported K-radial measure y is the function fi: C > C defined by 


f(A) = | cosh Ax du(x) (7.21) 
R 


for each A in C. We show that, in this case, the mapping + / is an algebra 
isomorphism from “@,(G//K) to #(G//K). By Theorem 7.44, it is enough to 
prove injectivity. Suppose that (A) = 0 for each A in C. This means 


| cosh Ax du(x) = 0 (7.22) 
R 


for each A in C. On the other hand, as y is K-radial, we have, by (7.18), for each 
AinC 


| sinh Ax dy(x) = | sinh Ax dy*(x) = J sinnta du(x) 
R R R 
= ; | [sinh Ax + sinh(—Ax)] du(x) = 0. (7.23) 
R 


This implies je” dy(x) = 0 for each A in C, that is, the ordinary Fourier—Laplace 
transform of vanishes. We conclude p = 0. 

As another example, we let N = R” and K = SO(n), the special orthogonal 
group and we consider the semidirect product G = Aff SO(n) = SO(n) K R” 
which is called the group of Euclidean motions [37]. The elements (k, a) in G 
can be thought as the product of a rotation k in SO() and a translation by a in 
IR”. Hence the pair g = (k, a) operates on R” by the rule 


g x=k-x+a 


for each x in R”. By Corollary 7.7, we conclude that (R”, SO(7)) is a Gelfand 
pair. K-radial functions are those continuous functions f : R” —> C satisfying 


fe) =f(k - x) 


whenever « is in R” and k is a real orthogonal ” x n matrix with determinant 
+1. Similarly, the compactly supported measure yp is K-radial if and only if it 
satisfies 


/ F(x) du(x) = / S(k +x) dur) 
IR" IR" 


for each continuous function f : R” > C and for each real orthogonal n x n 
matrix k with determinant +1. The following theorem is fundamental [37, 44]. 
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Theorem 7.45 Let > 2. The K-radial function g: R” > C is a K-spherical 
function if and only if it is @™, it is an eigenfunction of the Laplacian, and 
gO) = 1. 


For each pv in .@,(IR) and f in @,(IR”) we define uv, by the equation 
(Ux) = (H.fo)» 


where the function f): R > C is given by 


fo) =f, 0, 0, ..., 0) 


for each rin R. As f is K-radial, and K = SO(n) acts transitively on the unit 
sphere in R” we have that ||x|| = ||y|| implies f(~) = f(y) for x,y in R”. In par- 
ticular, f(+||*||, 0,0, ...,0) = f(@), and 


Solel) =f@) 


holds for each x in R”. 

The function g in @ (G//K) is called a generalized K-spherical monomial, or 
simply generalized K-monomial if there exists a K-spherical function s and a 
natural number v such that we have for each *, 91,95, --- 5. Vn41 


Dyy, * Dey, #7 * Dey, * OX) = 0. (7.24) 


By the following result, if g is nonzero, then the K-spherical function s in the 
previous equation is uniquely determined by g. More exactly, we have: 


Lemma7.6 The nonzero function g in @(G//K) is a_ generalized 
K-monomial if and only if there exists a unique exponential maximal 
ideal M in @,(G//K) and a natural number x such that 


M"*" ¢ Annz(9). 


Proof: Let @ #0 be a generalized K-monomial. Then there exists a 
K-spherical function s and a natural number x such that (7.24) holds for 
each x, V1, Yo +++ >Vy41 in G, and, by the commutativity of Z,(G//K), we have 


Dyy, * Doyo * Day, * WH) = 0 


whenever y is in t(@). As the measures D,., * D,.,, * +++ * D,, | generate the 
ideal whose closure is M"*', we infer that M"*' C Annt(@). As 9 is nonzero, 
hence Ann t(@) is proper and there exists a maximal ideal M in. @(G//K) such 
that Annz(g) C M, which implies 


M""! CM. 


Maximal ideals are prime, hence we conclude M, = M, which is an exponential 
maximal ideal. If N is a maximal K-ideal with the property that 


N*™*! © Annz(g) 
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for some natural number n, then we have 
k+1 
N“' CM, 


and M, is prime, hence we conclude N = M,. 
The converse statement is obvious. oO 


If s is a K-spherical function and M”*! C Annt(g) C M, holds for some 
natural number 1, then we say that the generalized K-monomial @ corresponds 
to s, or is associated with s. By the above lemma, s is unique. The smallest 
natural number x with this property is called the degree of y. The zero function 
is a generalized K-monomial and we may assign the degree 0 to it. Then, 
for instance, constant multiples of K-spherical functions are exactly the 
K-monomials of degree 0. First degree generalized K-monomials associated 
with the K-spherical function s are the K-invariant continuous solutions of 
the functional equation 


D,,, * Dy, * f(x) = 0, 


more explicitly 


/ Sf (zkylx) dak) da(D) + s(y)s(z)f (x) 
KIK 


= s(y) / f(ekx) dak) + s(z) | fykx) da) (7.25) 
K K 


for eachx, y,zin G. We have the following characterization result of K-spherical 
monomials of degree at most one. 


Theorem 7.46 Given the K-spherical function s: G— C the K-invariant 
function f : G > C is a K-monomial of degree at most one corresponding to s 
if and only if it satisfies 


[ feat) doe + s(a)s0f © = sf) + se (7.26) 
K 
for each x, y in G. 


Proof: If we put x = e in (7.25), then we get (7.26). Conversely, suppose that f 
satisfies (7.26). Substituting ylz for y in (7.26) and then integrating with respect 
to / over K, we get 


i f(akylz) da(k) da(l) + s(x)s(y) f(z) (7.27) 
KIK 


= s(z)s(y)f (x) + s(z)s(x)f (y) + 2s(y)s(a)f(z) — 2s(x)s(y)s(z)f(e) 


for each x, y, z. On the other hand, from (7.26), we have the equations 


s(x) if Sf (ykz) dak) = s(x)s(z)f(y) + s(x)s()\f (z) — s@m)s(y)s(2)f(e), (7.28) 
K 
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and 
s(y) | F(xkz) dak) = s(y)s(z)f (x) + s(x)s(y)f(Z) — s(x)s(y)s(z)f(e). (7.29) 
K 
Adding (7.28) and (7.29), we get the statement. Oo 


In the case f(e) = 0 above, we obtain the functional equation 


/ Flaky) deol) = sonfQ) + sof 00, (7.30) 
K 


which is a “spherical” analog of the sine functional equation. The K-invariant 
solutions f of this equation are called s-sine functions. 

We call a generalized K-spherical monomial simply a K-spherical monomial, 
or K-monomial, if it generates a finite-dimensional K-variety. Hence every 
generalized K-monomial of degree 0 is a K-monomial, as it generates a 
one-dimensional K-variety. In the case of commutative G, the K-monomials 
are exactly the exponential monomials on G/K. 

By the definition, the set of all generalized K-spherical monomials of degree 
n corresponding to the K-spherical function s is AnnM”*" and the set of all 
generalized K spherical monomials corresponding to s is U),,-y AnnM?*". Fur- 
ther, given the K-variety V the set of all generalized K-spherical monomials of 
degree n corresponding to the K-spherical function s in V is Vn AnnM”*!, 
and the set of all generalized K-spherical monomials corresponding to s in V 
is VN Uncen Ann", 

To get a better understanding of K-monomials, we describe these functions 
in the case of the affine group of K = SO(m) on R”. We shall use the follow- 
ing notation: if 1 > 2 then, for each complex number / we denote by s, the 
K-spherical function which is the eigenfunction of the Laplacian correspond- 
ing to the eigenvalue A, by Theorem 7.45. If = 1, then we let s,(x) = exp(A - x). 
Clearly, for each x in R” the function A+ s,(x) is an entire function. Then for 
each natural number k we denote by se the k-th derivative of this entire func- 
tion. In other words, sO) denotes the k-th derivative of s, with respect to the 
parameter A. In [44], we have proved the following statement. 


Theorem 7.47 For each complex number / and natural number k, any 
K-monomial associated with s, of degree at most k is a linear combination of 
the functions SY with j = 0,1,...,k. 


It follows that the linear span of any K-monomial associated with s, of degree 
at most k is identical with the linear space spanned by the derivatives of s, with 
respect to the parameter / up to the order k. 

Now we are in the position to define K-spectral analysis and K-spectral syn- 
thesis for a K -variety. 
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Let V be a K-variety. We say that K-spectral analysis holds for V, if in every 
nonzero sub-K-variety of V, there is a K-spherical function. If G is commuta- 
tive, then this is equivalent to spectral analysis for the variety V in @(G/K). 


Theorem 7.48 Let V be a K-variety. K-spectral analysis holds for V if and 
only if every maximal ideal in .@,(G//K) containing Ann V is exponential. In 
other words, K-spectral analysis holds for V if and only if every maximal ideal 
in the residue algebra @.(G//K)/Ann V is exponential. 


Proof: If K-spectral analysis holds for V and M is a maximal K-ideal such 
that AnnV C M, then obviously V = AnnAnnV 3 AnnM. Hence AnnM 
is a nonzero sub-K-variety of V, which includes a K-spherical function s. It 
follows that Annt(s), which is a maximal K-ideal, is a superset of M, hence 
they are equal: Annz(s) = M. As Annz(s) is exponential, the necessity part of 
the theorem is proved. 

Suppose now that every maximal K-ideal containing Ann V is exponential 
and let W be a nonzero sub-K-variety in V. Then AnnW D AnnV, hence 
every maximal K-ideal containing AnnW also contains AnnV, thus it is 
exponential. Let M be one of them; then we have M = M, for some K-spherical 
function s, further clearly AnnW D M, = Annr(s). We conclude z(s) € W, 
and the theorem is proved. Oo 


This is the analog of the spectral analysis theorems 14.2 and 14.3 on p. 203 in 
[9]. 

We say that K-spectral analysis holds on G, or on the Gelfand pair (G, K) if 
K-spectral analysis holds for each K-variety on G. This means that K-spectral 
analysis holds for @(G//K). If G is commutative, then this is exactly the same 
as spectral analysis on the group G/K. 


Corollary 7.8 K-spectral analysis holds on G if and only if every maximal 
ideal in. @,(G//K) is exponential. 


For instance, if G is a discrete Abelian group and K is any finite subgroup, 
then “@,(G//K) is isomorphic to @,(G/K). In this case, the condition of the 
theorem is satisfied if and only if the torsion-free rank of the group G/K is less 
than the continuum [20]. 

Let V be a K-variety. We say that V is K-synthesizable, if all K-spherical 
monomials span a dense subspace in V. We say that K-spectral synthesis holds 
for V, if every sub-K-variety of V is K-synthesizable. We say that K-spectral 
synthesis holds on G, or on the Gelfand pair (G,K) if every K-variety on G 
is K-synthesizable. It is obvious that K-spectral synthesis implies K-spectral 
analysis for a K-variety. Clearly, K-synthesizability and K-spectral synthesis 
reduce to synthesizability and spectral synthesis on G/K if G is commutative. 
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If, for instance, G is a discrete Abelian group, and K is a finite subgroup, then 
K-spectral synthesis holds on G if and only if the torsion-free rank of G/K is 
finite [13]. 

For synthesizability of varieties, we have the following result [9, 12, 14]. 


Theorem 7.49 The nonzero K-variety V is K-synthesizable if and only if 
AnnV = al ( (Ann V+M"}), 


M nen 
where the first intersection is taken for all exponential maximal K-ideals M 
containing Ann V and @(G//K)/M"*' is finite dimensional. 


Proof: By definition of synthesizability and by the remarks at the end of the 
previous section, the K-variety V is synthesizable if and only if 


v=) Won aAnnM™"). 
M nen 

On the other hand, applying theorem 8 on p. 6 in [12], our statement 

follows. 7 


By this theorem, the K-synthesizability of a K-variety can be expressed in an 
equivalent way in terms of the annihilator of the K-variety. We can introduce 
the following definition: let R be a commutative complex topological algebra 
with unit. The proper closed ideal J in R is called synthesizable if 


T=) (\a+m™), (7.31) 
M nen 

where the first intersection is taken for all exponential maximal ideals M 
containing J and R/M"*! is finite dimensional. Accordingly, we say that 
spectral analysis holds on R, if every maximal ideal is exponential, and spectral 
synthesis holds on R, if every closed ideal J in R satisfies the above equation. 
In particular, K-spectral analysis holds on the Gelfand pair (G, K) if spectral 
analysis holds on @,(G//K), and K-spectral synthesis holds on G if and only 
if this spectral synthesis holds on @,(G//K). Roughly speaking, we have 
reformulated the problem of spectral analysis and spectral synthesis in terms 
of the measure algebra and “removed” the underlying group. The following 
theorem is a simple consequence of the above definitions [34, 44]. 


Theorem 7.50 Let R, Q be commutative complex topological algebras with 
unit. If spectral analysis, respectively, spectral synthesis holds on R, and there 
exists a continuous surjective homomorphism ®: R > Q, then spectral analy- 
sis, respectively, spectral synthesis holds on Q. 


Proof: Let M be a maximal ideal with Q, then M = ®(N) with some ideal N in 
R such that N = ®1(M). Let yw: Q > Q/M denote the natural mapping, then 
y is continuous and open. We define 


F(r) = wr) 
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for each rin R, then F: R > Q/M is a continuous homomorphism. Clearly, F 
is surjective. If F(r) = 0, then ®(7) is in Ker y = M, that is, r is in N. It follows 
that R/N = Q/M, a field, hence N is a maximal ideal. If N is exponential, then 
M is exponential, too, which proves the statement about spectral analysis. 

Let J be a proper closed ideal in Q and let J = ®~1(J). Then J is a proper closed 
ideal in R, hence it is synthesizable, by assumption. It follows that (7.31) holds. 
Then we have 


T=) (\u+ean", (7.32) 
®(M) neN 
and here the first intersection extends for all maximal ideals ®(M) containing 
J. Indeed, the left hand side is clearly a subset of the right hand side. Suppose 
now that q = ®(r) is not in J, then r is not in J. By (7.31), there exists a maximal 
ideal M with I C M, and a natural number ny such that r is not in J+ Mt", 
hence g = ®(r) is not in J + ®(M)”*", It follows that (7.32) holds. 
What is left is to show that Q/®(M)"*? is finite dimensional for every max- 
imal ideal M with J C M and for each natural number n. Now we shall define 
F: R/M"™*" > Q/®(M)"*! by 


F(r+M"*!) = @(r) + ®(M)"*? 


for each r in R. We have to show that the value of F is independent of the 
choice of r in the coset r + M"*!. Suppose that r — r, isin M"*}, thatisr —r, = 
DY x1% +++ %,,4, where the sum is finite, and x,,%5,...,%,4, is in M. Then 


(1) = (ry) + Y) O(%{)P(%) ++ OG 41), 


hence ®(r) and ®(r,) are in the same coset of ®(M)"*!. As F is clearly a sur- 
jective homomorphism, we infer that Q/®(M)"*! is finite dimensional and the 
proof is complete. Oo 


Using the above results, we can extend L. Schwartz’s spectral synthesis result 
in the following form [44]. 


Theorem 7.51 Let bea positive integer and let K = SO(n). Then K-spectral 
synthesis holds for the Gelfand pair (AffSO(v), R”). 


According to our convention, this means that K-spectral synthesis holds 
on SO(n) K R”. Clearly, for 1 = 1 we have SO(n) = {id}, hence SO() K R” is 
identical with R, further K-spectral synthesis coincides with ordinary spectral 
synthesis. We can also formulate the following corollary. Here, as above, for 
each complex /, we denote by s, the normalized K-radial eigenfunction of the 
Laplacian corresponding to the eigenvalue A. 


Theorem 7.52 Let f: R” > C bea K-radial function. Then f is the uniform 
limit on compact sets of a sequence of functions which are linear combinations 


of functions of the form oe in the K-variety of f. 
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7.6 Spectral Synthesis on Hypergroups 


The basic problems of spectral analysis and synthesis can be formulated in the 
hypergroup setting as well. Indeed, hypergroups present a generalization of 
groups where translation operators are available hence the fundamental con- 
cepts in spectral analysis and synthesis make sense. In this section, we present 
some results about spectral analysis and synthesis on hypergroups. 

We start with some facts about hypergroups. For more details about hyper- 
groups, see [10, 45]. The concept of DJS—hypergroup (according to the initials 
of C. F. Dunkl, R. I. Jewett, and R. Spector) is due to Lasser [46]. One begins 
with a locally compact Hausdorff space K, the space “@(K) of all finite complex 
regular measures on K, the space “,(K) of all compactly supported measures 
in M(K), the space @1(K) of all probability measures in “(K), and the space 
M}(K) of all compactly supported probability measures in M(K). The point 
mass concentrated at x is denoted by 6,.. Suppose that we have the following: 


e (H*) There is a continuous mapping (x, y) 6, * by from K x K into @1(k), 
the latter being endowed with the weak*-topology with respect to the space 
of compactly supported complex-valued continuous functions on K. This 
mapping is called convolution. 

e (A) There is an involutive homeomorphism + x from K to K. This mapping 
is called involution. 

e (He) There is a fixed element e in K. This element is called identity. 


Identifying x by 6, the mapping in (H*) has a unique extension to a con- 
tinuous bilinear mapping from “@(K) x M(K) to M(K). The involution on K 
extends to an involution on .@(K). Then a DJS—hypergroup, or simply hyper- 
group is a quadruple (K, *, “, e) satisfying the following axioms: for any x,y,z 
in K, we have 


1. (H1) 6, * (6, * 6,) = (6, * dy) * 6,5 

2. (H2) (5, # 5,)"= 5, # by; 

3. (H3) 5, * 6, =6, * 6, =6,; 

4. (H4) eis in the support of 6, * 6; if and only if x = y; 

5. (H5) the mapping (x, y) + supp (6, * 9) from K x K into the space of non- 


void compact subsets of K is continuous, the latter being endowed with the 
Michael-topology [45]. 


If the topology of K is discrete, then we call the hypergroup discrete. If 
6, * 6, = 6, * 6, holds for all x,y in K, then we call the hypergroup commu- 
tative. If # = x holds for all x in K, then we call the hypergroup Hermitian. 
By (H2), any Hermitian hypergroup is commutative. For instance, if K = G 
is a locally compact Hausdorff group, 6, * 6, = 6,, for all x,y in K, x is the 
inverse of x, and e is the identity of G, then we obviously have a hypergroup 
(K, *, ~,e), which is commutative if and only if the group G is commutative. 
The same does not work if K = S is a locally compact Hausdorff semigroup 
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with identity, and involution is the identity mapping, as (H4) does not hold, in 
general. However, not every hypergroup originates in this way. 

In any hypergroup K, we identify x by 6, and we define the right translation 
operator T, by the element y in K according to the formula: 


T, f(x) = Fl f A, *5,), 
K 


for any f integrable with respect to 6, * 6,. In particular, T, is defined for any 
continuous complex-valued function on K. Similarly, we can define left trans- 
lation operators. Sometimes one uses the suggestive notation 


faa n= | fd, * 6) 
K 


for each x, y in K. Obviously, in case of commutative hypergroups the simple 
term translation operator is used. The function T, f is the translate of f by y. 

The presence of translation operators on commutative hypergroups leads 
to the concept of variety. Let K be a locally compact Hausdorff space and let 
@ (K) denote the locally convex topological vector space of all continuous, 
complex-valued functions on K, equipped with the pointwise linear operations 
and with the topology of uniform convergence on compact sets. The dual 
of this space can be identified with ™@,(K), the latter being endowed with 
the weak*-topology with respect to the space of complex-valued continuous 
functions on K. If, in addition, K is equipped with a commutative hypergroup 
structure, then a subset H of @ (K) is called translation invariant, if for any f in 
H the function T, f belongs to H for all y in K. A closed, translation invariant 
subspace of @ (K) is called a variety. For any f in @(K), the variety generated 
by f is the closed subspace generated by all translates of f, which is denoted by 
t(f). Clearly, 7( f) is the intersection of all varieties containing /. 

The space “(K) is a locally convex topological vector space, which bears 
a natural algebra structure, corresponding to the convolution of measures. It 
is easy to see [45], that for any continuous function f in @(K) the function 
(x,y) & f(w * y) is continuous. For any measures p, v in .@,(K) and for each f 
in @ (kK), we let 


(H*v\( fp = | [re * y) du(x) dv(y). 
KIK 


Then yw * v is an element of ,(K), which is called the convolution of y and v. 
The space “.(K) equipped with the pointwise linear operations and with the 
convolution is a commutative algebra with unit 6,. 

For each w in. @,(K) and f in @ (K), we define 


pee Me fle #3) duiy), 
K 


the convolution of y and f. It is easy to see that yw * f is continuous. With this 
action of @,(K) on @ (kK), the latter is a topological left module. As finitely 
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supported measures form a weak*-dense subspace in “@,(K) it follows easily 
that for commutative K, the varieties are exactly the closed submodules of this 
module. Similarly to the group case, the annihilator of a variety is a closed ideal 
in ™,(K) and the annihilator of an ideal in @,(K) is a variety in @ (K). By the 
Hahn—Banach-theorem, we have the following basic result: 


Theorem 7.53 Let K be a commutative hypergroup. For every variety V in 
@ (K) and for each closed ideal J in @,(K), we have 


AnnAnnV=V, AnnAnn/ =I. 


From now on, we shall suppose that every hypergroup is commutative and 
the identity usually will be denoted by o. 

For any closed linear subspace V in @ (K), its orthogonal complement V+ in 
M (K) is the set of all measures from @,(K), which vanish on V. Clearly, it 
is a closed linear subspace of ™,(K). The dual correspondence is also true: the 
orthogonal complement J* of any closed linear subspace J of @,(K), that is, the 
set of all elements of @ (K), which belong to the kernel of all linear functionals 
in I, is a closed linear subspace of @ (K). Using the notation 


Al={f:feH}, and J={f: wes} 
whenever H isa subset in @ (K) and J is a subset in .@,(K), we have 
AnnV =(V)', and Anni = (f+ 


for each variety V in @ (K) and ideal J in @,(K). By the above theorem, this 
implies the obvious relations V = V++ and J = J++ for any variety V in @ (K) 
and for each ideal J of @,(K). 

Let V be a variety in @ (K). We say that spectral analysis holds for V, if every 
nonzero subvariety of V contains a one-dimensional variety. If spectral analysis 
holds for every variety in @ (K), then we say that spectral analysis holds for 
the hypergroup K. It turns out that one-dimensional varieties are related to 
certain basic functions exactly in the same way as in the group case. These 
basic functions are also called exponentials: they are those nonidentically 
zero continuous functions m: K > C satisfying m(x * y) = m(x)m(y). We 
emphasize that the meaning of m(x * y) is the following integral: 


mx * y) = [mo d(6,, * 6,)(t) 
K 


for each x,y in K. Hence exponential functions are characterized by the 
integral equation 


| m(t) d(6,, * 6,)(t) = m(x)m(y), 
K 


which holds for each x, y in K. It is important to mention that, in contrast to 
the case of groups, exponentials on hypergroups may take zero values. The 
following example may be interesting. 


Spectral Synthesis and Its Applications 


Example: Let K be a two element set: K = {0,1}, where 0 and 1 are different. 
We describe all possible hypergroup structures on K. We choose 0 as the iden- 
tity element, then we must have 0 « 0 = 0,0 * 1 = 1,1 * 0 = 1, hence the only 
nontrivial convolution to be defined is 1 * 1. In particular, every hypergroup 
structure on K is commutative. Clearly, 0 = 0 in any hypergroup. If 1 = 0, then 
1 =(1)*=0 =0, a contradiction. Hence the only involution on K is the iden- 
tity. We have to define 1 * 1 = 6, * 6, to be a probability measure, which must 
have the form 


5, * 6, =0-5,+(1—-6)-6,, 


where 0 < 6 < 1. If 9 = 0, then we have 1 « 1 = 0, which is the two element 
group. If 6 = 1, then 1 « 1 = 1, but this contradicts the axiom (H4). Neverthe- 
less, it is easy to check that for any choice of 0 < 0 < 1 we have a hypergroup, 
which is a group if and only if 9 = 0. Now we determine all exponentials m 
on this hypergroup. On any hypergroup every exponential is 1 at the identity, 
hence we have m(0) = 1. On the other hand, we must have 


m(1)? = m(1)m(1) = @m(0) + (1 — 0)m(1) = 6 + (1 — 0)m(1), 


which is a quadratic equation for 0. Solving it we have that either m(1) = 1 
which gives the exponential identically 1, or m(@) = —0. Hence exponentials on 
this hypergroup are in a one-to-one correspondence with the [—1, 0] interval 
and the pointwise product of two exponentials is an exponential if and only if 
K is a group, or at least one of them is identically 1. 

Similarly to the group case, exponentials can be characterized by the proper- 
ties listed in the following theorem. Recall that a function f: K — C is called 
normalized if f(o) = 1. 


Theorem 7.54 Let K be a commutative hypergroup and f: K — C acontin- 
uous function. Then the following statements are equivalent: 


1. f is an exponential. 
2. f is normalized and r( f) is one dimensional. 
3. f is normalized and .@,(K)/Annt(f) = C. 


The proof is similar to that of Theorem 7.9. We note that the third property 
implies that Annz(/f) is a maximal ideal. Like in the group case, maximal ideals 
whose residue field is topologically isomorphic to the complex field are called 
exponential maximal ideals. Of course, we can use this concept in any commu- 
tative topological algebra with unit. 

As soon as exponentials are available on hypergroups the Fourier—Laplace 
transformation can be successfully utilized, too. Given the commutative hyper- 
group K the Fourier-Laplace transform ji of win M@(K) is defined by 


fim) = ; m du 
K 
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for each exponential m on K. Let &(K) denote the set of all exponentials on 
K, then fi: @(K) > Cis a continuous function for each pw in @,(K) if €(K) is 
equipped with the topology of uniform convergence on compact sets. Indeed, 
if win @,(K) is given and (m,),<; isa net in €(K) converging to the exponential 
my, then for each € > 0 there is an i, in J such that |m,;(x) — m(x)| < € whenever 
i > iy and w is in supp y. Then we have 


/ (it, — mH) du 
K 


Ss ‘| |71,(x) — rn(x)| d|u|(x) < €- [w(K]. 
supp # 


|A(m,) — A(m)| = 


The basic properties of the mapping w+ fi are formulated in the following 
theorem. 


Theorem 7.55 The Fourier—Laplace transform p + fi is an injective algebra 
homomorphism of “@,(K) onto an algebra of continuous functions on &(K). 


Proof: For pw, v in @,(K), we have 
(Hu * v(m) = [vo d(u * v)(x) = | [ic * y) du(x) dv(y) 
K KIK 


= mm(x) duce) - | m(y) dv(y) = fm) - 1m) 
K K 


for each exponential m. Injectivity follows from the injectivity of the Fourier 
transform [[45], theorem 2.2.24]. All the other statements are obvious. Oo 


The range of the Fourier—Laplace transform is called the Fourier—Laplace 
algebra of K. 

Using the previous theorem, we can formulate our first theorem on spectral 
analysis on commutative hypergroups which is the analog of Theorem 7.32. 


Theorem 7.56 Let K be a commutative hypergroup. Then spectral analysis 
holds for the variety V on K if and only if every weak*-closed maximal ideal of 
M (K)/Ann V is exponential. 


A reasonable question arises: does the existence of nonzero finite-dimensional 
varieties imply spectral analysis? In other words: does spectral analysis hold 
for nonzero finite-dimensional varieties? The answer is yes, as it was proved in 
[47]. Here we give another simple proof for this statement. 


Theorem 7.57 On commutative hypergroups spectral analysis holds for 
every nonzero finite-dimensional variety. 
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Proof: Let V be a nonzero finite-dimensional variety on the commutative 
hypergroup K. All translation operators t, with y in K form a commuting 
family of linear operators on the finite-dimensional vector space V. It is 
well-known from linear algebra then in this case all operators in the family 
have a common eigenvector in V. In other words, there exist a nonzero f in V 


such that t, f = A(y) -f for each y in K with some function A: K > C. We have 


f(x * y) = tT f(x) = AQ) -f) 


for each x, y in K. Putting x = 0 we infer f(y) = f(0)A(y), in particular, f(o) # 0. 
It follows f(0) - A@ * vy) = f(0)A(x) - AVY), which implies that 140, A is an 
exponential and 4 is in V. Oo 


By this theorem, spectral analysis for a variety on a commutative hyper- 
group means that every nonzero subvariety has a nonzero finite-dimensional 
subvariety. 

We illustrate spectral analysis on a particular class of commutative hyper- 
groups: polynomial hypergroups in one variable. The formal definition follows. 
Let (4, nen» (8, nen and (C,,) pen be real sequences with the following properties: 
c, > 0, b, = 0, 4,4, = 0 for all m in N, moreover a) = 0, anda, +b,+c¢,=1 
for all 1 in N. We define the sequence of polynomials (P,,),cxy by Po(x) = 1, 
P,(«) = x, and by the recursive formula 


xP, (x) = a,,P,,\(*) + bP, (x) + ¢,Pia i) 
for all z > 1 and xin R. The following theorem holds [45]. 


Theorem 7.58 Ifthe sequence of polynomials (P,,),, <x, satisfies the above con- 
ditions, then there exist constants c(n, m, k) for all n,m, k in N such that 


n+m 


PP. = > c(n, m, k)P, 


k=|n-m| 


holds for all m, min N. 


Proof: By the theorem of Favard [48, 49], the conditions on the sequence of 
polynomials (P,,),,<) imply that there exists a probability measure y on [—1, 1] 
such that (P,,),,cx forms an orthogonal system on [—1, 1] with respect to y. As 
P,, has degree n, we have 

n+m 

PP ss= Dy c(n, m, k)P, 

k=0 

for all n,m in N, where 


LPP Pn du 


c(n, m,k) = 
J, Pe du 
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holds for all 1, m, k in N. The orthogonality of (P,,),,cj with respect to uv implies 
c(n,m,k) =O fork >n+morn>m+korm>n+k. Hence our statement 
is proved. Oo 


The formula in the theorem is called linearization formula, and the coeffi- 
cients c(n, m, k) are called linearization coefficients. The recursive formula for 
the sequence (P,,),,ex, implies P,(1) = 1 for all 1 in N, hence we have 

n+m 
y c(n,m,k) =1 
k=|n-—m| 
for all 1 in N. If the linearization is nonnegative, that is, the linearization coef- 
ficients are nonnegative: c(u, m,k) > 0 for all m, m,k in N, then we can define a 
hypergroup structure on N by the following rule: 
n+m 
6, * 6, = >. c(n, m, k)6; 
k=|n-—m| 
for all n,m in N, with involution as the identity mapping and with o as 0. The 
resulting discrete Hermitian (hence commutative) hypergroup is called the 
polynomial hypergroup associated with the sequence (P,,),,cy. We can denote 
it by (N, (Pen) 

We mention here an easy consequence of the linearization formula in poly- 
nomial hypergroups. Namely, let g(2) = P(A) for all 1 in N with some non- 
negative integer k and complex number /. Then we have 


p(n * 1) = AP (A) + kPe (A) 


nen: 


for all 1 in N. Here P“” is meant to be 0. 
Now we describe the general form of exponential functions on polynomial 
hypergroups [45, 50]. 


Theorem 7.59 Let K be the polynomial hypergroup associated with the 
sequence of polynomials (P,,),,<y. The function g: N > Cis an exponential on 
K if and only if there exists a complex number A such that 


p(n) = P, (A) 
holds for all 1 in N. 


Proof: First of all we remark that if a sequence of polynomials (P,,),,<x satisfies 
a recursion of the form 
n+m 


P,(x)P,,(%) = )) cn, m, KP, (x) 


k=0 
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with some real or complex coefficients c(n, m, k) for all real x, then the recursion 
holds for all complex x. Let A be a complex number and let y(7) = P,,(A) for any 
nin N. Then by the definition of convolution we have for any m,n inN 

n+m 


», c(n, m, k)p(k) 


k=|n-—m| 


po, * 6,,) 


n+m 
= > c(n,m, k)P,(A) = P,(A)P,,(A) = een), 
k=|n-—m| 
hence @ is exponential. 
Conversely, let g be an exponential on K and we define A = (1). By the expo- 
nential property, we have for all positive integer 1 that 
n+1 
Ag(n) = P(Le(n) = P(5; *5,) = DY) c(n, 1, Kok) 
k=n-1 
=c(n,1,n—- ou —1)4+ clu, 1, n)p(n) + ctu, 1,1 + lpn + 1). 


As the same recursion holds for 1 + P,,(A), further p(0) = 1 = P,(A)and g(1) = 
A = P,(A), hence g() = P,,(A) for all 7 in N and the theorem is proved. Oo 


Now we can prove that spectral analysis holds for any polynomial hyper- 
group. 


Theorem 7.60 Spectral analysis holds on any polynomial hypergroup. 


Proof: Let K be the hypergroup associated with the sequence of polyno- 
mials (P,,),cx and let V be a nonzero variety in @(K). We remark that in 
this case, @(K) is the set of all complex-valued functions on N, equipped 
with the pointwise linear operations and with the topology of pointwise 
convergence and “,(K) is the set of all finitely supported complex measures 
on N. By Theorem 7.14, the orthogonal complement V+ of V is a proper 
closed ideal in @.(K). By the convolution formula, the Fourier—Laplace 
transforms of the elements of V+ form a proper ideal in the ring of the 
Fourier—Laplace transforms of all elements of “,(K). By Theorem 7.59, the 
set of all exponentials of K can be identified by C. For any y in .@,(K) and for 
any / in C we have 


Ad) = ye P,(A) du(n). 
N 


As yp is finitely supported, hence fi is a complex polynomial on C. We can see 
easily, that any complex polynomial on C can be written in the form fi with 
some p in “@,(K). Indeed, if p is a complex polynomial on C of degree , then 
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it can be written in the form p = ))7_, c,P, with some complex constants c, 
(k =0,1,...,7). Then we have 


This means that the Fourier—Laplace transforms of the elements of V+ forma 
proper ideal in the ring of all complex polynomials on C. By Hilbert’s Nullstel- 
lensatz [[51], theorem 7.17], there exists a complex A, such that fi(A,) = 0 for 
all in V+. By definition, this means that 


f P,(A) du(n) = 0 
N 


for each y in V+. In other words, the exponential 1 + P,,(A) isin V'+ = V and 
the theorem is proved. Oo 


As Hilbert’s Nullstellensatz works on the polynomial ring C[x,,%, ...,,,] in 
several variables, using the same idea we can prove spectral analysis on every 
polynomial hypergroup in several variables. For the details, see [10]. 

Let V bea variety in @ (K). We say that V is synthesizable, if V is the topolog- 
ical sum of finite-dimensional varieties. This means, that there is a set (V,), er 
of finite-dimensional subvarieties of V such that all element f of the form 


re a eee 


with some positive integer n, with some elements 7,,75,...,7, in I and 
with some functions f, in V, form a dense subset in V. In other words, 
all finite-dimensional subvarieties in V span a dense subspace. We say that 
spectral synthesis holds for a variety, if every subvariety of it is synthesizable. If 
spectral synthesis holds for every variety on K, then we say that spectral synthe- 
sis holds on K. If K isa locally compact Abelian group, then finite-dimensional 
varieties are spanned by exponential monomials, so it seems to be reasonable 
to define exponential monomials on hypergroups, too. For this purpose, 
we shall use the modified differences as we did in the group case. Given the 
commutative hypergroup K for each exponential m: K > C and y in K we 
define 


A ny = 55 — MO)5,. 
and 
= n+1 
Di iggy =a Amy, 


where the product 18 ba refers to convolution. The closure of the ideal generated 


by all measures A,,,., with y in K will be denoted by M,,,. Finally, it turns out that 
M,, = Annt(m), exactly what we have in the group case. 

Modified differences can be used to define exponential monomials, by 
Theorem 7.11. We call the continuous function f: K — C on the commutative 
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hypergroup K a generalized exponential monomial, if there is an exponential 
m and a natural number n such that 


M"*" ¢ Annt(/f). 


In other words, for each y,, 75, .--5V,4, in K we have 


Amy, dnedon *F = 9. 


We can prove exactly in the same way as in the group case that if f 4 0, then 
m is uniquely determined by f, and in that case we say that f is associated 
with m. The smallest 1 with the above property is called the degree of f. Linear 
combinations of generalized exponential monomials are called generalized 
exponential polynomials and a generalized exponential monomial, or polyno- 
mial is simply called an exponential monomial, or polynomial, if it generates 
a finite-dimensional variety. Clearly, these concepts coincide with the old 
ones in the group case. However, we underline that, in general, exponential 
monomials on hypergroups do not have a representation of the form (7.34). 

Having the concept of exponential monomials we can reformulate synthe- 
sizability and spectral synthesis on hypergroups, following the pattern in the 
group case. 


Theorem 7.61 Let K be a commutative hypergroup and V a variety on K. 
The variety V is synthesizable if and only if exponential monomials in V span 
a dense subspace. Spectral synthesis holds on K if and only if in every variety 
on K exponential monomials span a dense subspace. 


Similarly to Theorem 7.57, spectral synthesis can be proved for finite- 
dimensional varieties [52]. 


Theorem 7.62 On commutative hypergroups spectral synthesis holds for 
every finite-dimensional variety. 


Spectral synthesis on polynomial hypergroups has also been proved [50, 53]. 
We present here the result for polynomial hypergroups in one variable. 


Theorem 7.63 Spectral synthesis holds on any polynomial hypergroup. 


Proof: Let K be the polynomial hypergroup associated with the sequence of 
polynomials (P,,),,<y. First we show that the variety generated by the function 
ne P(A) is finite dimensional for each nonnegative integer k and for any 
complex number 4. Let y(”) = P(A) for any n,k in N and / in C. Then, by 
the linearization formula, we have 


k 
yn m) => G ) PP apa) 
j=0 


for all m,n in N, which yields the statement. 
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Now we know (see the proof of Theorem 7.60) that for each variety V in 
@ (K) the Fourier—Laplace transforms of the elements of V+ form a proper ideal 
in the polynomial ring over C. We denote this ideal by J. It is known, by the 
Noether—Lasker Primary Decomposition Theorem [[51], theorem 7.21] that in 
this case there exist complex numbers /,, A,,..., A, and nonnegative integers 
M,,™Mp,...,™, such that a polynomial p belongs to J if and only if p”(A;) = 0 
holds for i= 1,2,...,k andj =0,1,...,m,. This means, that the measure y in 
M (K) is in V+ if and only if 


AA) = i P?(A) du(n) = 0 
K 


holds fori = 1,2,...,k andj =0,1,...,m,. In other words, the family of func- 


tions nb P® (A) spans a dense subspace in V'+ = V for i=1,2,...,k and 
j =0,1,...,m, As these functions generate finite-dimensional varieties, our 
statement is proved. Oo 


7.7. Applications 


Spectral analysis and synthesis is about the description of translation invariant 
function spaces. To find applications of these results, we have to find examples 
where translation invariant function spaces show up. One obvious example is 
presented by the solution spaces of convolution type functional equations. The 
first applications of spectral analysis and synthesis results on this area have 
been presented in the monographs [10, 28, 54]. Convolution type functional 
equations and systems of this type arise in the following way. Let G be a locally 
compact Abelian group and let A be a nonempty set of measures in “@,(G). 
The system of convolution type functional equations associated to A is the 
following: 


uxf =0, wEA, (7.33) 


where f in @ (G) is the unknown function. The solution space of (7.33) is the 
set of all functions f satisfying (7.33). In fact, the solution space of (7.33) is 
the annihilator of the set A, that is, AnnA. It is obvious, that every variety 
V arises in this way: by the identity AnnAnnV = V, which holds for every 
variety it follows that each variety is the solution space of some A, namely it is 
the solution space of Ann V. In other words, spectral analysis and synthesis is 
the study of the description of solution spaces of systems of convolution type 
functional equations. This description is based on the exponential monomials 
in the solution space, that is, on the exponential monomial solutions. If spectral 
analysis holds for AnnA, then we know that there are exponential monomial 
solutions, and if Ann A is synthesizable, then every solution of (7.33) is the uni- 
form limit of some net formed by exponential polynomial solutions. Hence it is 
clear that methods for finding exponential monomial solutions of convolution 
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type equation systems are of great importance for those areas where such 
systems arise. Typical examples are systems of homogeneous linear difference 
or differential equations with constant coefficients, systems of homogeneous 
linear partial difference or differential equations with constant coefficients, 
and so on. In the subsequent paragraphs, we show some methods how to apply 
spectral analysis and synthesis methods for the solution of such systems of 
equations, in particular, how to find their exponential monomial solutions. 
Our first observation is that if the exponential monomial 


F(x) = P(a,(x), a(x), ..., a, (x))m(x), (7.34) 


is a solution of (7.33), then m is a solution, too. Hence the first step is to find 
all exponential solutions, the spectrum of (7.33). Suppose that m is a solution, 
then we have 


0O=yn* mo) = [mo-» duty) = mix) | m du = film), 
G 


that is, m is a zero of the Fourier—Laplace transforms of all measures in A. If 
A denotes the ideal formed by the Fourier—Laplace transforms of all measures 
in A, then our first step is to find the zero set Z(A) of this ideal. Spectral analy- 
sis for AnnA means that this zero set is nonempty — roughly speaking, a kind 
of “Nullstellensatz” holds. We consider the following simple example: find all 
continuous solutions f : G > C of d’Alembert’s functional equation 


Sty) +f —y) = 2f («SO (7.35) 


where G is a locally compact Abelian group and the equation holds for each x, y 
in G. This equation can be written as 


(= * - F006) *f@) =0. 


We should rather consider the following system of equations: 


5, +6, 
( 5 - 80% * f(x) = 0, 


where g is a continuous function on G. Here A is the set of all measures of the 
5_,+6 P 

form = — &(y)5o where y is in G. If we know that spectral analysis holds for 

Ann A, then there is an exponential m in Ann A, hence we have 


mx + y) + m(x — y) = 2m(~)g(y), 


which implies g(y) = moe for each y in G. Going back to (7.35), we con- 
clude that 
mx) + m(-« 
f@= (x) 5 (—*) 


with some exponential, and simple substitution shows that indeed, this is a solu- 
tion for any exponential. We recall that this argument works only if spectral 
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analysis holds for the variety Ann A. If G is a discrete Abelian group than this 
is the case if, for instance, G is finitely generated — by Lefranc’s theorem. Nev- 
ertheless, every G is a direct limit of finitely generated subgroups, and using a 
simple argument, we can save the above solution method: no matter if spectral 
analysis holds on G, the solution, as a direct limit of solutions of the above type, 
is the same. 

After finding the spectrum of Ann A the next step is to determine the spectral 
set, that is, the exponential monomials corresponding to the different exponen- 
tials in the spectrum. An important observation is that if the function f in (7.34) 
is a solution of (7.33), then every function of the form 


P(x) = O03? ++ 0 P(ay(%), do(X), ... , ag (x))m(x) 


is a solution, too, with any nonnegative integers a, @, ... , @,. Hence we can find 
step by step the solutions of the form «  a(x)m(x), x a(x)b(x)m(x), and so 
on, where a, b, ... are linearly independent additive functions. For instance, in 
the case of the function x + a(x)m(x), we have the equation 


0= [os — y)m(x« — y) duty) = atsym(a) | du + mus) | a du 
G G G 


for each x in G. As m and am are linearly independent, we infer that 


pony = |i au=0, fa m)~ du = 0. 
G G 


Continuing in this manner, we have good chance to describe the spectral set of 
the equation. 

Finally, if AnnA is synthesizable, then we need to find all functions which 
are uniform limits on compact sets of nets from the linear span of the spectral 
set. In some cases, the above idea with direct limits along finitely generated 
subgroups can be applied. An illustrative example is the following one [55]: we 
consider the functional equation: 


Ay ios Ynas * f(x) =0 (7.36) 


for each %,7,,7,---,Vy4, in G, a discrete Abelian group. The functional 
equation (7.36) is called Fréchet’s equation. Together with (7.36), we consider 
the functional equation 


Ni *« f(x) =0, (7.37) 


where vis a natural number and x,y are arbitrary in G. Clearly, every solu- 
tion of (7.36) satisfies (7.37). The converse was proved by Székelyhidi [28, 54] 
and Z. Djokovié [56]. This result has been used several times in functional 
equations; it can be considered as a basic theorem on polynomials. The proof 
of Djokovic’s theorem depends on some identities on ordinary polynomials in 
several variables. Here we can give an alternative short proof depending on 
spectral synthesis. 
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Theorem 7.64 Let G be an Abelian group. If the function f: G —> C satisfies 
the functional equation (7.37) for each x, y in G, then f satisfies (7.36) for each 
x,y in G. 


Proof: We note that, obviously, the set of all solutions of (7.36), and that of 
(7.37) is a variety. First we show that (7.37) implies (7.36) if G = Z*, where k is 
a positive integer. By Lefranc’s theorem, it is enough to show that every expo- 
nential monomial satisfying (7.37) also satisfies (7.36). Supposing that for some 
nonzero p the exponential polynomial g = p- m is in V it follows that m is in 
V, and we have 


0= Nase * m(x) = m(x)(m(y) — 1)*1 


for each x, yin G, hence m = 1, that is g is a polynomial, that is, it is the restric- 
tion of a polynomial P: R” > C to Z”, and we have 


n+1 
See C i : ) P(x + ky) = An*! P(x) = 0 (7.38) 
k=0 


for each x,y in Z”. As P is a polynomial, this equation extends to R”, hence 
(7.38) holds for each x, y in R”. Introducing the notation y = (71, 72, ... 0) and 
applying the differential operator 0{'0;° - - - 0," with respect to the components 
of y where the natural numbers @,, @,,...,a,,, satisfya, +a, +---+a, =n4+1, 
we obtain by induction that 


at as... a% P(x) = 0 


holds for each x in Z”. In other words, the 7 + 1-th differential of P vanishes. 
It follows that P is a polynomial of degree at most n, hence it obviously satisfies 
(7.36) for each x, ¥,, 72, --- V4, in Z”, as it was to be proved. 

Now we suppose that G is a finitely generated Abelian group. Then G is a 
homomorphic image of Z” for some positive integer m. Let BD: Z” > Gasur- 
jective homomorphism and we define 


Fu) = f(®W)) 
for each u in Z”. It is straightforward to check that 


Ait! * Fu) = AG) *f(®W)) = 0 


for each u, v in Z”. By the above proof, we infer that 


0= Dio is * Fu) = A Gw,),0(0,),--6PW pa) * f(®(u)) = 0 


holds for each u, v,,U,,...,U,,; in Z”. As ® is surjective, we obtain that f sat- 
isfies (7.36). 

Finally, we suppose that G is an arbitrary Abelian group and f: G > C sat- 
isfies (7.37) for each x,y in G. Let x, 91,72, ---.Vy4, be arbitrary in G and let H 
denote the subgroup of G generated by these elements. Obviously, the restric- 
tion of f to H satisfies (7.37) on H, and H is finitely generated, hence, by our 
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proof above, f satisfies (7.36) on H. As x, 71, Vo, --- Vn41 are arbitrary in G, we 
conclude that f satisfies (7.36) on G and the theorem is proved. oO 
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8.1 Brief Introduction 


One of the most interesting questions in the theory of functional equations 
concerning the famous Ulam stability problem is: when is it true that a map- 
ping satisfying a functional equation approximately, must be close to an exact 
solution of the given functional equation? 

The first stability problem was raised by Ulam [1] during his talk at the Uni- 
versity of Wisconsin in 1940. In fact we are given a group (Gj, -) and let (G,, *) 
be a metric group with the metric d(., -). Given € > 0, does there exist a 6 > 0, 
such that if a mapping  : G, > G, satisfies the inequality d(h(x - y), h(x) * 
h(y)) < 6 for all x,y € G,, then there exists a homomorphism H : G, > G, 
with d(h(«), H(x)) < ¢ for allx € G,? 

Hyers [2] gave the first affirmative partial answer to the question of Ulam 
regarding Banach spaces. It was further generalized via excellent results 
obtained by a number of authors [3-12]. 

Xu et al. [13] achieved the general solution of the quintic functional equation 


fe + 3y) — Sf + 2y) + 106% + y) — 10f (x) (8.1) 
+ 5f(@ — y) —f(% — 2y) = 120f() 
and the sextic functional equation 
fe + 3y) — Of (x + 2y) + 156 + y) — 20f(*) (8.2) 
+ 15f(@ —y) — 6f (& — 2y) + f(e — 3y) = 720) 


and investigated the stability of (8.1) and (8.2) in quasi-f-normed spaces via 
fixed point method. Since f(x) = cx°® is a solution of (8.1), we say that it is quintic 
Mathematical Analysis and Applications: Selected Topics, First Edition. 
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functional equation. Similarly, f(x) = cx® is a solution of (8.2), we say that it is 
sextic functional equation. Every solution of the quintic or sextic functional 
equation is said to be a quintic or sextic mapping, respectively. 

Mohammad et al. [14] proved the stability for the approximately quintic and 
sextic mappings on the probabilistic normed spaces. 

Cho et al. [15] investigate the generalized Hyers—Ulam—Rassias stability 
problem in quasi-f-normed spaces and then the stability by using a subadditive 
function for the quintic function f : X — Y such that 


Of (2x + y) + 2f(Qx — y) + f(x + 2y) + f(x — 2y) (8.3) 
= 20[f(« + y) + f(a — y)] + 90f(). 


In 2010, Xu et al. [13] introduced and obtained the general solution of the 
quintic and sextic functional equations 


fe + 3y) — Sf(w + 2y) + 106 + y) — 10f(%) (8.4) 
+ Sf — y) —f(@ — 2y) = 120f() 
and 
Sf (% + 3y) — Of (% + 2y) + 15f(% + y) — 20f(%) + 15f(@ — y) 
— 6f (« — 2y) + fw — 3y) = 720f(9) (8.5) 


and investigated the generalized Ulam—Hyers stability in quasi-f-normed 
spaces via fixed point method. 

Also, Xu et al. [16] introduced and discussed the general solution and gener- 
alized Ulam—Hyers stability of septic and octic functional equations 


f(x t+ 4y) — 7f (we + By) + 21f(% + 2y) — 35f(« + y) + 35f() 
— 21f (x — y) + 7f(% — 2y) — f(% — 3y) = 5040f(y) (8.6) 
and 
Se + 4y) — 8f(% + 3y) + 28f(@ + 2y) — 56f(x + y) + 70f (x) 
— 56f (x — y) + 28f(% — 2y) — 8f(« — 3y) + fw — 4y) = 40320f(y) (8.7) 


in quasi-f-normed spaces, respectively. 
Very recently the authors Pasupathi et al. [17] introduced and achieved the 
general solution of a new n-dimensional quintic functional equation of the form 


nif (nx + y) +f(nx —y)| + f(a + ny) +f - ny) (8.8) 
=(n'+m)fat+y) +f(x—y)] + 2° — n* -— 1? + 1) 
and a new n-dimensional sextic functional equation of the form 
f(nx ty) +f(nx —y) + f(x + ny) + f(x — ny) (8.9) 
= (n+ mrifet+y) tf —y)] + 208 — nt -— 1? + DIF) +f] 


with any real 1 € R-{0,+1} and investigated the Hyers—Ulam stability, 
Hyers—Ulam-Rassias stability and generalized Hyers—Ulam—Rassias stability 
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for the quintic and sextic functional equations in Felbin’s type fuzzy normed 
linear spaces. Also authors gave counter examples for the Hyers—Ulam—Rassias 
stability of quintic and sextic functional equations for some cases. 

In this chapter, we present the general solution and generalized Ulam—Hyers 
stability of the following Euler-Lagrange—Jensen general (a,b; k = a+b)- 
sextic functional equation 


Sf (ax + by) +f (bx + ay) + (a — b)® (=?) +f (==)| (8.10) 


= 64(ab)*(a’ + b’) If (- ~*) ry (- >) 
+2(a — b’)\(a* — bf (x) +f) 


where a # b, such that k € R;k = a+b #0,+1 ina Banach space (BS), Felbin’s 
type fuzzy normed space (FFNS), and Intuitionistic fuzzy normed space (IFNS) 
by using the standard direct and fixed point method. 

Now, we present the following theorem by Margolis and Diaz [18] for the 
fixed point theory. 


Theorem 8.1 (Margolis and Diaz [18]) Suppose that for a complete gen- 
eralized metric space (Q, d) anda strictly contractive mapping T : Q > Qwith 
Lipschitz constant L. Then, for each given x € Q, either 

d(T"x, T"*1x) = 00, Vun>O0, 
or there exists a natural number 7, such that the following properties hold: 
(FP1) d(T"x, T"**x) < 00 for all n> ny. 
(FP2) The sequence (T”x) is convergent to a fixed to a fixed point y* of T. 
(FP3) y* is the unique fixed point of T in the set A = {y €Q : d(Tx,y) < oo}. 
(FP4) dg*,y) < dG, 7) for ally € A. 


In Section 8.2, the general solution of (8.10) is provided. 

In Sections 8.3—8.5, the generalized Ulam—Hyers stability of (8.10) is dis- 
cussed in BS, FFNS, and IFNS, respectively, using both direct and fixed point 
methods. 


8.2 General Solution of Euler-Lagrange-Jensen 
General (a, b; k = a + b)-Sextic Functional Equation 


In this section, the general solution of the sextic functional equation (8.10) is 
given. For this, let us consider A and B be real vector spaces. 


Theorem 8.2 Iff : A > Bbea mapping satisfying (8.10) for all x,y € A then 
f is sextic. 
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Proof: Letting (x,y) by (0, 0) in (8.10), one obtains 


2f (0)[1 — (a — b)® — 62(ab)*(a? + Bb”) — 2(a + b*)(a* +. b* — a*b’)] = 0, 
(8.11) 


where 
1—(a—b)° — 62(ab)*(a’ + b*) — 2(a? + b*)(a* + bt — ab?) £0. (8.12) 

From (8.11) and (8.12), we obtain 

f(0) =0. (8.13) 
Replacing (x, y) by (x, x) in (8.10), we get 
Sf (ax + bx) +f (bx + ax) + (a — b)® I (4-2) +f (4=*)| 

= 64(ab)*(a’ + b?)[f («)] + 4(a? — b?)(a* — b*)f (x), 
2f (a + b)x) = [64a*b* + 64a*b* + 4a° — 4a7b* — 4b? a* + 4b° — 2(a — b)* f(x) 

= 2[a® + 6a°b + 15a*h® + 20a3b? + 15a*b* + 6ab? + b°|f (x) 

= 2(a + b)°f (x) (8.14) 
for all x € A. By assuming k € R;k =a +b #0,+1 in (8.14), we obtain 

S (kx) = k°f (x) (8.15) 


for all x €A, KER;K=a+b#0,+1. Hence, f is a sextic function. This 
completes the proof of the theorem. Oo 


8.3 Stability Results in Banach Space 


In this section, we investigate the generalized Ulam—Hyers stability of 
the Euler-Lagrange—Jensen general (a,b;k =a+b)-sextic functional 
equation (8.10) in Banach space using direct and fixed point methods. 

Throughout this section, let us consider G be a normed space and H be a 
Banach space. Define a mapping Df, : G > H by 


dfj(x, y) =f (ax + by) + f(bx + ay) + (a — b)® (==?) of (=) 


a—b a 


— 64(ab)*(a2 + b”) lf (=) oe (=) — (a? — b*\(a* — bY @) +f] 


where a # b, such that k € R;xk =a+b#0,+1. 


8.3.1 Banach Space: Direct Method 


Theorem 8.3. Let gq = +l and¢ : G? > [0, 00) bea function such that 
k 4x, k'4 

fg (8.16) 

l>00 k6la 


for all x,y € G. Let Df : G > H be a function satisfying the inequality 
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LDfo(, WI] < oe, y) (8.17) 
for all x,y € G. Then there exists a unique sextic function S : G > H which 
satisfies (8.10) and 


O(KP4x, kP4x) (k?4 x, kP1x) 


gem (8.18) 


V@) - Sel s Se »» 


where S(x) is defined by 


Sf (kP4x) 
S(x) = 1 
(*) ae kea 


(8.19) 


forall x € G. 


Proof: Case (i): Assume q = 1. Setting (x, y) by (x, x) in (8.17), we get 


2° ((a + b)x) + 2f(x)[(a — b)® — 32(ab)*(a? + b) 
—2(a* = b’\(a* we | < C(x, x) 
| 2A(a + byw) - 2 @La® - 6a + 1540? 


f(ax + bx) + f(bx + ax) + (a — b)® In( (4) +/() 


—64(ab)*(a’ + b’)[f («) + f(0)] — 2(a? — b*)(a* — b*)[2f (x)]|] < Cw, «) 


+20a3b? + 15a2b* + 6ab? + *)| < C(x,x) 


2¢a + x) — faa + by] < C,x) 


1 
I[fckx) — RFI S Fox) (8.20) 
for all x € G. It follows from (8.20) that 


(kx) C(x, x) 
ké ~F@)} s 2k6 


for all x € G. Replacing x by kx and dividing by k® in (8.21), we have 


f (kx) 2 S (kx) (kx, kx) 
2k 


(8.21) 


8.22 
ke ké Se 


for all x € G. From (8.21) and (8.22), we obtain 


if (kx) a ‘g f (kx) _ f (ke) 
k2 = 


ke ké 


Ped (kx) 


ké 


€ (kx, kx) 
sh ma at 


~ fe »| 


(8.23) 
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for all x € G. Generalizing, for a positive integer /, we reach 


(kx) € (kx, k?x) 
ga SOLS 36 i as kop B28) 


for all x € G. To prove the convergence of the sequence 


S (kx) 


replacing x by k”x and dividing by k®” in (8.24), for any J, m > 0, we get 


FROM a). f (2) 1 |{f(k’- k™x) ae 
Koltm) om] om Kol —f(R"x) 
I-1 
DP. DP. 
< ay C(kP - kx, kP - kx) 
kom 2 ko hom kp 
p=0 
C(kPt™x, ket) 
S Ke ee K6(p+m) 
-0 asm—>ow 
; fix) |, : 
for all x € G. Thus, it follows that a sequence ral is a Cauchy in H and 
k 
so it converges. Therefore, we see that a mapping S(x) : G > H defined by 
k 1 
S(x) = lim ss) 
l500 kel 


is well defined for all x € G. In order to show that S satisfies (8.10), replacing 
(x, y) by (k'x, k/y) and nee by k® in (8.17), we have 


I|S@, || = lim 73 Dai 5 |) Dece' k'y)|| < lim wai, ky) 


for allx, y € Gand so the mapping S is sextic. on the limit as / approaches to 
infinity in (8.24), we find that the mapping S is a sextic mapping satisfying the 
inequality (8.18) near the approximate mapping f : G > H of (8.10). Hence, S 
satisfies (8.10), for all x,y € G. 

To prove that S is unique, we assume now that there is S’ as another sextic 
mapping satisfying (8.10) and the inequality (8.18). Then, it follows easily that 

S(kix) = k*S(x),  S'(k'x) = k*S"(x) 

for all x € Gand all/ © N. Thus, 


|S@) - Son= ga [se S'(k'x9]| 


a gat | sc'x) — F49|| + [LF - Sx) \ 


fe < kP+ly) 


6 6(p+l) 
= k 


< 


~~ 
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for all x € G. Therefore, as / > oo, in the above inequality, one establishes 
S(x) — Sx) = 


for all x € G, completing the proof of the claimed uniqueness of S. Hence, the 
theorem holds for g = 1. 

Case (ii): Assume g = —1. 

Now replacing x by z in (8.20), we get 


fa) - Kf (2)] < 50 (2,2) (8.25) 


for all x € G. The rest of the proof is similar to that of case g = 1. Hence, for 
q = —1 also the theorem holds. This completes the proof ofthe theorem. dO 


The following corollary is an immediate consequence of Theorem 8.3 con- 
cerning the stability of Euler-Lagrange—Jensen general (a, b; k = a + b)-sextic 
functional equation (8.10). 


Corollary 8.1 Let Df; : GH bea mapping. If there exist real numbers 9 
and o such that 


3, 
{| lx||? + IIyII7), o #6; 


{lolly + Cel? + [lylP7h}, 2 F 6; 


for all x,y € G, then there exists a unique sextic function S : G > H such that 


pean 

2)k6 — 1’ 

J |x|? 

|k® — ke|’ 

If) = S(x)|| < 8 |x| [27 (8.27) 

2|k6 — k20]’ 

39] |||? 

21ke — k25| 


forallx € G. 


8.3.2. Banach Space: Fixed Point Method 


Throughout this section, let ¥ be a normed space and J be a Banach space. 
Define a mapping Df, : & > ) by 


Df.(x.y) =f (ax + by) +f (bx + ay) + (a — b)® (= Br) (Bo@)) 


b-a 
— 64(ab)2(a? +0) |p (> > VHS 5 *\| Aa — b’)(a* — bY) +fO)I. 
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where a#b, such that ke R;k=a+b#0,+1. Using Theorem 8.1, we 
obtain the Hyers—Ulam stability of Euler-Lagrange—Jensen general (a, b; k = 
a + b)-sextic functional equation (8.10). 


Theorem 8.4 Let Df, : & ~ Y beamapping for which there exists a function 
€ : X&? = [0, oo) with the condition 


lim an, hy) = 0 (8.28) 
where 
k if i=0, 
h,= { : if i=l (8.29) 


such that the functional inequality 
IDf@, MI] < oy) (8.30) 
holds for all x, y € &. Assume that there exists L = L(i) such that the function 
T(x) = 56 (FF) 
at LO) 5 kK’ k 
with the property 


The h,x) = L T(x,x) (8.31) 
for all x € &X. Then, there exists a unique sextic mapping S : XY > J satisfying 
the functional equation (8.10) and 


1- 
ILf@) — S@)II < (EG u =) T(x, x) (8.32) 


foralx Ee x. 


Proof: Consider the set 
={h/h:X > y, h(0) =0} 
and introduce the generalized metric on A, 
inf{p € (0, 00) : ||A(@~) — g(x)|| < p T(x, x), x EX}. (8.33) 


It is easy to see that (8.33) is complete with respect to the defined metric. Define 
J: A> Aby 


1 
Ih(x) = oe 


for all x € X. Now, from (8.33) and h, g € A, we arrive 
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inf{p € (0,00) : ||A(@~) — g(~)|| < p Tx), x EX} or 


int { 6 0.0) : 


inf {¥ € (0, co) : 


1 1 
Pra Phe 


< wlth hx), x€ x or 


1 
= eee) 


i i 


< LpT(x,x), x € x} or 
inf{Lp € (0, 00) : || Jh(x) — Jg(x)|| < LeT(x, x), x € X}. 


This implies J is a strictly contractive mapping on A with Lipschitz constant L. 
It follows from (8.33), (8.20), and (8.31) for the case i = 0, we reach 


inf {1 € (0,00) : ILf(kx) ~KFE)II < SEA) ex} or (8.34) 


Sf (kx) 


inf {10 oo) : le -f¢s)| < sph) vex} or 


inf{Z € (0, co): || Jf@) -—f@)]|| <L T(x), x EX} or 
inf{L! € (0, 00) : || Jf@) —f(@)|| <L Tx, «), « EX} or 
inf{L'~° € (0,00) : || Jf) —f()|| < L T(x, x), x € X}. (8.35) 


Again replacing x = : in (8.34) and (8.31) for the case i = 1, we get 


int {1 € (0,00): | (a) - Kp (Z I< nats 7). rea} or 
inf{1 € (0, 00) : [[f@) -—/f@|| < T@,~), «Ee X} or 

inf {L° € (0, 0) : [I f(x) —Jf(@ || < T(x,«), x EX} or 

inf{L'“! € (0, 00) : |Lf(e) — fl < Tox), x © 2X}. (8.36) 


Thus, from (8.35) and (8.36), we arrive 
inf{L'* € (0,00) : [[f(@) —Jf(@|| < L’ ‘Tw, x), « © X}. (8.37) 


Hence, property (FP1) holds. It follows from property (FP2) that there exists a 
fixed point S of J in A such that 


S(x) = lim a f(n'x) (8.38) 


for allx € &. In order to show that S satisfies (8.10), replacing (x, y) by (hx, h’’y) 
and dividing by f°” in (8.30), we have 


oe! 
IISc I] = lim 


ne” 
i 


n n , 1 n nN 
Picea Fy) S Bens oa iy) = 


263 


264 


Mathematical Analysis and Applications 


for all x, y € Y, and so the mapping S is sextic. That is, S satisfies the functional 
equation (8.10). By property (FP3), S is the unique fixed point of / in the set 


A={SEA: df,S)<o} 
such that 

inf{p € (0, 00) : ||f(«) — S@)|l S$ pT, x), « € X}. 
Finally by property (FP4), we obtain 

If) — SII < IFC) — FOO, 
implying 


[i 
ILf@) - S@ll < —, 
which yields 
; Le : [i 
int { € (0, 00) : [If(x) — S(x)|| < (45) T(x, x), « € x\ 


This completes the proof of the theorem. Oo 


The following corollary is an immediate consequence of Theorem 8.4 
concerning the stability of (8.10). 


Corollary 8.2 Let Df, : & — Y be a mapping. If there exist real numbers 9 
and o such that 


3, 
OE lxll* + Ill" o #6, 
Wf PNS  ouetleiyalle, raz6, 659) 


{loll Iyll? + Cel ?? + [ylP, = 20 #6, 


for all x,y € &X, then there exists a unique sextic function S : Y — Y such 
that 


ae 
2)k6— 1” 
—||xlI°, 
If@-se@sy ger (8.40) 
ake — | |! , 
20 
ake — ea | ll 


forallx EX. 
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Proof: Let 
9, 
S{IlelI7 + III} 
x, = o o 
SOY =1 oeill iy 


S{ Telly? + {lel 17? + Uy? 33 
for all x,y € X. Now 
9 


ne > 0as n> o, 
; sen IME + I) >0as n> ~, 
jen (Aim eae ae 
ip mall [IR yII?, + 0as n> 00, 


= {[lAzoll? (Aryl? + {Azad + [Azyl?7f} | > Oas 2 . 


Thus, (8.28) ae But, we have 
Tia) = 50 (5-5) 
ere 5 k’k 
has the oul, 
+ Th, x, hx) = L T(x, x) 


: 


for all x € XY. Hence, 


a 
_ 
ralalie 
T(x, x) = - (8.41) 
xg 
mall 
for all x € &. Now, similarly by (8.41), we prove 
y by 
h-° 2 
a 
; ne all”, 
=T (hx, hx) = 
nh j20-6§ SF _ 9 | |x il7?, 
: i 2k2o 
p2o- 6 39 [|x Thea 
h; 2k2o 


Hence, the inequality (8.32) holds for 
(i) L=h-* ifi=OandL = = ifi=1, 
(ii) L =A? foro < 6 ifi=OandL = x foro > 6ifi=1, 
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(iii) L = °° for 20 < 6 ifi=OandL = a 
(iv) L = A? for 2c < 6 ifi=OandL = — 


Now, from (8.32), we prove the following cases for condition (i). 


L=n-.c=0 =<,i=1 

L=k*,i=0 Lae, =1 

L=k*,i=0 L=k,i=1 

Ife) — SIP Ife) — Se) 
<(4£) Tax) <(4) 7a») 


_{1\9 _{1\9 
~ \gs-1 J 2 ~ \y-Ke J 2 


Also, from (8.32), we prove the following cases for condition (ii): 


Lene <6150, Lecapo S621 


nes’ 

L=k*,o<6,i=0 = 25, 0>6,i= 
PER 626 Gat. - Bae oSG faa 
If) — S(x)|| IF) — Sx) 

<(4) Te,» < (4) re.) 

_ L _ ae 

= (4) Te») = (4) rex) 

6 1 


= (5) glk = (4) Silat’ 
= (aoe) It = (2g) lial? 


Again, from (8.32), we prove the following cases for condition (iii): 


L=hie*, 26 <6, i=0 Pagee os 
L=k-, 26 <6, i=0 Pee ee it 
L=k**-*, 26 <6, i=0 = k**5, 26 > 6, i=1 
ILf(x) — S@)II feo — S(x)I| 
Li Li 

s(t” (ra) %e® 

= Lei 20 = 1 20 

~~ \ 4 K20-6 )z Qk20 ||| | TN 4 K6-20 )z Qk20 | ||| 

= 1 v 20 = 1 Ad 20 

= (5) flr = (4g) flr 


8 20 = 9 20 
(—*—) ill = (45) Il 
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Again, from (8.32), we prove the following cases for condition (iv): 


Law? 26-<6:..1 = 0 L= a5, 20>6,i=1 
L= 5, 26 <6, i=0 L=, 20>6,i=1 
hake 2 ox 6s 70 Lak? Je >6)7= 1 
IL) — S@)II If) — S@)II 
Li-i Li 
< (4) r@,x) <(4) Tex) 
_ foe 39 oy _ 1 39 20 
= (45) Ste = (Se) Sie 
39 20 ot 39 20 
= (25 Jill = (5245) lel. 
Hence, the proof is complete. Oo 


8.4 Stability Results in Felbin’s Type Spaces 


In this section, we investigate the generalized Ulam—Hyers stability of the 
functional equation (8.10) in Felbin’s type spaces using direct and fixed point 
methods. 

Now, we recall the basic definitions and notations in Felbin’s type spaces in 
Grantner et al. [19], Lowen [20], Hoehle [21], Kaleva and Seikkala [22-24], 
Felbin [25], and Xiao and Zhu [26, 27]. 


Definition 8.1 (Xiao and Zhu [26]) Let X be a real linear space, L and R 
(resp. left and right norms) be symmetric and nondecreasing mappings from 


[0, 1] x [0,1] — [0,1] satisfying L(0,0) = 0, R(1, 1) = 1. Then || - || is called a 
fuzzy norm and (X, || - ||, Z, R) is a fuzzy normed linear space (abbreviated to 
FNLS) if the mapping || - || : X — F*(R) satisfies the following axioms, where 


Chel a = Clalla. llall2] for « € X and a € (0, 1): 


(A1) ||x|| = Oif and only if x = 0, 
(A2) ||rx|| = |r| © ||x|| for all x € X andr € (—oo, o), 
(A3) forallx,y eX: 
(A3L) ifs < ||«ll7,¢ < |ly|l; ands +é< |lx+yIl;, 
then [|x + yll(s + £) > L(lall(s), lly), 
(A3R) ifs > ||xl|7.¢ > llylly ands +¢ > ||x+yI|7, 
then ||~ + y||(s + £) < L(||a|[(), Ily1@). 


Lemma 8.1 [27] Let (X, || - ||, 2,2) be an FNLS, and suppose that 


267 


268 


Mathematical Analysis and Applications 


(R1) R(a, b) < max(a, b), 
(R2) Va € (0, 1], 4B(0, a] such that R(p, y) < a for all y € (0, a), 
(R3) lim,_,o+R(a, a) = 0. 


Then, (R1) > (R2) => (R3), but not conversely. 


Theorem 8.5 (Sadeqi eé al. [28]) Let (X,||-||,£,R) be an FNLS and 
lim, R(a, a) = 0. Then, (X, || - ||, Z, R) is a Hausdorff topological vector space, 


whose neighborhood base of origin is {N(e,a) : e > 0,a € (0,1]}, where 
N(e, a) = {x : ||a||Z <e}. 


Definition 8.2 Let (X,|| - ||,2,R) be an FNLS. A sequence {x,,}*, © X con- 
verges to x € X, if lim ||x,, — x||7, for every a € (0, 1] denoted by lim x, = x. 
n> 0o no 


Definition 8.3 Let (X,|| - ||, 2,R) be an FNLS. A sequence {x,}", CX is 


n=1 = 
called a Cauchy sequence if lim ||x,, —~,,||7 = 0 for every a € (0, 1]. 


Definition 8.4 Let (X, || - ||, Z,R) be an FNLS. A subset A C X is said to be 
complete if every Cauchy sequence in A, converges in A. The fuzzy normed 
space (X, || - ||, Z, R) is said to be a fuzzy Banach space if it is complete. 


Throughout this section, let G be a linear space and (H, |.|,L, R) be a fuzzy 
Banach space satisfying (R2). Define a mapping Df, : G > H by 


Dfo(x, y) = flax + by) + f(bx + ay) + (a — b)° i (=?) oe (F=*)| 


— 64(aby(a? +b?) [f (=) +f (S)] -2@ - Prat ry @ + fon), 
where a # b, such thatk € R;k =a+b#0,+1. 

The proofs of the following theorems and corollaries are similar to that of 
Theorems 8.3 and 8.4 and Corollaries 8.1 and 8.2. Hence, the details of the 
proofs are omitted. 


8.4.1 Felbin’s Type Spaces: Direct Method 


Theorem 8.6 Let q =+land¢ : G’ > F*(R) bea function such that 
6 (k!4x, k4y)* 
Isont(iKSIS (8.42) 


for all x,y € G. Let Df, : G ~ H bea function satisfying the inequality 
ID Ile < CaN, (8.43) 


for all x, y € G. Then, there exists a unique sextic function S : G > H which 
satisfies Euler-Lagrange—Jensen general (a,b;k =a+b)-sextic functional 
equation (8.10) and 
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C(kPIx, kPIx)* 
IIf(x) - S@litsse fo) x = (8.44) 
where S(x) is defined by 
kei, 
S(x) = in ) (8.45) 
forallx EG. 


Corollary 8.3. Let Df, : G > H bea mapping. If there exist real numbers 9 
and o such that 


9, 
39 ® {[lall° @ Ilyll*}, o #6; 
Dia IF < 
IDfs~ lla X 9 llelI @ IIyII°. 2o # 6; 
9 ® {Ilxll? @ Ilyll? + {llell?? @ llylP7}}, 20 #6 
(8.46) 
for all x,y € G, then there exists a unique sextic function S : G > H such that 
(Hs at 
2|k6 — 1)’ 
IIe 
|k® — ke|’ 
FG) — SME <4 gcfe|)22y (8.47) 
2|k6 — k2e|’ 
39(\|al°°)z 
2|k® — ke| 


forallx EG. 


8.4.2 Felbin’s Type Spaces: Fixed Point Method 


Theorem 8.7 Let Df; : G ~ H bea mapping for which there exists a function 
¢€ : G* > F*(R) with the condition 


* 1 n n 
iim fore hi yg =0 (8.48) 
where 
ics k if i=0, 3.49 
a i ifi=1 ey) 


such that the functional inequality 


IDO Mle < CO&Ny (8.50) 
holds for all x,y € G. Assume that there exists L = L(i) such that the function 


x2 T(x, xt = xt (5. =). 
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with the property 
a © T(h,x, hx) =L© Tax) (8.51) 


for all x € G. Then, there exists a unique sextic mapping S : G — H satisfying 
the functional equation (8.10) and 
[i 
If@)- Sell < (4) T(x) (8.52) 


forallx € G. 


Corollary 8.4 Let Df, : G— H bea mapping. If there exist real numbers 9 
and o such that 


3, 
39 ® {llall? @ |Iyll7t. o #6; 
Df.(x,y)||7 < 
WPfc@ lle <4 9 |LxlI @ III”, 20 #6; 
9 ® {llnll? @ lly? + (llell?? @ [lylP7}}, 20 # 6; 
(8.53) 
for all x,y € G, then there exists a unique sextic function S : G > H such that 
a= tk 
2|ke — 1]’ 
ie a I as 
6 _ ko ie 
OOO ae Ag et, (8.54) 
3ke — ke dar 
20\+ 
ae ee ell: 


forallx € G. 


8.5 Intuitionistic Fuzzy Normed Space: Stability 
Results 


In this section, we investigate the generalized Ulam-—Hyers stability 
of Euler—Lagrange—Jensen general (a4,b;k =a+b)-sextic functional 
equation (8.10) in IFNS using direct and fixed point methods. 

Now, we recall the basic definitions and notations in IFNS. 


Definition 8.5 A binary operation «: [0,1] x [0,1] — [0, 1] is said to be con- 
tinuous t-norm if * satisfies the following conditions: 


(1) * is commutative and associative; 

(2) * is continuous; 

(3) a* 1=a for alla € [0,1]; 

(4) a* b<c * dwhenever a < cand b < d for all a, b,c,d € [0,1]. 
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Definition 8.6 A binary operation ¢ : [0,1] x [0,1] > [0, 1] is said to be con- 
tinuous t-conorm if ¢ satisfies the following conditions: 


(1') © is commutative and associative; 

(2') © is continuous; 

(3) a°0 =a foralla e [0,1]; 

(4) aob<cod whenever a < candb <d forall a,b,c,d € [0,1]. 


Using the notions of continuous t-norm and t-conorm, Saadati and Park [29] 
introduced the concept of IFNS as follows: 


Definition 8.7 The five-tuple (X, y, v, *, ©) is said to be an IFNS if X is a vector 
space, * 1 isa continuous t-norm, ¢ is a continuous f-conorm, and y, v are fuzzy 
sets on X x (0, oo) satisfying the following conditions. For every x,y € X and 
s,t>0O 


(IFN1) p(x, t) + v(x, ft) < 1, 

(IEN2) p(x, £) > 0, 

(IFN3) w(x, t) = 1, if and only if x = 0. 

(IFN4) pu(ax, t) = yu (2. . for each a ¢ 0, 

(IFN5) p(x, t) * uy,s) < ua~+y,t+s), 

(IFN6) p(x, -) : (0, 0) > [0,1] is continuous, 

(IFN7) lim u(x, t) = land lim u(x, t) = 0, 

(IEN8) v(x, £) <1, 

(IFN9) v(x, t) = 0, if and only if x = 0. 
(IFN10) v(ax, t) =v (+. ) for each a # 0, 
(IFN11) v(x, t)>ov(y,s) > vix+y,t+s), 
(IFN12) v(x,-) : (0,00) > [0,1] is continuous, 
(IFN13) lim v(x, £) = O and lim v(x, £) = 1. 


In this case, (, v) is called an IFNS. 


Example 8.1 Let (X,||-||) be a normed space. Let ax b=ab and 
aob=min{a+b,1} for all a,b €[0,1]. For all x © X and every ¢t>0, 
consider 


— ji lll 
H(x,t) = 4 ell i pao: and v(x, t) = 2 ella if £> 0; 
0 if t<0; 0 if t <0. 


Then (X, yw, v, *, ©) is an IFN-space. 


The concepts of convergence and Cauchy sequences in an IFNS are studied 
in [29]. 


Definition 8.8 Let (X,u,v,*,o) be an IFN-space. Then, the sequence 
x = {x,} is said to be intuitionistic fuzzy convergent to a point L € X if 
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lim yp(x,-L,f)=land lim va,—-L,t)=0 


for all t > 0. In this case, we write 


IF 
x,—L as k>ow 


Definition 8.9 Let (X, u,v, *, ©) be an IFN-space. Then, x = {x,} is said to be 
intuitionistic fuzzy Cauchy sequence if 


HXksp — X50) = 1 and V(Xr4p — Xt) = 0 


for all t > 0, and p = 1, 2..... 


Definition 8.10 Let (X, yu, v, *, ©) be an IFN-space. Then, (X, y, v, *, ©) is said 
to be completeif every intuitionistic fuzzy Cauchy sequence in (X, p, v, *, ©) is 
intuitionistic fuzzy convergent (X, y, v, *, >). 


Hereafter, throughout this section, assume that X be a linear space, (Z, py’, v’) 
be an intuitionistic fuzzy space and (Y, y, v) be a intuitionistic fuzzy Banach 
space. 

Now, we use the following notation for a given mapping Df, : X > Y such 
that 


b-a 


~ 64(aby*(a? + b?) Ir ( ~*) +f (= )| — 2a? — bat — BY (@) +f], 


where a # b, such that k €E R;:kK =a+b#0,+1 and forall x,y € XxX. 


D(x, y) = f(ax + by) +f (bx + ay) + (a — by° Y(S b) (Boe) 


8.5.1 IFNS: Direct Method 


Theorem 8.8 Let z € {1,—1}. Let € : X x X > Z bea function such that for 


some 0 < (=) <1, 
k 


U'(C(k""x, ky), r) > w'(p""C(«,9),7) 


(8.55) 
v'(C(kK""x, kK"), 1) < v'(p""C (x, 9), 1) 
for all x € X and allr > Oand 
lim yp’ (C(k™"x, k™y), k™r) = 1 
(8.56) 


lim v/(¢(kt"x, ky), k™r) = 0 


for all x,y @X and all r>0. Let Df : X > Y be a function satisfies the 
inequality 


Various Ulam-Hyers Stabilities of Euler-Lagrange—Jensen General 


M(Dfe(%, 9). 7) = u'(C(*,y), 7) 
(8.57) 
v(Dfe(*.9). 1) < v'(C(, 9), 1) 


for allx,y € X andallr > 0. Then there exists a unique sextic mapping S : X > Y 
satisfying (8.10) and 


(f(x) — S(x), 7) = w'(C,(%,«), [k° — pl2r) 
(8.58) 
v¢f (x) — S(x), 7) < v(x, x), [k° — pl2r) 


forallx € X andallr> 0. 


Proof: Let t = 1. Replacing (x, y) by (x, x) in (8.57), we get 


ar: ax — bx bx — ax 
1 (flax bx) + fbx bax) + (a b) Ir ( aay? J+ (2 )| 


— 64(ab)’(a* + b’)f (x) — 2(a* — b’)(a* — b*)[2f (x)], r) > (C(x, x), 7), 


(2f (a + b)x) + 2(a — b)°f (x) — 64(ab)*(a? + b*)f (x) 
— 4(a? — b’)(a* — b*)f (x), 17) = wu! (C(x, x), 1), 


u(2f (a + by) — 2f (x(a + b)®,r) = w'(E(x,*), 1), 


1 (fk) — KF), ©) > w'C,2),7) (8.59) 
for allx € X andallr > Oandk =a +b. Similarly, we prove 
v (sek) — kF(x), =) > (C(x, x), (8.60) 


for all x € X and all r > 0. It follows from (8.59) and (8.60) and using (IFN4), 
we arrive 


p (2 -f@), 2) = WEG. 


(8.61) 
Ff (kx) r 
v (2-7. 5) s VCH.” 
for all x € X and allr > 0. Replacing x by k"x in (8.61), we have 
HM (A — f(k"x), x) > wl ((k"x, k"x), 7) 
(8.62) 


v (— — f(k"x), x) < v'(C(kilx, k"x), r) 
for all x € X and allr > 0. It is easy to verify from (8.62) and (IFN4) that 
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inti k? 
, (fe x) _ fk) ai) > 1 (ce, £) 


k6("4+1) kon * 2k6 « kon 
(8.63) 
S(k"*1x)  f(k"x) 7 ; : 
c ( Kent) Kon” DRE. Kon ai (ce. *), =) 
for all x € X and all r > 0. Replacing r by p”r in (8.63), we get 
S(k™*1x)  f(k"x) — p"r ; 
( kom+1) = kon’ De . Kon > u'(C(x, x), 1) 
(8.64) 
f(k"*tx)  f(k"x) — p"r ; 
¥ ( Kontl ———Gn? OKO. on < V'(C(x, 2), 7) 
for all x € X and allr > 0. It is easy to see that 
(k"x) a f(kit1x) (kix) 
ie -fo= yo (8.65) 


= =r kO(i+1) koi 


for all x € X. From (8.64) and (8.65), we have 
f(k"x) = fkt1x) fx) § pir 
(Se kon —f(% nz KS ae) (E k6i+1) ~ kéi a QkS . K6i 


fk") wm f(kittx)  f(kix) SG pir 
( kon —f (x), ers a)" (5 koli+) a ksi ” 2ko . ki 


(8.66) 
for all x € X and allr > 0. From (8.64) and (8.67), we have 
n i n-1 i+] i i 
(G2 -10.3 pir F (i x) _ fix) _ pr inn) 
k n Qké . k6i “4 k6lit+)) kéi Qks . k6i 
(8.67) 
S (k"x) a opr ie Skitx)  f(kix) — pir 
( Kon ~£@), 2 Dk6 - K6i Ss ul V\ (OGD «GE «DKS. KE 
where 
n-1 n-1 
[gaa eae: *a, and []4=4¢%°--- 9d, 
i=0 i=0 


for all x € X and all r > 0. Hence, 
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S(k"x) r , ’ 
“( kon ~f@), y 2k6 - se = I HG, #), 1) = #C@,2),7) 


i=0 


oy pals 3) ~ f(x), yo < IT v'(€(x, «), 7) = v' (C(x, x), r) 
kon 2k6 « na = i=0 owe a 


(8.68) 
for allw € X and allr > 0. Replacing x by k’"x in (8.68) and using (8.56), UFN4), 
we obtain 


( Sk™"x) — f (k'"x) x pir 


kolntm) kom DKS « KOM) 
i= 

Sagit = 
H (¢(, 4), =) 


n+m m n-1 i 
(4 x)  f (kx) y pr 


Kontm) bm” = DKO . Kim) 


) > wl (C (kx, kx), r) 


(8.69) 


) < v'(C(k™x, kx), 1) 


for all x € X and allr > Oand all m,n > 0. Replacing r by pr in (8.69), we get 


n+m dd = ee 
(4 x) (k's) aes ) ewer 


Kolntm) kom” Ls DK6 « Koi+m) 
(8.70) 
FR Sf(k™x) n-l pir ; 
( joc) — Kim” La DKS Kae | SY CHM”) 
for allx € X andallr > O and all m,n > 0. It follows from (8.70), that 
fktmx) — f (kx) 
( one om? C(x, «), re =e 
(8.71) 


Fk"t"x) _ f(K" x) 
= ko(ut+m) Kom ° ‘. Ms *), yet =e ) 


holds for all x EX and all r>0O and all m,n>0. Since 0<p<6 and 


> (2) < oo. The Cauchy criterion for convergence in IFNS shows that 
i=0 
S(k"x) 
kon 
IFN-space this sequence converges to some point S(x) € Y. So, one can define 


k" 
the mapping S : X > Y by {=} 


is a Cauchy sequence in (Y,,v). Since (Y, u,v) is a complete 


kon 
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lim p (Se ~ S(x), r) = 1, lim v (Se tsa r) =0 


n—>0o kon 
for all x € X and all r > 0. Hence, 
Sf(k"x) IF 


kon 


Letting m = 0 in (8.71), we arrive 


SF (k"x) yl! ‘ 
u( ee —f (x), 7 r)> . (x, x), =e —) 


— S(x), as N > oo. 


(8.72) 
S(k"x) r 
v( Kon —f(x),r}) < C(x, x), rn Pe 
for all x € X and allr > 0. Letting x tend to infinity in (8.72), we have 
H(S(x) — f(x), 7) = w'(S(«, x), 2r|k® — pl) 
(8.73) 


V(S(x) — f(x), 7) S v'(C (x, x), 2r]k® — pl) 


for allx € X andallr > 0. To prove S satisfies (8.10), replacing (x, y) by (k"x, k"y) 
in (8.57), we obtain 


(Ze Pfatk” x, k"y), r) > ul (C(k"x, k"y), kr) 
(8.74) 


v (Phe, k"y), r) < v'(6(k"«, k”y), k*"r) 


for all x € X and allr > 0. Now, 


ase ax — by bx — ay 
1 (Stax + 69) + Six +49) +a b) s ( EE )+s( hoa )| 


+y mes 
— 64(ab)*(a2 +b”) |S [s (= ; ) +8 (= 5 )] (8.75) 
— 2(a* — b*)(a* — b*)[S(x) + SQ), r) 
>u (Stax + by) - o (k"(ax + by)), 4 * 


y (Stbx-+ ay) — Zf(k"(bx + ay)), 2) 
pe ax — by ‘nay Be: n ( &— by if 
nie ot 5 (FF) ae le (FF))] 5) 
Z bx — ay 1 , ( OX — a 
Heo s(t) aot (* (GZ) | 5) 
( oe 


n (suai + [s(™22) - Lr ((2))} 8) 
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Hw (-64(ab 40? + 2 a) - of . Ca) oe 
yw (=2(@? = BCA! = by (St) — ZflKx) 
yp (=2@ - By(a* = b) awe y)), 

( 


H Df(k"x, k”y), r). 


kon 


Z ax — by bx — ay 
S(ax + by) + S(bx + ay) + (a — b) s (SS )+s( bau )| 


et (= ~ )+s(* — )| (8.76) 


— 2(a — b*)(a* — b*)[S(x) + SV], 1) 
>v (Stax + by) - al hax + by)), =) © 
v (sox + ay) - cal kb + ay)), ) © 
ax — by ax — by r 
vi (@- n° |s( =?) - sr (e(S ) 9 


bx — ay 1 bx — ay 
6 n 
v{ (a—b) s ( at (% ( 7 


b-a 


( | 
( i | 
v (—64(ab)°(a@? + b)|s (=) - Sr (e (FS) 
« ( =) 
€ 
@ 


+nrua 


v (—64(ab)?(a2 + b) [s 


1 
v (—2(a* — b*)(a* — b*) ( Se ®) — Tif (kx) 


2(a? — b?\(a* — b*) (SQ) - Zflk"y) 


Vv 


—"_ 


(si 
( 
i (Phatks, k'y), z) 


for all x,y € X and all r > 0. Since 


lim # (2 | Df.(k'x, ky), ae = 


(8.77) 
limv (2 — Df(k"x, k"y), “) =0 7 


for all x € X and allr > 0. Letting n — oo in (8.75) and (8.76) and using (8.77), 
we observe that S fulfills (8.10). Therefore, S is a sextic mapping. 
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In order to prove S(x) is unique, let S’(x) be another sextic functional equation 
satisfying (8.10) and (8.58). Hence, 


S(k" Sik? 
u(S(x) — S'(x), 7) = ( oe ~ — r) 


2H (see's —f(k"x), —) * (r (k"x) — S'(k"x), re) 


2 kon ké _ 
> yw’ (<r k"x), eel a a 


ken ké = 
> (co.0), =F) 


: _ (Sk"x) _ S'(k"x) 
v(S(x) -S (x), r) = ( kon kon ‘ ') 


Sv (ses — f (k"x), ra) ov (r (kx) — S'(k"x), — 


Or k6"|kS — 
<v’ (< (k"x, k"x), aa) 


kon ko ~ 
<v (<c., ==") 


for all x € X and all r > 0. Since 


_ 4 k&|k& — pl 
lim ——————— = © 
n> co p" 


? 


we obtain 
r k®"|k® — 
lim pi (<a ill ew a = 


r k®"| ke — 
lim v! (<0, i *) =0 


1 


for all x € X and all r > 0. Thus, 


H(S(x) — S'(x),r) = 1 
V(S(x) — S'(«),r) = 0 


for all « € X and all r > 0. Hence, S(x) = S’(x). Therefore, S(x) is unique. 
For t = —1, wecan prove the similar stability result. This completes the proof 
of the theorem. Oo 


The following corollary is an immediate consequence of Theorem 8.8, regard- 
ing the stability of Euler-Lagrange—Jensen general (a, b; k = a + b)-sextic func- 
tional equation (8.10). 
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Corollary 8.5 Suppose that a function Df, : X > Y satisfies the inequality 


H(A,?), 
HAC IxIF + IIIs”). 

ne ae bleed I? + LIP) 

MAL [ad lS Ly + el + yd. 29, 

We, (8.78) 
VAC XII + III). 

VC IIxIF IDI, 

VAC Ll l* Lol? + Clell2* + IIpl129).7). 


for all x, y © X and all r > 0, where A,s are constants with 1 > 0. Then there 
exists a unique sextic mapping S : X — Y such that 


H(A, |k® — p|2r), 
- u(2A|la||°, |k° — pl2r), 
H(f (x) — S(x), r) = HOA ||x][?5, |[k° — pl2r), 
H(3Al|x1|?5, |k® — pl2r), 
v(A, |k® — p|2r), 
V(2A ||x||5, [k° — pl2r), 
vf (x) — S(x),r) < VA | [x] [?5, |k® — pl2r), 


v(3A [ll |?*, [k° — p|2r), 


M(Dfe(%, 9), 17) = 


V(Dfe(x, 9), 1) < 


(8.79) 


for all x € X andallr > 0. 


8.5.2 IFNS: Fixed Point Method 


Theorem 8.9 Let Df, : X — Y bea mapping for which there exist a function 
€¢: XxX —> Zwith the condition 


Tim uC (7). 2/9) H°"7) = 1 


(8.80) 
lim VCC", x79), 25"P) = 0 
for all x,y € X and all r > 0, where 
k if i=0 
we {iit i=l (8.81) 
and satisfying the functional inequality 
H(Dfe(x,9).7) = UE, 9), 1) 
(8.82) 


V(Dfe(x, 9), 1) < v'(C(x, 9), 1) 
for all x,y € X and all r > 0. If there exists L = L(i) > 0 such that the function 


a= 3 (23), 
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has the property 


p (L227) = n(o(e).7) 


(8.83) 
y (L822, r) = W(o(x),r) 


for all x € X and all r > 0, then there exists a unique sextic function S : X ~ Y 
satisfying the functional equation (8.10) and 


1-i 
w(f ce) — S(x),r) > pl (oo, +) 
ae (8.84) 
v(f (x) — S@),r) < v’ (oo, sr) 


forallx € X andallr> 0. 


Proof: Consider the set 
A= {h/h: X > Y, h(0) =0} 
And introduce the generalized metric on A, 


inf{K € (0,00) : wh) - g(x), r) => u'(p(x), Kr), x € X} 
inf{K € (0, co) : v(h(x) — g(x), r) < v'(p(x), Kr), x € X} 


It is easy to see that (8.85) is complete with respect to the defined metric. Define 
J: A—><Aby 


(8.85) 


Jh(x) = Mh), 


for all x € X. The rest of the proof is similar to that of Theorem 8.4. Oo 
The following corollary is an immediate consequence of Theorem 8.9, regard- 
ing the stability of Euler-Lagrange—Jensen general (a, b; k = a + b)-sextic func- 


tional equation (8.10). 


Corollary 8.6 Suppose that a function Df, : X > Y satisfies the inequality 


u(A,r), 
PRED Mpa 

Heatle IDA + st?" +IbIPII-P. Lag 
VDfo(* 9) 1) S a Miblhen. ‘ 


AE | Lxl 1? Ly + bel? + UIyl1?9},9, 


for all x, y € X and all r > 0, where A,s are constants with 4 > 0. Then there 
exists a unique sextic mapping S : X — Y such that 
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u (4.1K pir), 
peace H(A lal’, |S = pl2r), 
K)—-OUK),1) 2 5 
. w(4 |lecll?8, 1k° — pl2r), 


3A 
y (2 [bl 1S — plar 


? 


SM" 


(8.87) 
(hpi). 

gos 5.20 AIS eI), 
v(f (x) — S(x),r) < v(2 Ilo] |?5, |k®° — pl2r ), 


v (2 Ibe, 1&5 - pl2r), 


forallx € X andallr> 0. 
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9.1. Introduction 


Functional analysis is an abstract branch of mathematics that originated 
from classical analysis. The impetus came from linear algebra, problems 
related to ordinary and partial differential equations, calculus of variations, 
approximation theory, integral equations, and so on. Functional analysis can 
be defined as the study of certain topological—algebraic structures and of the 
methods by which the knowledge of these structures can be applied to analytic 
problems [1]. 

Fixed-point theory (FPT) is one of the most powerful and fruitful tools of 
modern mathematics and may be considered a core subject of nonlinear anal- 
ysis. It has been a nourishing area of research for many mathematicians. The 
origins of the theory, which date to the later part of the nineteenth century, rest 
in the use of successive approximations to establish the existence and unique- 
ness of the solutions, particularly to differential equations, for example, see 
[1-7] and references therein. 

The classical importance of FPT in functional analysis is due to its usefulness 
in the theory of ordinary and partial differential equations. The existence or 
construction of a solution to a differential equation often reduces to the exis- 
tence or location of a fixed point for an operator defined on a subset of a space of 
functions. FPT had also been used to determine the existence of periodic solu- 
tions for functional differential equations when solutions are already known to 
exist, for example, see [8—11] and references therein. 

Related to the FPT, we have the split common fixed-point problems (SCFPP). 
The SCFPP was introduced and studied by Censor and Segal [12] as a general- 
ization of many existing problems in nonlinear sciences, both pure and applied. 
Moreover, Censor and Segal [12] had shown that the problem of fixed point, 
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convex feasibility, multiple-set split feasibility, split feasibility, and much more 
can be studied more conveniently as SCFPP. The results and conclusions that 
are true for the SCFPP continue to hold for these problems, and it shows the 
significance and range of applicability of the SCFPP. One of the important appli- 
cations of SCFPP can be seen in intensity modulation radiation therapy (IMRT), 
for more details, see Censor et al. [13]. 

This research work falls within the general area of “Nonlinear Functional 
Analysis,” an area with the vast amount of applicability in the recent years, 
as such becoming the object of an increasing amount of study. We focus on 
an important topic within this area “A note on the split common fixed-point 
problem and its variant forms.” In this regard, we discuss the SCFPP and its 
variant forms. We show that already known problems are special cases of the 
SCFPP. We use approximation methods to suggest different iterative algorithms 
for solving SCFPP and its variant forms. In the end, we give the convergence 
results of these algorithms. 


9.2 Basic Concepts and Definitions 


9.2.1 Introduction 


In this section, we give some definitions and basic results. We start from the 
definition of vector space and end with some results from Hilbert spaces. Those 
results that are commonly used in all the chapters are given in this section, 
and those results that are relevant to a particular chapter are provided at the 
beginning of each chapter. In short, this section works as a foundation for the 
structure of this chapter. 


9.2.2 Vector Space 


Vector space play a vital role in many branches of mathematics. In fact, in 
various practical (and theoretical) problems, we have a set V whose elements 
may be vectors in three-dimensional spaces, or sequences of numbers, or func- 
tions; and these elements can be added and multiplied by constants (numbers) 
in a natural way, the result being again an element of V. Such concrete situa- 
tions suggest the concept of a vector space as defined below. The definition will 
involve a general field F, but in functional analysis, F will be R or C. The ele- 
ments of F are called scalars, while in this chapter they will be real or complex 
numbers. 


Definition 9.1 A vector space over a field F is a nonempty set denoted by V 
together with addition (+) and scalar multiplication (-) satisfies the following 
conditions: 


i) x+y=y+4~x,forallxy eV; 
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ii) x + (ytw)=(«+y)+ w, for all x, y,w € V; 

iii) there exists a vector denoted by 6 such that x + 6 = x, forall x € V; 

iv) for all x € V, there exists a unique vector denoted by (—x) such that « + 
(-«) = 6; 

a.(p.x) = (a.f).x, for alla, 6B € Fandx € V; 

a(x+y)=ax«+a.y, forallx,y € Vanda €F; 

(a+ B).x=a.x+ P.x, for alla, 6 € Fandx € V; 

there exists 1 € F such that lx =x, Vx EV. 


Remark 9.1 From now we will drop the dot (-) in the scalar multiplication 
and denote a.f as af. 


Let v,,V>,V3,---.V,€&V and aj), a@,a3,...,a, be scalars. Consider the 
equation: 

QU, + 4,0) + 4303 +--+ a,v, = 0. (9.1) 
Trivially, a, =a, =a, =---=a, =0 solves (9.1). If it is possible to have 
the solution of (9.1) with at least one of the a/s non zero, then the vectors 
V1,Vo,V3,---,V,, are called “Linearly Dependent” otherwise they are called 
“Linearly Independent.” 


If M C V consist of a linearly independent set of vectors; we say that M is a 
linearly independent set. 


Definition 9.2 Span of M (SpanM) is defined as the set of all linear combina- 
tion of M, that is, SpanM = {a@,v, + av. + G3V3 +++ ,V1,V2,V3,--. € V, where 
@, M,... are scalars}. 


Definition 9.3 Let M CV. M is said to be basis for the space V, if 


i) Misa linearly independent set, 
ii) SpanM = V. 


Definition 9.4 Let V be a vector space, the dimension of V (dim V) is the 
number of vectors of the basis of V. V is of finite dimension if its dimension is 
finite. Otherwise, it is said to be of infinite-dimensional space. 


Definition 9.5 Let C bea subset of V. C is said to be convex, if for all x,y € 
C,y € [0,1], -—y)x+ yy € C. In general, for all x1, *.,%3,...,”, © C and for 
y; 2 0 such that Det 7; = 1, the combination ya 7x; © C is called the convex 
combination. 


Definition 9.6 A mapping T : V, > V, is said to be linear, if Vu, v € V, and 
a, B scalars, 


T(au + fv) = aT(u) + PT(v). 
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Limits (of convergent sequences), differentiation, and integration are 
examples of a linear map. 


Remark 9.2 If, in Definition 9.6, the linear space V, is replaced by a scalar 
field F, then the linear map T is called linear functional on Vj. 


9.2.3 Hilbert Space and its Properties 


Definition 9.7 Let Y be a linear space. An inner product on Y is a function 
(.,.) | ¥ x Y > F such that the following conditions are satisfies: 


i) yy) DOW EY; 

) (yy) =Oify =0, Vy € Y; 
iii) (y,z)=(z,¥), Vy,z © Y, where the “bar” indicates the complex conjugation; 
iv) (ax + By, z) = a(x, z) + B(y,2), for allx,y,z € Yanda,p EC. 


i 


IV, 


Remark 9.3 The pair (Y, (., .)) is called an inner product space. We shall sim- 
ply write Y for the inner product space (Y, (.,.)) when the inner product (., .) 
is known. Furthermore, if Y is a real vector space, then condition (iii) above 
reduces to (x, Zz) = (z, x) (Symmetry). 


Definition 9.8 Let Y be a linear space over F (R or C). A norm on Y is 


a real-valued function ||.||: Y ~ R such that the following conditions are 
satisfies: 
i) ||x|| > 0, Vx € Y; 
ii) |lx|| =Oifx =0, WEY; 
iii) ||ax|| = |a|||x||, Ve € Y anda ER; 
iv) |le +z] < |lx|l + llzl], Vx, z € Y. 


Remark 9.4 A linear space Y with a norm defined on it, that is, (Y, ||.||) is 
called a normed linear space. If Y isa normed linear space, the norm ||.|| always 
induces a metric d on Y given by d(z, x) =||z — x|| for each x, z € Y, with this, 
(Y,d) become a metric space. For a quick review of metric space, the reader 
may consult Dunford et al. [14]. 


Lemma 9.1 Let Y bean inner product space. For arbitrary x,z € Y, 
[rele ee eee). (9.2) 
If x and z are linearly dependent, then (9.2) reduces to 


| (x, z)|? = (x, (2, z). 
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This lemma is known as Cauchy—Schwartz Inequality. For more details about 
the proof, refer Chidume [15]. 


Lemma 9.2 A mapping ||.||: Y — R defined by 
lx|| = V(x, x), Ve EY 


is anorm on Y. 


Remark 9.5 As the consequence of Lemma 9.2, (9.2) reduces to the following 
inequality: 


\(x,z)| <llellllzll, Va,z € Y. 


Definition 9.9 Asequence {y,,} inanormed linear space Y is said to converge 
to y € Y, if Ve > 0, there exists N, € N, such that ||y,, — y|| < e, V2 > N,. The 
vector y € Y is called the limit of the sequence {y,,} and is written as lim y,, = y 
or y,, > Y, aS — oo. ine 


Definition 9.10 A sequence {y,,} in a normed linear space Y is said to con- 
verge weakly to y € Y, if lim A(y,,) = h(y), for all y € Y* where Y* denote the 
dual space of Y. 


Next, we give some results regards to the weak convergence of a sequence. 
For more details about the proof, see [15]. 


Lemma 9.3 Let {y,} GC E (Banach space). Then the following results are 
satisfies: 


i) ¥, > &hvy,) > h&) for each h € E*; 
1) fg Sy 
iii) y, > y @ {y,} is bounded and 
llyll < lim inf lly olls 


iv) y, > y (in E), h, > h (in E*) &h,(y,,) > AG) (in R). 


Remark 9.6 Lemma 9.3 (ii) shows that strong convergence implies weak con- 
vergence. However, the converse may not necessarily be true, that is, in an 
infinite-dimensional space, weak convergence does not always imply strong 
convergence, while they are the same if the dimension is finite. For the example 
of weak convergence, which is not strong convergence, see [15]. 


Definition 9.11 Let C be a subset of H. A sequence {y,,} in H is said to be 
Fejer monotone, if 


ner Als ly 21 VaSd,..2e ©, 
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Definition 9.12 A sequence {y,,} in a normed linear space Y is said to be 
Cauchy, if Ve > 0, IN, € N such that |ly,, — y,,,|| < €, Va,m => N,.- 


Definition 9.13. A normed linear space Y is said to be complete if and only if 
every Cauchy sequence in Y converges. 


Remark 9.7 With respect to the norm defined in Lemma 9.2, we can define 
the Cauchy sequence in an inner product space Y. A sequence {y,,} in Y is said 
to be Cauchy if and only if (y,, = Y45 Yq — In)” = Wn — Ill 2 Oasn,m > oo. 


Definition 9.14 An inner product space Y is said to be complete if and only 
if every Cauchy sequence converges. 


Definition 9.15 A complete inner product space is called a “Hilbert Space” 
and that of normed linear space is known as a “Banach Space.” 


9.2.4 Bounded Linear Map and its Properties 


Definition 9.16 Let T : H — H bea linear map. T is said to be bounded, if 
there exists a constant M > 0 such that 


ITI < Mllyll, Vy € A. 


Next, we give some results of a linear map that are continuous. For more 
details about the proof, see [15]. 


Lemma 9.4 Let X and Y be normed linear spaces and T : X > Y bea linear 
operator. Then the following results are equivalent: 


i) T is continuous; 
ii) T is continuous at the origin, that is, if {x,,} is a sequence in X such that 


limx,=0, then lim Tx, =OinY; 
n>o noo 

iii) T is Lipschitz, that is, in the sense that there exists M > 0 such that 
|Zx|| <M |x|], We ex; 


iv) T(A) is bounded (in the sense that there exists M > 0 such that || Tx|| < M@ 
for allx € A, where A := {x €X :]|x|| < 1}). 


Remark 9.8 In the light of Lemma 9.4, we have that a linear map T : X — Y 
is continuous if and only if it is bounded. 
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Definition 9.17 Let A : H — H bea bounded linear map. Define a mapping 
A*: H->Hby 


(Ay, z) = (y,A*z), Vy, EH. 
The mapping A* is called the adjoint of A. 


The following results are fundamental for the adjoint operator on Hilbert 
space. For the proof, see [15]. 


Lemma9.5_ Let A: H > H be a bounded linear map with its adjoint A*. 
Then the following hold: 


i) (A*)* =A; 
ii) [|All = ||A*I); 
iii) ||A*All = IAI)’. 


9.2.5 Some Nonlinear Operators 


Let T : H > H bea map A point x € H is called a fixed point of T provided 
Tx = x. We denote the set of fixed point of T by Fix(T), that is 


Fix(T) = {xE€H : Tx=x}. 


The Fix(T) is closed and convex, for more details, see [16]. 
T is said to be y—strongly monotone, if there exists a constant 7 > 0 such 
that 


(Tx — Ty,x-—y) = nile yl, Va, y © H, 
and it is said to be contraction, if 

\| Ix — Tz|| <k |lx-zll, Vx, ze H, (9.3) 
where k € (0, 1). 
Remark9.9 If JT :H-H is a contraction mapping with coefficient 
k € (0,1), then UJ — T) is (1 — k)—strongly monotone, that is 

(i-T)w-U-T)z, w—z)>U—-Alw—zll?, Vw, z EH. 


Proof: 
(I -T)w-U-T)z, w-z) =(w-z, w-—z)+(Iz-—Tw, w-Z) 


=(w—z, w—z)—(Tw-— Tz, w—2Z). 
(9.4) 
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On the other hand, 
(Tw — Tz, w—Z) < ||Tw — Tz||||w — z|l 


<k ||w—z||* since T is a contraction mapping. 


(9.5) 
By (9.4) and (9.5), we deduce that 
(i -T)w-U-T)z, w-z) > —-A|lw—zll?. 
This complete the proof. Oo 


Equation (9.3) reduces to the following equation as k = 1. 
|| Tx — Tz|| < |lw-—z||, Vx, zEH. 
This is known as nonexpansive mapping. As a generalization of nonexpansive 


mapping, we have asymptotically nonexpansive [17], this mapping is defined 
as: 


||" —T"z|| <k,|le-zll Wa2>1 and x, zeH, 

where k,, C [1, co) such that jim k, =1. 
The map T is said to be total z asymptotically nonexpansive [18], if 

|T"x — T”z||? < |lx—zI)? + o,n(\le—ZI) +4, Va > lands, ze H., 
where {v,,} and {,,} are sequences in [0, co) such that lim v, = 0, lim pv, = 0, 
and 7 : R* > R* is a strictly increasing continuous function with n(0) = 
This class of mapping generalizes the class of nonexpansive and asymptotically 
nonexpansive mappings (for more details, see [19, 20]). Moreover, it is said to be 
(k, {u,,}, (6, }, @)- total asymptotically strict pseudocontraction, if there exists a 
constant k € [0, 1), y,, C [0, 00), €, C [0, co) with w,, ~ Oandé, > Oasn > ~, 
and continuous strictly increasing function @ : [0, 00) — [0, co) with #(0) = 
such that 


IIT" — T"y|l? < lx — yl? + KI — Tx — C= TI? 
+4,P(\le-yID+6,, Va, y © H. 
T is said to be strictly pseudocontractive [21], if 
| Tx — Tz||? < |lx-—zl|? +410 — Dx -—U- Tez’, Vx, z EH, 
where k € [0, 1). Moreover, it is said to pseudocontractive if 
|| Tx — Tz||? < lx — z|/? + |Z - Tx -U-T)z|?, Vx, z EH. 


It is obvious that all nonexpansive mappings and strictly pseudocontractive 
mappings are pseudocontractive mappings but the converse does not hold. 
T is said to be quasi-nonexpansive [22], if Fix(T) # @ and 


\|Tx-—z || < |le-zll, Vee H and ze Fix(T). 


A Note on the Split Common Fixed Point Problem and its Variant Forms 


This is equivalent to 

2x — Tx,z— Tx) < ||Tx—<x|!’, Vx @H and z € Fix(T). (9.6) 
Remark 9.10 Every nonexpansive mapping with Fix(T) #9 is a quasi- 
nonexpansive; however, the converse may not necessarily be true. Thus, the 


class of quasi-nonexpansive mapping generalizes the class of nonexpansive 
mapping. 


The following is an example of a quasi-nonexpansive mapping, which is not 
nonexpansive mapping, for more details, see [23]. 


Example 9.1 Let H = R, defined T : Q := [0,00) > R by 


Ty= for ally € Q. 


1+y’ 
T is said to be k—demicontractive, if 
Ty — Z|? < lly—zIP? +kilTy—-zl’, Vy eH and ze Fix(T), (9.7) 


where k € [0, 1). Trivially, the class of demicontractive mapping generalizes the 
class of quasi-nonexpansive mapping for k > 0. 

The following is an example of a demicontractive mapping, which is not 
quasi-nonexpansive mapping, for more details, see [24] and references therein. 


Example 9.2 Definea map T : 1, > 1, by 


T(x, %y,%3,...) = = 2 (4,89. ...), for all (41, %5,%3,...) EL. 


Remark 9.11 If k = —1, then (9.7) reduces to 
IZy — 21? < lly —zI’- IIZy-yI?, Vy EH and ze Fix(T). 


This is known as firmly quasi-nonexpansive mapping. Every strictly pseudo- 
contractive mapping with Fix(T) 4 @ is a demicontractive mapping; however, 
the converse may not necessarily be true. Thus, the class of demicontractive 
mapping is more general than the class of strictly pseudocontractive mapping. 


The following is an example of demicontractive mapping, which is not strictly 
pseudocontractive mapping, for more details, see [21]. 


Example 9.3. Let C = [—1, 1] be a subset of a real Hilbert space H. Define T 
on C by 


2: . i. « 
T(x) = 2xsin (+), ifx 40, 
0, ifx=0. 
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Clearly, 0 is the only fixed point of T. For x € C, we have 
| Tx — O|? = | Tx|? 


ye (<) 
= |=xsin ( — 
3 x 


2 
(2 

3 
< |x|? 


2 


<|x-O/? +k|Tx—<x|?, foranyk <1. 


Thus, T is demicontractive mapping. Next, we see that T is not strictly pseudo- 


contractive mapping. Let x = = = and z = == —, then |Tx — Tz|? = = . However, 
le —zP? + |U— Tx -—U— Tz? = “160 
8122 


T is said to be asymptotically quasi-nonexpansive, if Fix(T) # @ such that for 
eachn > 1, 


|T"x —z||? <t,|lx—z||?, Vz © Fix(T) and « EH, 

where {t£,,} € [1, 00) with lim ¢, = 1. It is clear from this definition that every 
asymptotically nonexpansive mapping with Fix(T) #9 is asymptotically 
quasi-nonexpansive mapping. 

In addition, T is said to be ({r,,}, {k,,}, 4)-total quasi-asymptotically nonex- 
pansive mapping, if 

IT"y —z1l? < lly — 211? + rn(lly — zID 
+k,, Wa>1, z€ Fix(T) andy eH, 

where {r,,}, {k,,} are sequences in [0,0o) such that jim r, = 9, jim k, =0 


and 4 : R* > R* is a strictly continuous function with sn(O)S 0. gee class 
of mapping, generalizes the class of; quasi-nonexpansive, asymptotically 
quasi-nonexpansive and total asymptotically nonexpansive mapping. 

T is said to be K-Lipschitzian, if 


\IZy- Tz <Klly—zll. Wy, 2EH. 
It is said to be uniformly K-Lipschitzian, if 
|T"y - T"z|| <Klly—zll, Vy.z © H. 


Definition 9.18 A mapping T : H — H is said to be class—t operator, if 


(z— Ty,y — Ty) <0, Vz € Fix(T) andy € H. 


It is important to note that, class—z operator is also called directed operator 
[12, 25], separating operator [26], or cutter operator [27]. 
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Definition 9.19 A self mapping T on H, is said to be semicompact if for any 
bounded sequence {x,,} C H with (J — T)x,, converges strongly to 0, there exists 
a subsequence say {x,, } of {x,,} such that {x,, } converges strongly to x. 


Definition 9.20 A self mapping T on C is said to be demiclosed, if for 
any sequence {y,} in C such that y, — y and if the sequence Ty, — z, then 
Ty =z. 


Remark 9.12 In Definition 9.20, if z = 0, the zero vector in C, then T is called 
demiclosed at zero, for more details, see [28]. 


Lemma 9.6__ If a self mapping T on C is a nonexpansive mapping, then T is 
demiclosed at zero [16]. 


Lemma 9.7 _ If aself mapping T on C is a k—strictly pseudocontractive, then 
(T — 1) is demiclosed at zero [29]. 


Lemma9.8 Let C be a subset of H,, and P, be a metric projection from H, 
onto C. ThenVy €C and x € Hy, 


Ile — Pe@)II? < lly — #11?= Ily — Pe@)II?. 


For the proof of this lemma, see [30]. 


Lemma 9.9_ For each x, y € Hj, the following results hold. 


i) [le + yll? = Ileal? + 20,9) + My Il?, 
ii) llax + (1 — @)y|l? = allx||? + 1 — a)llyll? — a - @)||x— yl’, Vor € [0,1]. 


For the proof of this lemma, see [29]. 
Lemma9.10 Let {a,} be a sequence of nonnegative real number such 
that 
Gna, SA-Y7,)4, +6, 120, 
where y,, is a sequence in (0, 1) and o,, is a sequence of real number such that; 
i) lim y, =0 and NY.= © 


ii) lim “ < 0or ¥ |o,| < co. Then lim a, = 0. 
noo Yn n—->0o 


For the proof, see [31]. 
Lemma9.11_ Let {x,}, {y,,}. {z,} be sequences of nonnegative real numbers 
satisfying 
Kya. SA + 2,)%, +I py 
If }}z,, < co and )’y,, < oo, then lim x,, exist. 
n-w 
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For the proof of this lemma, see [32]. 
Lemma 9.12 Let {x,} be a Fejer monotone with respect to C, then the 
following are satisfied: 


i) x, > x* © Cifand only ifa@,, CC; 
ii) {Pcx,} converges strongly to some vector in C; 
iii) ifx, > «* © C, then x* = lim Pox,,. 
nw 


For the proof, see [33]. 


9.2.6 Problem Formulation 


The SCFPP is formulated as follows: 


N M 
Find x* € C :={ )Fix(T;) such that Ax*€ Q:=[)Fix(G). (9.8) 
i=l j=l 


In this chapter, we consider T; : H, > H,, fori = 1,2,3,...,N and G; > Hy > 
H,, for j = 1, 2,3,...,M, to be total quasi-asymptotically nonexpansive and or 
demicontractive mappings. 

We denote the solution set of SCFPP (9.8) by 


T = {x* € C such that Ax* € Q}. (9.9) 


In sequel, we assume that I 9. 


9.2.7. Preliminary Results 


A Banach space E satisfies Opial’s condition [34], if for any sequence {x,,} in E 
such that x,, ~ x, as 1 — oo implies that 


lim inf ||x,, — x||< lim inf |lx, -—yll, Wye E, vy Fx. 


The above equation it is said to have Kadec—Klee property [34], if for any 
sequence {x,,} in E such that x, — x and ||x,,|| > ||x||, as 2 > oo implies that 


x, 2x andasn —> o. 


Remark 9.13 Each Hilbert space satisfies the Opial and Kadec—Klee’s 
properties. 


The following lemma was taken from Wang et al. [35], and we include the 
proof here for the sake of completeness. 
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Lemma9.13_ LetG : H, — H, bea({u,}, {u,,}, €)-total quasi-asymptotically 
nonexpansive mapping with Fix(G) # 0. Then, for each y € Fix(G), « € H, and 
n > 1, the following inequalities are equivalent: 


|G"x — yll? < Ile — yl? + v8 — yD) + M3 (9.10) 
2x — G"x, x — y) 2 [|G"x — x||? — v, 8 (Ile — yl) — Has (9.11) 
2x — G"x, y — G"x) < [IG"x — xl]? + v,E(le — yl) + ae (9.12) 


Proof: (i) > (ii) 

|G" — yl)? = 1G" = +x yIP 

= ||G"x — «||? + 2(G"x — x,x —y) + lla —yIl?, 
this imply that 
2(G"x — x, 0 —y) = []G"x— ylP? = 1G" — al? = I — gl? 
< |lx — yll? + v,(\la — yl) + Hy — Gx — «||? — lle — yl. 

Thus, we deduce that 

2x — Gx, x — y) > ||G"x — x? — v, E(x — yll) — H,- 

(ii) > (iii) 
(x — G"x, x — y) = (x — G"x,x — G"x + G"x — y) 
= (x — G"x,x — G"x) + (x — G"x, Ge —y). 
This tends to imply that 
(x — G"x, Gx — y) =—||x — G"x||? + (x — G"x,x—-y) 
> = lle — Gall? + 5G" — all? — Fo, 60k — yl) — Stn 

Thus, we deduce that 

2(x — G"x, y— G"x) < |lx — G"al|? + 0, E(x — yl) + He 

(iii) > @ 
2x — G"x,y — G"x) < ||G"x — x||? + v,E(\lx — yl) + Hy 
= ||G"x« — y||? + 2(G"x« — y, y— x) + |lx — yI|? 
+0,6([l¢ — yD + My 

thus, we deduce that 

Gx — yl? < Ix — yl]? + 0,8 (le — YD + Ha 


And thus completes the proof. 
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Lemma 9.14 [36] Let P. : H — C bea metric projection such that 
(x, — x", x, — Pox,) <0. 
Then for each v > 1, 


|Pcx, — x,|| < |Pcx, — x" ||, Vx" E C. 


Proof: Let x* € C, then 
lx, — Pox, [I? = Ilex, — x" +%*° — Pox, Il? 
= |Ix,, — 2°? + Ix" — Pox, |? + 2x, — x" x" — Pox) 
= || Pe Peay” + 2, Sa a = eee, = Pox, 
= Ile, — "IP? + lx” — Pox yll? — lle, — 2°71? 
+2(x 
= |Ix* — Pox ll? — x, — x"? + 2(x, — 2°, — Pom) 
< ||x* — Pox, |I?. 


ae KX, r P¢X,) 


n 


Thus, we conclude that 


\|x,, — Pex,ll < ||" — Pex,ll. Oo 


9.2.8 Strong Convergence for the Split Common Fixed-Point 
Problems for Total Quasi-Asymptotically Nonexpansive Mappings 


Theorem 9.1 Let G: H, > H,, T : H, > H, be ({0,,}5 {Hy ds os Ce, } 
{H,,}, ))-total quasi-asymptotically nonexpansive mappings and uniformly 
L,,L,-Lipschitzian continuous mappings such that (G—J) and (T'—J) are 
demiclosed at zero. Let A : H, ~ H, be a bounded linear operator with 
its adjoint A*. In addition, let M and M”* be positive constants such that 
E(k) < E(M) + M*k’, Vk > 0. Assume that [ 4G, and let P, be the metric 
projection of H, onto I satisfying 


(x, — **,x, — Prx,) <0. 
Define a sequence {x,,} by 
X% € Ay, 
Uu, =x, + yA*(T” —DAx,, (9.13) 
Kno, =4,U, +(1—a,)G"u,, Wn > 0, 
where y, L, {v,}, {u,}, {6,}, and {a,,} satisfy the following conditions: 
i) 0<k<a,<1,7vE(, =) with L* = ||AA*|| and L = max {L,,L,}; 
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ii) Vy = max {0,3 Vy, }) My = max {My> Mn, } and = max {€1, oy}. 


Then, x, > x* ET. 


Proof: To show that x, — x*, as —> oo, it suffices to show that 
x, —>x* and |lx,|| > ||x*|], as 1 > 00. 
We divided the proof into five steps as follows: 
Step 1. In this step, we show that for each x* ET, the following limit exists. 
Jim |x, — [| = lim |e, — "IL (9.14) 
Now, let x* € T. By (9.13) and Lemma 9.13, we have 
Ile n41 — ¥°(I? = llor,u, + (1 — 0, )G", — x*|I? 
= |la,,(u,, — G"u,)I|? + 2a, (u,, — G",, Gy — x") + |G", — x0? 
=a? ||u,, — G"u, || + 2a,,(u,, — x* +x* — G"u,, G"u,, — x*) 
+||G"u,, — x" |? 
u, — G"u,||? + 2a,,(u, — x", G"u,, — x*) 
+(1 — 2a,)||G"u,, — x*||° 
= a? ||u,, — G"u,||° + 2a, (u,, —x*,G"u, —u,, + U, —x*) 
+(1 —2a,)||G"u,, — x*|I’ 
= a ||u,, — G"u,||° + 2a, (u, — x", G"u,, — u,,) 
+2a,(u,, —x*,u,, — x") + (1 — 2a,)||G"u,, — x*||° 
<—a,(1 — a,)||u, — G"u,||? + 2a, |, — x" |? + 20,8, — ¥° I) 
+O My + (1 — 20, (ey — 0°)? + 0,6 (Mt, — 2°) + Hy) 
<-a,(1—a,)|lu, — Gull? + lla, —x* II? 
+(1 = 4,0, (14, — 71D) + H,) 
=-a,(1-a,)||u, — Gu, ||? ++ A - a,)v,M")||u, — x* ||? 
+(1 = a,,)(0,6(M) + H,)- (9.15) 
On the other hand, 
I[21,, — 2° |? = lla, — 0" + yA*(T” — DA, II? 
= ||x,, — "| + 7 /A*(T" — DAx, II? 
+2y (x, — x", A*(T” — DAx,,) (9.16) 


and 
y’ ||A*(T" — DAx, ||? = 7?(A*(T” — DAx,, A*(T” — DAx,,) 
= y(AA*(T" — DAx,,, (T" — DAx,) 
<°L*|\(T" — DAx, ||’. (9.17) 
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By Lemma 9.13, it follows that 
Q(x, — x", A*(T" — DAx,,) = 2y(Ax,, — T"Ax, + T"Ax, — Ax*, T”Ax,, — Ax,,) 
= 2y(T"Ax,, — Ax*, T"Ax,, — AXx,,) 
= 2y||(T" — DAx, IP 
<yv,M*L* IIx, — x"? + (0,EM) + H,) 
—y||(Z” — DAx, II’. (9.18) 
Substituting (9.17) and (9.18) into (9.16), we obtain that 
lu, — I SL + 70,M°L IIx, — "1? 
—y(1 — yL)|\(T" — DAx, |? + 7@,EMD + 1,)- (9.19) 
By (9.19) and (9.15), we deduce that 
Ile — 2 IP $+ —a,)0,M*\(1 + 0, ML") |Ia, — "|? 
—y(1 = yL*)|(T" — DAx, ||? + (0,8) + #,)) 
—4,,(1 — o,)]|a%, — G"uy||° + CL a,)(0,E(M) + Hy) 
=(1+(1-a,)v,M*)(1 + yo, ML) lle, — 7 
—y(1 — yL*)(1 + (1 ~ a, )0,M*) I(T" — DAx, ||? 
—a,(1 — @,)\lx, — G"u, ||" +1 +  - @,)v,M)y(v,E(M) + H,) 
+(1 — a,)(v,5(M) + H,) 
<(1+(1-a,,)v,M*)( + yo, M*L)\|x, — x" (I? 
—y(1— yL*)|\(T" — DAx, ||? — a, - &,)|le, — Gy |? 
+(1+ (1 -a,)v,M")y(v,6(M) + H,) 
+(1—a,)(v,¢M) + y,,). (9.20) 
Thus, we deduce that 
yay — IP SA + yv,M'L* + (1 -a,)v,M*(1 + yu, M*L"))||x,, — "| 
+(1+ (1 = a,,)v,M")y(v,E(M) + H,) + 1 = @,)(v,E(M) + H,)- 


n+1 


This implies that 


41 —%" ||? < ( TF B, Mle, _ x* |? + Ny (9.21) 


where f,, = yu, M*L* + (1-«a,)v,M*(1+ yv,M*L*) and 
Ny = 1+ (1 - @,)0,M"Yy (0, 6M) + f,) + 1 = (0,5 MD) + H,,)- 


Clearly, ¥ B,, < co and })7,, < co. Moreover, f,, > 0 and n, > 0. Hence, by 
Lemma 9.11, we conclude that lim ||x,, — x*|| exist. 
N->o 


We now prove that for each x* ET, lim ||u,, — x*|| exist. 
Noo 
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By (9.20), we deduce that 


yl = yL*)|\(1" — DAx IP? S lhe, — 8°? = We pe — 2° 1? + Bulle, — 2°11? + ty 
(9.22) 


and 


a,(1—a,,)[lu, — Gel? S Moe, — 271? = Wea — 071? + Bille, — 1? + 


(9.23) 
Thus, as 7 > oo, we deduce from (9.22) and (9.23) that 
lim ||u,, -— Gu, || =0 and lim||Ax, — T”Ax,,|| = 0. (9.24) 


Given (9.19), (9.24), and the fact that lim ||x,, — x*|| exists, we obtain that 
jim (la, — x*|| exist. 
Moreover, by (9.15) and (9.19), we deduce that 
IIxn41 — 2°11? <1 + -a,)0,M*)||u, — "|? + (1 - o,)(0,6M) + Hy), 
(9.25) 


and 
lu, — "1? < (1+ yu, MAL") ||x, — x7 |? + 7(v,6(M) + 1,). (9.26) 


The fact that lim ||x,, — x*|| and lim ||u,, — x*|| exists, it follows from (9.25) and 
(9.26) that 


lim ||v,, —«*|| = lim ||x,, — «*|[. 
n-ow noo 


Step 2. In this step, we show that 


lim ||x,4; -%,|| =0 and lim|luz,,, —4,|| = 0. (9.27) 
By (9.13), we have that 
I n41 — %nll = lle,#, + 1 — @,)G"U,, — xyll 
= ||(1 — a,)(G"u,, — u,) +4, — x, || 
= || -—a,)(G"u,, — u,) + A*(T” — DAx, |]. (9.28) 
In view of (9.24), we deduce from (9.28) that 
lim ||x,,,, — *,|| = 0. (9.29) 
On the other hand, 


[lone — Mall = + vA" — DA) + E+ VAT” — DARI 
= | n41 — %, + A(T" — DAK — YA*(T" — DAX, II. 


299 


300 | Mathematical Analysis and Applications 


Thus, by (9.24) and (9.29), we obtain that 


lim ||¥,,41 — 4,|| = 0. 
now 


Step 3. In this step, we show that 
lim ||u, —Gu,||=0 and lim||Ax, — Tx,]|| = 0. (9.30) 


The fact that lim ||z,, — G"u,,|| =0, lim ||z,,,; — u,|| =0, and G is uniformly 
L-Lipschitzian mapping, we have that 
lu, — Gu, || < |lu, — Gu, || + [|Gu,, — Gu, 
<||u, — G"u,|| + Lllu, — Gu, || 
< ||u, — G"u,|| + LI|G" "uw, — G"u,_1|I 
+L lu, -—G"u,,Il 
<||u, — G"uy|| +L? [lt, — ty-ll 
+L ||u, — Uyp1 + Uy — G" "4,11 
$ |lu,-G"u,||+ LC + Dll, — 4,41 + Ll, — Gy al. 


Thus, as 7 — oo, we have that 


lim ||u,, — Gu,,|| = 0. 
Similarly, from the fact that, lim ||Ax, — T”Ax,,|| = 0, lim ||x,,, —%,|| = 0, 
and T is uniformly L-Lipschitzian mapping, we deduce that 


lim ||Ax,, — TAx,,|| = 0. 


Step 4. In this step, we show that 


* 


x, —>x* and u, > x*asn > oo. (9.31) 
Since {u,,} is bounded, then there exists a subsequence u,, C u,, such that 
bye x*, asi > oo. (9.32) 
By (9.30) and (9.32), we have that 
lim||u,, — Gut,,|| = 0. (9.33) 
From (9.32), (9.33), and the fact that (G — J) is demiclosed at zero, we have that 
x* © Fix(G). By (9.13), (9.32), and the fact lim ||Ax, — T"Ax,,|| = 0, we deduce 
that 


Ky = Uy, — yA*(T% —DAx,, =x", 
By the definition of A, we get 
Ax, — Ax* asi — oo. (9.34) 
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In view of (9.30), we get 
lim||Ax,, — TAx,, || = 0. (9.35) 


From (9.34), (9.35), and the fact that (T — J) is demiclosed at zero, we have that 
Ax* &€ Fix(T). Thus, «* € Fix(G) and Ax* € Fix(T), and this implies that x* € I. 
Now, we show that x* is unique. Suppose to the contrary that there exists 
another subsequence u,; C u,, such that u,; = y* € T° with x* # y*. By opial’s 
property of Hilbert space, we have that 
lim inf ||“, —x*|| <lim inf ||u,, —y*| 
Jraw 7 Jrow y 
=lim inf ||u,, -y*|| 
=lim influ, — 9" 
Jrow U 
<lim inf||u, —x*| 
Jrow q 
=lim inf|lu, — "|| 
=lim inf ||u 


jroo / 


Thus, we have 


lim inf ||u,, —x*|| < lim inf|lu, — x 
jroo J jroo 


This is a contradiction, therefore, u,, — x*. By using (9.13) and (9.24), we have 


x, =U, —yA(T” —DAx, > x*,asn > oo. 


Step 5. In this step, we show that 
Ilx,l] > ll" |], as 2 > 00. (9.36) 


To show this, it suffices to show that ||x,,,,|| = ||x*|| as 7 > oo. 
By (9.21), Lemmas 9.14 and 9.12, and the fact that £, > 0 and y,, > 0, we 
have 


[Ie eeall — He" Ul]? S Uy — IP? 
< (1+ Ble, — x" 1? +1, 
= |x, — 271? + Bille, — 271? +1, 
= |x, — Pre, + Prx, — "|? + Balle, — 2°? +1, 
<Al|Prx, — 2° |? + Bylo, — 2° 1? +0, 
Thus, as 7 > oo, we have that 
Tim |llepaall—lleIl[? <4 lim [LPp,, — x" [P+ lim B,llx,, — 9° |?-+ lim (1, 
Moreover, this implies that 
Jim [Ilsa ll = Hx"ll] = 0. 


By (9.31) and (9.36), we conclude that x, > x*, as 1 > oo. Oo 
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9.2.9 Strong Convergence for the Split Common Fixed-Point 
Problems for Demicontractive Mappings 


In this section, we considered an algorithm for solving the SCFPP for demi- 
contractive mappings without any prior information on the norm on the 
bounded linear operator and established the strong convergence results of 
the proposed algorithm. In the end, we provide some special cases of our 
suggested methods. 


Theorem 9.2 Let U : H, > H, and T : H, > H, be k,,k,—demicontractive 
mappings such that (U — J) and (T — J) are demiclosed at zero, A : H, > H, 
be a bounded linear operator with its adjoint A*. Assume that T # @ and let P, 
be a metric projection from H, onto I satisfying 


(x, oe "i Xy = Prx,) <0. 
Define {x,,} by 
%o © H,is arbitrary chosen, 


U, =X, + p,A(T —DAx,, (9.37) 
Xn = C= Oy Uy, + a,,Uu,,, Vn = 0, 


where 0 <c <a, <1-—k, withk := max {k,,k,}, and 
(1 —A)I|U - T)Ax, ||? 


Po =} 2\|A*U—- T)Ax, ||?” 
0, otherwise. 


TAx,, # Ax, (9.38) 


Then, x, > x* €T. 


Proof: To show that x, — x”, it suffices to show x,, > x* and ||x,,|| > ||x*||- 
We divided the proof into four steps as follows. 


Step 1. In this step, we show that {x,,} is a Fejer monotone. This is divided 
into two cases. 
Case 1. If p,, = 0 and Case 2. If p,, #0. 
Now, let x«* € TL. 
Case 1. If p,, = 0. The fact that L/ is demicontractive, we have 
44 — x" ||? = I|x, —x* + a, (Ux,, > x, )II? 
= ||, — x*||? + 2a, (x, — «*, Ux, — x) + a ||Ux,, — x ,1I? 
< |x, —2* |? +a,(k - D||Ux, — «x, |? + o2||Ux, -— x, | 
< |x, —«* |? -—a@, -—k-a,)||Ux, - x, |l?- (9.39) 
The fact that 0<a,<1-k, it follows from (9.39) that {x,} is Fejer 
monotone. 
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Case 2. If p, # 0. Since U and T are demicontractive mappings, we have 


a1 — 0° 1P = lla, -— 4,4, + @,Uu, —x* ||? 
= ||4,, — x" ||? + 2a,(u, — x", Un, — u,) + a ||Uu,, — uy? 
<||u, —x*|? -— a, — KW, — uy |[? + og ||, — tall? 
< ||u,, —x* ||? -— a, —k-a,)||Uu,, — ull. (9.40) 
On the other hand, 


lw, — 27 |? = llx, + p,A*(T — DAx, — x*|I? 

= |\x,, — x" ||? + 2p,(TAx, — Ax,, Ax, —Ax*) 
+p, ||A*U - T)Ax, |I? 
IIx, — «*|? — p, — AIT — DAx,|I? +p IA*C- TAX, II? 
(1 — k)?||U — T)Ax, ||? 
= ||x, — "ll? - ded — TAX, IP I(T — DAx, ||? 
(1 —k)*||U — T)Ax,|I* 
AIA = T)AX, | 
(1—ky |\(7-DAx,|I* 


lA 


|A*U — T)Ax,|I 


= |x, -—x*||? - —_______, 9.41 
BT Ea Ag, IP oy 
Substituting (9.41) into (9.40), we deduce that 
(1 —k)?|\(T — DAx, I? 
_ yk |]2 < — yk 2 n 
nas IP $ hey — 2°? — 
-—a,(1—k-—a,)||Uu, — 4, |’. (9.42) 
Thus, {x,,} is Fejer monotone. Therefore, lim ||x,, — x*|| exist. 
Step 2. In this step, we show that 
lim || — T)Ax, || =0 and lim||(J—- Wx, || = 0. (9.43) 


Case 1. If p,, = 0. By (9.38), we see that lim || — T)Ax,,|| = 0. In addition, by 
(9.39) and the fact lim ||x,, — x*|| exist, it follows that lim ||Z — Wx, || = 0. 
Case 2. If p, # 0. The fact lim ||x,, — x*|| exist, by (9.42), we deduce that 


i ———______ im - - - = 
praltes A\|A*(T — DAx,|l2 ee Xx, —% Xn41 — % 
(9.44) 
: of Ue =U [a — ll 
and lim || — W)u,|| < lim | ————————————_ ] = 0. (9.45) 
noo n> oo c(1 —k—- a,,) 


By (9.44), we have that 


_ f CE —DAx,I2 \ 
tin (aear= aes) = oe 
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On the other hand, 
I — DAx, | = Ay] en Al 
me: Xn it 
|AI|I|TAx,, — Ax,|| 
|| TAx,, — Ax, ||? 
<All ea 
|A*(T — DAx, || 


Thus, by (9.46), we deduce that 
lim ||(T — Ax, || = 0. 


Since 
pyllA*(T — DAx, | = ll, - *yl 
_ = ICT = DAs? 
2\|A*(T —DAx,|| 
Thus, by (9.46), we have 
lim p,||A"(I — DAx,|| = 0. (9.47) 


By (9.37), we have that 
IU — Dx, || = (Ul — Du, — U —Dp,A(T — DA, 
< ||(U -Du,|| + (U -— Dp, A(T - DAx,|l- (9.48) 
Given (9.45), (9.47), and the fact that U is bounded. It follows from (9.48) that 
lim | - Wx, || = 0. 


Hence, in both case, (9.43) hold. 
Step 3. In this step, we show that 
X, > x", asn > ow. (9.49) 
To show this, it suffices to show that w,, C T (see Lemma 9.12 (i)). 


Now, let g € o,,, this implies that, there exists {x, } of {x,,} such thatx, — q. 
Since lim||Ux,, — x,, || = 0, together with the demiclosed of (U — J) at zero, we 
jrw J J 


conclude that, g € Fix(U). 

On the other hand, since A is bounded, we have that Ax,, — Aq. By (9.43) 
and together with the demiclosed of (T — J) at zero, we have that Aq € Fix(T). 
Thus, g € I, this implies that w,, C I’. Hence, by Lemma 9.12, we conclude that 
x, > x*,asn > o. 

Step 4. In this step, we show that 


|x, ll > |lx*||, as > 00. (9.50) 


To show (9.50), it suffices to show that ||x,,.;|| > ||«*ll. 
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By Lemma 9.9 and the fact that {,,} is a Fejer monotone, we have 
2 
[Wo raall — Woe] S Woy — "12? 
< |lx, — x" II? 


= Ix, — Pre, +Prx, — x" |? 


<4l|Ppx,, — x" |’. (9.51) 
Thus, we deduce that ||x,,,,|] — |lx*||. By (9.49) and (9.50), we conclude that 
x, > x*asn > ow. Oo 


Corollary 9.1 Let G:H,—>H, and T: H,>Hy, be (k,,,k,,)- quasi- 
asymptotically nonexpansive mappings such that (G—J) and (T-—J) are 
demiclosed at zero, and A : H, > H, be a bounded linear operator with its 
adjoint A*. In addition, let L* = ||AA*||, Mand M* be positive constants such 
that E(k) < EM) + M*k?, Vk > 0. Assume that, [ 4 @, and let P; be a metric 
projection of H, onto F satisfying 


(x, — x",x, —Prx,) <0. 


Define {x,,} by 


x) © A, 
Uu, = Ky + yA*(T" 7 IAx,,, (9.52) 
Xye) = OU, +(1—a,)G"u,, Wn > 0, 


where a,, C (0,1), y € (0, =) L = max {L,,L,} and k, = max {k, ,k,,}. Then 
x, 7x ET. 


Proof: G and T are ({v,}, {u,,}.6)— total quasi-asymptotically nonexpansive 
mappings with {v,} = {k, — 1}, u, = Oand €(k) = k?, Vk > 0. Moreover, Gand 
T are uniformly k,, ,k,,,— Lipschitzian mappings. Therefore, all the conditions 
in Theorem 9.13 are satisfied. Hence, the conclusion of this corollary follows 
directly from Theorem 9.13. Oo 


Corollary 9.2 LetG : H, > H,andT : H, > H, betwo quasi-nonexpansive 
mappings such that (G — J) and (T — J) are demiclosed at zero. Moreover, let 
A be a bounded linear operator with its adjoint A*. Assume that, [ # 9, and let 
P, bea metric projection of H onto [ satisfying 


(x, — x", x, — Pre) <0. 
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Define {x,,} by 


x) € A,; 
U, =x, + YA*(T —DAx,; (9.53) 
Kya = buy, + ql ~ a,,)GU,,, Vn = 0, 


where {a,,} C (0,1) andy € (0, =) with L* = ||AA*||. Then, x, ~ x* €T. 


Proof: Gand T are (1)— quasi-asymptotically nonexpansive mappings. More- 
over, G and T are uniformly 1— Lipschitzian mappings. Therefore, all the con- 
ditions of Corollary 9.1 are satisfied. Hence, the conclusions of this corollary 
follow directly from Corollary 9.1. oO 


Corollary 9.3 Let H,,H,, A, A*, Pp and {x,,} be as in Theorem 9.2. In addi- 
tion, let UU : H, ~ H,andT : H, > H, be quasi-nonexpansive mappings such 
that (U — J) and (T — I) are demiclosed at zero. Assume that [ # 9. Then, x,, > 
vai =o Oe 


Proof: Since T is quasi-nonexpansive, clearly T is O-demicontractive. Hence, all 
the hypothesis of Theorem 9.2 are satisfied. Therefore, the proof of this corol- 
lary follows trivially from Theorem 9.2. oO 


Corollary 9.4 Let H,,H,, A, A*, P,, and {x,,} be as in Theorem 9.2. In addi- 
tion, let U : H, > H, and T : H, > H, be firmly quasi-nonexpansive map- 
pings such that (U/ — J) and (T — I) are demiclosed at zero. Moreover, assume 
that [ # 9. Then, x, > x* eT. 


Corollary 9.5 Let H,, H,,A,A*, Ppand {x,} be asin Theorem 9.2. In addition, 
let U : H, ~ H,andT : H, > H, be directed operators such that (U/ — J) and 
(T — I) are demiclosed at zero and assume that T # @. Then, x, > «* ET. 


Proof: Since T is directed operator, clearly T is (—1)—demicontractive. Hence, 
all the hypothesis of Theorem 9.2 are satisfied. Therefore, the proof of this corol- 
lary follows trivially from Theorem 9.2. o 


9.2.10 Application to Variational Inequality Problems 


Let T : C > H, be a nonlinear mapping. The variational inequality problem 
with respect to C consists as finding a vector x* € C such that 


(Tx*,x-x*)>0, VxeEC. (9.54) 


We denote the solution set of Variational Inequality Problem (9.54) by VI(T, C). 
It is easy to see that 


find x* € VI(T, C) if and only if x* © Fix(P-U — BT)), (9.55) 
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where Pc is the metric projection from H, onto C and f is a positive 
constant. 

Let Q := Fix(P-U — BT)) (the fixed point set of P./ — BT)) and A = IJ (the 
identity operator on H,), then (9.54) can be written as; 


find x«* € C such that Ax* € Q. (9.56) 


9.2.11 On Synchronal Algorithms for Fixed and Variational 
Inequality Problems in Hilbert Spaces 


The aim of this section is to expand the general approximation method pro- 
posed by Tian and Di [37] to the class of (k, {u,,}, {&,,}, @)- total asymptotically 
strict pseudocontraction and uniformly M-Lipschitzian mappings to solve the 
fixed-point problem (FPP) as well as variational inequality problem in the frame 
work of Hilbert space. The results presented in this chapter extend, improve, 
and generalize several known results in the literature. 


9.2.12 Preliminaries 


In the sequel, we shall make use of the following lemmas in proving the main 
results of this section. 


Lemma9.15 [38] Let H be a Hilbert space, there hold the following 
identities; 
i) [lx — yl? = Ill? — ly? — 2-9, 9), Vary © A; 
ii) ||tx + (1 — d)yl[? = ellxl]? + — Olly? — td —d|lx—yII?, Ve © [0,1] and 
x,y GH; 
iii) if {x,,} is a sequence in H such that x, — z, then 


lim supllx,, — yll? = lim supllx,,  zll? + [lz —yIl2, Vy © H. 
nw now 


Lemma9.16 [39] Let C be a nonempty, closed, convex subset of a real 
Hilbert space H and let T : C > C beak, {u,}, {&,}, @)- total asymptot- 
ically strict pseudocontraction mapping and uniformly L-Lipschitzian. Then, 
I — T is demiclosed at zero in the sense that if {,,} is a sequence in C such that 
x, > x*, and lim sup||(T” — Dx,|| = 0, then (T — Dx* = 0. 


Lemma 9.17 [37] Assume that {a,,} is a sequence of nonnegative real number 
such that 


On SA -7,)a4,+6, n>=O, 


where y,, is a sequence in (0, 1) and o,, is a sequence of real number such that; 
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i) limy, =0 and Dy, =00; 
no 
ii) lim “ <0or ¥ |o,| < co. Then lim a, = 0. 
now 


NOW Vn 


Lemma 9.18 [37] Let F:H-—-H be a y- strongly monotone and 
2 
L-Lipschitzian operator with L>0 and 4 >0. Assume that 0<yp< i 


r= p(n 4#),and0 <¢< 1. Then, 


|Z — utF)x — I — wtF)yl| < A — to)|lx — Il. 


Lemma 9.19 [40] Let § : C >H be a uniformly L-Lipschitzian mapping 
with L € (0, 1]. Define T : C > H by Tx = Bx + (1 — B,)S"x with B,, € (0, 1) 
and Vx € C. Then T?: is nonexpansive and Fix(T*») = Fix(S"). 


Proof: Let x,y € C, from Lemma (2.1(ii)), we have 
[| Ta — T*y||? =I] B,C — 9) + 1 — B,)(S"* — S"y)II? 
= B,llx — yl? + (1 — B,)IS"« — Syl? 
— B,(1 — B,)I@ — 9) — (S"x — S”y)IP? 
<B,llx — yl? +1 — B,)IIS"* — S”y||? 
<(L? + B,(1-L’))llx — yl’, 


since L € (0, 1] and £,, € (0, 1), it follow that, T’» is nonexpansive, and it is not 
difficult to see that Fix(T®:) = Fix(S"). oO 


Lemma 9.20 [41] Let H be a real Hilbert space, f : H > H be a contrac- 
tion with coefficient 0 < a < land F : H — H beaL-Lipschitzian continuous 
operator and y-strongly monotone operator with L > 0 and y > 0. Then for 
0<y<*", 


(x — y, (MF — yf )x — (uF — yf )y) = (un — ya)||x — yl’. 


Theorem 9.3. Let T: H>H be a (k, {u,}, {€,},@)- total asymptotically 
strict pseudocontraction mapping and uniformly M-Lipschitzian with 
p(t) = t?, Vt > 0, and M € (0,1]. Assume that Fix(T”) #@, and let f be a 
contraction with coefficient # € (0,1), G : H > H be a n-strongly monotone 
and L-Lipschitzian operator with L > 0 and y > 0, respectively. Assume that 
L 

O<y<u (n — -) /P= F and let x) € H be chosen arbitrarily, {a,,} and 
{B,,} be two sequences in (0,1) satisfying the following conditions: 
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(i) lim a,, = 0 and DG = 00; 
(ii) Denar — Gal < 00, Y)1Brsr — Bul < 00 and "18,1 < 00; 
(iii) OS kK <B,<a<1, Wn>0. 
(9.57) 
Let {x,,} be a sequence defined by 
T* = p+ — B,)T"; 
i = a, Vf (x,) + I - a,uG)T*x,, 728) 


then {x,,} converges strongly to a common fixed of T”, which solve the varia- 
tional inequality problem 


(yf — uG)x*,«—x*) <0, Vx © Fix(T”). (9.59) 


Proof: The proof is divided into five steps as follows. 
Step 1. In this step, we show that 
T* is nonexpansive and Fix(T*) = Fix(T"). (9.60) 
The proof follows directly from Lemma (9.19). 
Step 2. In this step, we show that 
{x,},{T"«,}, Uf@,)} and {GT”x,,} are all bounded. (9.61) 
Let x* © Fix(T"), from (9.58) and Lemma (9.18), and the fact that f is a con- 
traction, we have 
Ile n41 — ¥°U = Mo, yf@,) + 0 - a, nG)T Px, — x*|| 
= lla, @,) — UGX") + (I - a, nG)T*x, — (I — a, Gx" | 
< (dd _ a,T)I||x, o— x*|| + aylly f@,) —f(x*)) + Vf (x") i. uGx")|| 
<(1—a,(t - yp))Ilx, — x" + a, liye") — wGx")I| 


(t- rf) 


By using induction, we have 


lyf (*) — wGx*)|| \ . (9.62) 


(t -yP) 


IXp41 — ¥° || < max {I — x", 


Hence {x,,} is bounded, and also 
IT"x, — x1? < [ley — 2°12 + Kil, — x° — (Lx, — IP + HP UU y — 0D +E, 
= IIx, — 2°? + All, — 2°? + KIT", = 2°? 
+ 2k |e, — x" "x, — 2°] + yll, — "1? + &, 
S(L+K + p,)Ilx,, — x°|? + 2k]|lx,, — IIIT", — 2° I 
+k||T"x, — x"? + é,. (9.63) 
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From (9.63), we deduce that 
(1 —k)||T"x, — x" ||? — 2k||x, — x" || 
| Poe _ x" || a el +k-+ HA MIx,, aa Call = Gy <0. 


This implies that 
k\|x,, — x" || 
T" _ * < pave a 
T's, —2°| <A 
V4k? |x, — x*|2 +40 —K{A +k + ple, — 2711? + 3 

* W—h 

_ kilx, - 2° + V0+ 0 — Ha ple, — 1 + — BE, 

7 (1—k) 

Z kllx, —x*||]+ +0 —-4Ay, Ile, — <*|? + - 46, 

* (1-k) 

||T"x,, —x*|| < M*, (9.64) 


where M” is chosen arbitrarily such that 
kllx, -«*||+Q+Q-k x,-x* |? +-k 
a (=: |+ A +( at na I + ( 2) <M. 
—k 


It follows from (9.64) that {T”x,,} is bounded. Since G is L-Lipschitzian, f is 
contraction, and the fact that {x,,} and {T”x,,} are bounded, it is easy to see 
that {GT”x,,} and {f(x,,)} are also bounded. 


Step 3. In this step, we show that 
lim ||x,,4; — %,|| = 0. (9.65) 
Now, 
I n42 Zs Xnarll = (CANT AAC ED) + UI a Opp HG)T Px, 44) 
— (a,yf (%,) +2 - a, UG)Tx, ) 
= Oni YS %ya1) —f(%,)) ap (Qyi1 ~ a, Vf (%,,) 
+ (1 = @, 4, HG)Tox,., — 0 - a4, HG)T x, 
+ (hy — Ga) HGT x, 
this turn to implies that 
|X n4.2 —Xnarll < On Y Plena = x,,II + el = On417)| Thr ge ay = Tx. || 
oF [@nat 4 a,\(y \LF(~,,)| + HIGT*x,, I) 
< OY Plena a xn ll + qd On41T)I ee ae = Tx, | 
+ |a,4, —4,1N,, (9.66) 


where N, is chosen arbitrarily so that sup(y ||f(«,,)|| + ul|GT”x, ||) < Ny. 
n>1 
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On the other hand, 
NPP in = TP Aall UE POR | + Te, Te 
S Uenar — % nll + Byaa — Bylllgll + Byard T°? 
+16, 1IT"%, II 
S [p41 — Xl + (Bier — BalNo + 1BrailN3 + 1B,1Na. 
(9.67) 


n+1 


where N, 3, Satisfy the following relations: 


N, > sup|lx, ||, N3; > sup|[7"**x,, || and N, > sup||7"x,|l. 
n2>1 n>1 n>1 


respectively. 
Now substituting (9.67) into (9.66) yields 


p42 —% pail S G41 V Aller — Mall + = DM p41 — Kall 
+1 Bisa — BalNo + |BsilN3 + BalNa) + Lona. — 1M 
= (1+ 4578 — TM pe — ll + lO — MING 
+1 = Oy: TV B pu — Bal No + [Bp pilN3 + 1B, 1Na) 
SL = Gyo — YB) Mp1 — Xl + A — 417) 
Bria — Bal + Basil + Bnd + leper — DNs 


where N, choosing appropriately such that N; > max {N,, N,,N3, Nj}. 
By Lemma (2.3) and (ii), it follows that 


lim ||x,,; — %,|| = 0. 
From (9.58), we have, 


— Thx || = lla, vf @,) + 1 - @,uG)T*x, — Tex, || 
< a, |lyf@,) aa uGT*x, || arg 0. 


X41 


On the other hand, 
We nsa — PP ll = long — By + A — BT 
= |l% p41 —%,) +1 — Be, — T’x,,)Il 
> (1 - Ble, — TX ll — Wena — Xnll, 
this implies that 


Wp. — Tx ll + llee 
(1 i B,,) 


ce nea — Tore all + [I% 41 —%nll 
7 (1-4) 


n+1 — xyll 
IIx, — T"x, || < 


> 0. 
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From the boundedness of {x,,}, we deduce that {x,,} converges weakly. Now 
assume that x, — p, by Lemma (2.2) and the fact that ||x, — T”x,|| > 0, we 
obtain p € Fix(T”). So, we have 
,(%,) C Fix(T"). (9.68) 
By Lemma (2.6), it follows that (yf — 4G) is strongly monotone, so the varia- 
tional inequality (9.59) has a unique solution «* € Fix(T”). 
Step 4. In this step, we show that 


lim sup((yf — uG)x*,x,,— x") <0. (9.69) 


The fact that {x,,} is bounded, we have {x,, } C {x,} such that 
lim sup((yf — “G)x",x, — x") = lim sup((yf — wG)x"*, x, — x") <0. 


Suppose without loss of generality that x, — x, from (9.68), it follows that 
x € Fix(T"). Since x* is the unique solution of (9.58), implies that 
lim sup((yf — uG)x*,x, —x*) =lim sup((yf - UGX", Xp, — x"), 


= ((vf — uG)x*,x — x") <0. 


Step 5. In this step, we show that 
lim |x, — x*|| =0. (9.70) 
By Lemma (2.4) and the fact that f is a contraction, we have 
Ilene — 0° 1? = Ma, Of @,,) — HG") +L — , HG)T Pox, — (I — a, ¢G)a*|? 
<||C- a, uG)TPx,, — (I - a, uG)x* ||? 
+20, (yf (%,,) — HGx*, x.) — x") 
< (1 = a,7)" [lay — 3° ||? + 2a Fn) FO"), X41 — X") 
+2a,,(rf(%") — HG", %y41 — X") 
<(1—a@,7) |la, — x* ||? + 20,87 lle, — 27 [lena — 2° 
+2a,,(rf(%") — HG", %y41 — X") 
<(1-a,7)"[Ix, — 471)? + a, BY (Ua, — 71? + Mena — 27117) 


+2a,(yf(x") = UGX", X44 — x"), 


this implies that 
12 (1 - QT)” ets a By lx, = er 2a, (Vf (*) es UGK, Hay — x") 
ea SS SS Se 
(1 - a,7) (1 — 4,78) 
(a,t)° 
<(1—(2t — yf)a,)||x, — x* ||? + ———_ la, -— "| 
(1 -a,7B) 


2a, (yf (x*) — UGx*, x4, — x") 
el a a,YB) 


r) 
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and this implies that 


ln — 4°71? <A —y,)Ie, — #71? +6, 


where 


Y, :=Qt—yf)a, and 
a 
OC, = (a0 |x, — 8" ||? + Wy f(x") — uGx*, x4; — x*)). 
G—a,7h) (if 41 —") 
From (3.1 (i)), it follows that 
lim y, =0, 


>; Yn = 0, 
Gye: 1 
%, (Qrt—yp)d- a,7B) 
Thee Nie Ste 


n->o 


Hence by Lemma (2.3), it follows that x, > x* asn > oo. Oo 


(41,07 [la II? + 207") — HG, 41%"). 


Corollary 9.6 Let Bbeaunit ball isa real Hilbert space /,, and let the mapping 
T : B > Bbe defined by 


TE (By Wastes.) OR ah, ahh, 2x), Cj, Hy Way 30) EB, 


where {a,} is a sequence in (0, 1) such that [[@ — 7 Let, f, Gy, {a,,}, {B,,} 


i=2 
be as in Theorem (3.1). Then the sequence {x,,} define by Algorithm (9.58), 
converges strongly to a common fixed point of T” which solve the variational 
inequality Problem (3.3). 


Proof: By Example (1.1), it follows that T is (k, {u}, {&,}, @)-total asymptot- 
ically strict pseudocontraction mapping and uniformly M-Lipschitzian with 


M=2 [[@.- Hence, the conclusion of this corollary, follows directly from 
i=2 
Theorem (3.1). Oo 


Corollary 9.7 Let H be a real Hilbert space and T:H—-H be a 
(k, {k,,})- asymptotically strict pseudocontraction mapping and uniformly 
M-Lipschitzian with M € (0,1]. Assume that Fix(T”) #9, and let f,G,y 
{a,,} and {f,,} be as in Theorem (3.1). Then, the sequence {x,,} generated by 
Algorithm (9.58), converges strongly to a common fixed point of T” which 
solve the variational inequality Problem (9.59). 


Corollary 9.8 [41] Let the sequence {x,,} be generated by the mapping 
Kno = yf (*,) + U — na, F)Tx,, 
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where T is nonexpansive, a,, is a sequence in (0,1) satisfying the following 
conditions: 


(i) lima, =0, ya, = 00; 


noo 


(ii) YD least — On < 00, YD WBrsa — Bul < 00; (9.71) 


(iii) O<maxk; <f,<a<1, Vn>0. 


It was proved in [41] that {x, } converged strongly to the common fixed-point 
x* of T, which is the solution of variational inequality problem 


(yf — uF )x*,«—x*) <0, Vx © Fix(T). (9.72) 


Proof: Taken =1,k =p, = €, =0Oand F = G in Theorem (3.1). Therefore, all 
the conditions in Theorem (3.1) are satisfied. Hence the conclusion of this corol- 
lary follows directly from Theorem (3.1). oO 


Corollary 9.9 [42] Let the sequence {x,,} be generated by 


Xn = A, f(%,) + - a, ATX, 


where T is nonexpansive and the sequence a, C (0,1) satisfies the conditions 
in (9.57). Then it was proved in [42] that {x, } converged strongly to x* which 
solve the variational inequality 


(yf —A)x*,x-—x") <0, Vx © Fix(T). (9.73) 


Proof: Taken =1, yw, = &, =Oand wy = 1 and G =A in Theorem (3.1). There- 
fore, all the conditions in Theorem (3.1) are satisfied. Hence the conclusion of 
this corollary follows directly from Theorem (3.1). Oo 


Corollary 9.10 [43] Let the sequence {x,,} be generated by 
X41 = Tx, re HA, F(Tx,,)s 


where T is nonexpansive mapping on H, F is L-Lipschitzian and y-strongly 
monotone with L > 0,7 > 0,and0 < p< a, ifthe sequence J,, C (0, 1) satisfies 
the following conditions: 


(i) lim A, =0, ) 4, = 00; 


An 
(ii) either >» [Any -4,|=0 or lim“ =1. 


noo 


(9.74) 


Then, it was proved by Butnariu et al. [43] that {x,,} converged strongly to the 
unique solution of the variational inequality 


(Fx*,x-—x*)>0, Wx © Fix(T). (9.75) 
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Proof: Take n=1, k= yp, = &, =0 and also take y =0, 6, =0, and G=F. 
Therefore, all the conditions in Theorem (3.1) are satisfied. Hence the result 
follows directly from Theorem (3.1). Oo 


9.3. ANote on the Split Equality Fixed-Point Problems 
in Hilbert Spaces 


In this section, we propose the split feasibility and fixed-point equality prob- 
lems (SFFPEP) and split common fixed-point equality problems (SCFPEP). Fur- 
thermore, we formulate and analyze the algorithms for solving these problems 
for the class of quasi-nonexpansive mappings in Hilbert spaces. In the end, we 
study the convergence results of the proposed algorithms. 


9.3.1 Problem Formulation 
The SFFPEP formulated as follows: 
Find x«* € Cn Fix(U) and y* € QN Fix(T) such that Ax* = By*. (9.76) 


While the split common fixed point equality problems (in short, SCFPEP) 
obtained as follows: 
N M 
Find x* € () Fix(u;) and y* € () Fix(T;) such that Ax* = By”, 
i=1 j=l 


(9.77) 


where U,_, : H, ~ H,,i=1,2,3,...,N,and Ta > Ay > Ay,j = 1,2,3,...,M, 
are quasi-nonexpansive mappings with Fix(U,) # @ and Fix(T;) # J, respec- 
tively, A : H, ~ H, and B : H, > H, are bounded linear operators. 

Note that if C := Fix(U), Q := Fix(T), H, =H, and B =I. Then Problem 
(9.76) reduces to the following problems: 


Findx* EC and y* € Qsuch that Ax* = By’, (9.78) 
and 
x” € Cn Fix(U) such that Ax* € QN Fix(T). (9.79) 


Equations (9.78) and (9.79) are called the split equality fixed-point problems 
(SEFPP) and split feasibility and fixed-point problems (SFFPP), respectively. In 
the light of this, itis worth to mention here that the SFFPEP generalizes the split 
feasibility problem (SFP), SFFPP, and SEFPP. Therefore, the results and conclu- 
sions that are true for the SFFPEP continue to hold for these problems (SFP, 
SFFPP, and SEFPP), and it shows the significance and the range of applicability 
of the SFFPEP. 

Furthermore, Problem (9.77) reduces to Problem (9.8) as H, =H, and 
B=1I. This shows that the SCFPEP generalizes the SCFPP. Therefore, the 
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results and conclusions that are true for the SCFPEP continue to hold for the 
SCFPP. 
We denote the solution of sets SFFPEP (9.76) and SCFPEP (9.77) by 


® = {x* € Cn Fix(U) and y* € Qn Fix(T) such that Ax* = By*}, 
(9.80) 


and 
N M 
Y= { E () Fix(U,) and y* € () Fix(T;) such that Ax* = ay } ; 
i=1 j=l 
(9.81) 


respectively. In sequel, we assume that ® and ' are nonempty. 


9.3.2 Preliminaries 


In this section, we present some lemmas used in proving our main result. 


Lemma 9.21 Let C C H and {x,,} be a sequence in H such that the following 
conditions are satisfied: 


i) For each x € C, lim ||x,, — x|| exists, 
ii) Any weak-cluster point of the sequence {x,,} belongs to C. 


Then, there exists y € C such that {x,,} converges weakly to y. 
For the proof, see [34] and references therein. 


Lemma 9.22 Let T, : H > H, fori = 1,2,3,...,N be N-quasi-nonexpansive 
mappings. Defined U = ©, 6,U,,where U, = (1 — fl + B;T;, and 6; € (0, 1) 
such that ), 6; = 1. Then 
i) Uis a quasi-nonexpansive mapping, 
ii) Fix(U) = (\i, Fix(Uy) = 2, Fix(T)). 
iii) in addition, if (T;-J) for i=1,2,3,...,N is demiclosed at zero, then 
(U — I) is also demiclosed at zero. 


For the proof, see [30] and the references therein. 


9.3.3. The Split Feasibility and Fixed-Point Equality Problems 
for Quasi-Nonexpansive Mappings in Hilbert Spaces 


To approximate the solution of the SFFPEP (9.80), we make the following 
assumptions: 
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(B,) U: H, > H, and T : H, > Hy, are quasi-nonexpansive mappings with 
Fix(U) # and Fix(T) # @, respectively. 
(B,) A: H, > H, and B : H, > H, are bounded linear operators with their 
adjoints A* and B", respectively. 
(B;) (U —J) and (T — 1) are demiclosed at zero. 
(B,) Pc and Pg are metric projections of H, and H, onto C and Q, respectively. 
(B,) For arbitrary x, € H, andy, € H,, define a sequence {(x,, y,,)} by: 
Z, = P(x, — 4,A*(Ax,, — By,,)), 
w, =(1— B,)z, + B,UGE,), 
tna = qd ~~ On Zn oP a,,U(w,,)s 
(9.82) 
Un = PQ, + A,B*(Ax, — BY,)), 
r, =(1— B,)u, + B, TU), 
Vn. =U -a,)u, +a,T(r,), Va >= 1, 


where 0<a<f,<1,0<b<a,<1,andd/,€ (0, 2), where £, = 
A*A and L, = B*B, respectively. 

We are now in the position to state and prove the main result of this chapter. 
Theorem 9.4 Suppose that assumption (B,) — (B,) are satisfied, also assume 
that the solution set ® # J. Then (x,, y,,) > («*, y*) € ®. 

Proof: Let (x*, y*) € ®. By (9.82), we have 
llXno1 — 2° 1? = 110 — @, )(@, — x") + a, (Uw, — x")? 
=(1-a,)llz, —x°I? +,[|Uw, —x"l? — a,(1 — a, )IUw, — zy? 
<(1-a,)llz,— "I? +4, |lw, — "1? 
—a,(1—a,,)||Uw,, — Z,ll?- (9.83) 
On the other hand, 
lle, — x*|? = 1 - 8, (z, — #*) + B, (Uz, — x" I? 


=(1—B,)llz, — x"? + ByllUlz, — 2°11? — B,(1 — B,IILz, — Zyl? 
< lz, -— #71? - 6,0 - Bz, - z, ll. (9.84) 
Substituting (9.84) into (9.83), we have 
e441 — x" ||? < el = a, |lZ, — x" ||? + a, |Z, — x" ||? 


77 a,8,1 i B, Uz, ~ Zl =t a,(1 a,)|| Uw, ~~ aA. 
(9.85) 


On the other hand, 
IIz,, — #711? = |Pc(, — A,A*(Ax, — By,)) — P(x )II? 
< |Ix, — 1,A*(Ax, — By,) — x" ||? 
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= |[x,, — x*|[? — 24, (Ax, — Ax*, Ax, — By,) 
+A;L,||Ax, — By, ll’. (9.86) 
Substituting (9.86) into (9.85), we have 
IiXpar 71? S lla, — 2°? — 24, (Ax, — Ax®, Ax, — By,,) 
+41, ||Ax, — By, ll’ — @,,8,0 — B,IUGE,) — Zll? 
—4,(1 — a,)||Uw, — zl. (9.87) 
Similarly, the second equation of (9.82) gives 
lInsa — "IP S lly, — 9" IP + 24, (By, — By*, Ax, — By,,) 
+A,Ly||Ax, — By, ||’ — @,,8,0. — B)IIT,) - 4yll? 
—a,(1 — a,)|| Tr, — uyll?. (9.88) 
By (9.87), (9.88), and noticing that Ax* = By", we deduce that 
Wena — 21? + Ung — HU? S Un — 271? + Mn — UP = 2A MAX, — Boal? 
+Aj(Ly + Ly)|Ax, — By” 
—4,,B,(1 — B, MU(Z,.) — Zyl? 
— 4,81 — B, ITU.) — Uall?. (9.89) 
Thus, we deduce that 
41 S$ ®, — A, (2 — A,(L, + Ly) Ax, — By ll? 
— 4,8,(1 — B, MUG,) = Z,ll? 
= BL — BIT @,) = ay’, (9.90) 
where 
©, := IIx, — 2°? + lly, — "Il. 


Thus, {®,,} is a nonincreasing sequence and bounded below by 0, therefore, 
it converges. 
From (9.90) and the fact that {®,} converges, we deduce that 


lim ||Ax,, — By, || = 0, (9.91) 
lim ||Wz,,—z,||=0 and  lim||Tu,, — u,]|| =0. (9.92) 


Furthermore, since {®,,} converges, this ensures that {x,,} and {y,,} also con- 
verges. This further implies that x, — x and y,, — y for some (x, y) € ®. 

Now, (x,y) € ®, implies that x € Cn Fix(U) and y € QN Fix(T) such that 
Ax = By. The fact that x, — x and jim ||Ax,, — By,,|| = 0 together with 


Z, = P(x, — A,A*(Ax, — By,)), 
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we deduce that z,, — Pox. Since x € C, by projection theorem, we obtain that 
Pox = x. Hence, z, > x. 
Similarly, The fact that y, — y and lim ||Ax,, — By,,|| = 0 together with 
Uy = PQ, + A,B (Ax, — By,)), 
we deduce that u,, > Pay. Since y € Q, by projection theorem, we obtain that 
Poy = y. Hence, u,, — y. 
Now, Zz, — *, lim ||UWz, —z,|| =0, and together with the demiclosed of 
(U — 1) at zero, we deduce that Ux = x, this implies that x € Fix(U). 
On the other hand, u,, — y and lim ||Tu,, — u,,|| = 0 together with the demi- 
closed of (T — ) at zero, we deduce that Ty = y, this implies that y € Fix(T). 
Since z,, > x, u,, > y and the fact that A and B are bounded linear operators, 
we have 
Az, ~Ax and Bu, — By, 
this implies that 
Az,, — Bu,, > Ax — By, 
which turn to implies that 


\|Ax — By|] < lim inf||Az,, — Bu,,|| = 0, 


which further implies that Ax = By. Noticing that x € C,x € Fix(U), y € Qand 
y € Fix(T), we have that x € Cn Fix(U) and y € Qn Fix(T). Hence, we con- 
clude that (x,y) € ®. 

Summing up, we have proved that: 


i) for each (x*,x*) € ®, the lim(||x, —x* ||? + lly, —y" II?) exist; 
ii) the weak cluster of the sequence (x,, y,,) belongs to ®. 


Thus, by Lemma (9.21), we conclude that the sequences (x,, y,,) converge 
weakly to (x*,x*) € ®. This completes the proof. Oo 


Theorem 9.5 Suppose that all the hypothesis of Theorem 9.4 is satisfied. In 
addition, assume that U and T are semicompacts, then (w,,, y,,) > («*,y") € ®. 


Proof: As in the proof of Theorem 9.4, {u,,} and {z,,} are bounded, by (9.92) 
and the fact that U and T are semicompacts, then there exists subsequences 
{u,, } and {z,, } (suppose without loss of generality) of {u,,} and {z,} such that 
Uu, ‘> «and z, _ > y- Since, u,, > «* andz, — y*, we have x = x* andy = y*. By 
(9. 91) and ihe: fact that u,, > x*andz, — y*, we have 


lim ||Ax* — Ay*|| = lim ||Au,, Be, | = 0, (9.93) 
which tends to imply that Ax* = Ay*. Hence (x*,y*) € ®. Thus, the iter- 


ative algorithm of Theorem 9.4 conveges strongly to the solution of 
Problem 9.80. Oo 
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9.3.4 The Split Common Fixed-Point Equality Problems 
for Quasi-Nonexpansive Mappings in Hilbert Spaces 


To approximate the solution of split common fixed-point equality problems, 
we make the following assumptions: 


(Ay) T, To» T+, Ty 1 Hy > Hy and U,,U), Us,...,Uy 1 Hy > Hy are 
quasi-nonexpansive mappings with ane Fix(T;) # @ and ane Fix(U;) # 
G, respectively. 

(A,) (T, -—JD, for i= 1,2,3,...,N and (u; -D), fori =1,2,3,...,M are demi- 
closed at zero. 

(A;) A: H, > H, and B : H, > Hy are bounded linear operators with their 
adjoints A* and B*, respectively. 

(A,) For arbitrary x, € H, and y, € Hy, define {(x,, y,,)} by: 


Z, =X, —4,A*(Ax,, — By,), 


M 
Wy, = (1 By)2, + B,D 5U, Z,)» 
j=l 


M 
Xn = -4,)2Z, +a, 0 6,U, (W,,), 
a 


(9.94) 
U, =I,+4,B" (Ax, — By,,), 
N 
> qd oom BU, Tt B, » AiT,, Uy)» 
i=l 
N 
Vnsi = qd ae a, )Uy are ay by AT), Vn 2 1, 
i=l 
where U, , =U —yp)it yy and y,€(0,1), for j=1,2,3,. 
T, (=(1-4) +47, and 1, € (0, 1), for i = 1,2,3,. Ne §=1 ica 
Bn 4; =1,0<a<f,<1,0<b<a, <1, and a, € (0 2) where 


A*A and L, = B*B. 


Theorem 9.6 Suppose that conditions (A,) — —(A,) above are satisfied, also, 
assume that the solution set ¥ 4 @. Then, (x, y,,) > (x*, 7") € W. 


Proof: Let (x*,y*)€% and U= pe ,5U, and T= ye A:T. By Lemma 
9.22, we deduce that U/ and T are quasi-nonexpansive mappings, Fix(Uu) = 
(Yar Fix) = Ya Fie) and Fix(T) = (Vix, Fix T,,) = (inn Fi), 
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respectively. By Algorithm (9.94), we deduce the following algorithm. 


Z, =x, —4,A*(Ax,, — By,,), 
w, = (1 - B,)Z, + B,UG,,) 
tna = qd = 4 On Zn + a, U(w,,), 
(9.95) 
u, =), +4,B* (Ax, — By,), 
r, =(— B,)u, + B,TU,), 
ng, =A -4,)u, +4,T(r,), Vn >= 1. 


Thus, all the hypothesis of Theorem 9.4 is satisfied. Hence the proof of this 
theorem follows directly from Theorem 9.4. Oo 


Corollary 9.11 Suppose that conditions (B,)to(B;) are satisfied and let 
{(X,»¥,)} be the sequence generated by Algorithm (9.82). Assume that ® + @, 
and let U and T be the firmly of quasi-nonexpansive mappings. Then the 
sequence {(x,,¥,)} generated by Algorithm (9.82) converges weakly to the 
solution of Problem (9.80). 


Corollary 9.12 Suppose that conditions (B,) to (B,) are satisfied and let the 
sequence {(x,, y,,)} be generated by 


Z, =x, —4,A*(Ax,, — By,,), 
Ky =A —-a4,)z, + a,U(Z,), 
(9.96) 
Uy, =I, + A,B (Ax, — By,,), 
Vn = (his a, Uy, +a, TY)» Vn > 0, 


where 0<a<f,<1, and 4, € (0. =), where L, = A*A and L, = B*B. 


Assume that ® # 9. Then the sequence {(x,,¥,)} generated by Algorithm 
(9.96) converges weakly to the solution of SEFPP (9.78). 


Proof: Trivially, Algorithm (9.82) reduces to Algorithm (9.96) as 6 = 0, Po = 
Pg =I and SFFPEP (9.79) reduces to SEFPP (9.78) as C := Fix(U) and Q := 
Fix(T). Therefore, all the hypothesis of Theorem 9.4 is satisfied. Hence, the 
proof of this corollary follows directly from Theorem 9.4. Oo 


Corollary 9.13 Suppose that conditions (A,) — —(A,) are satisfied, and let the 
sequence {(x,,¥,,)} be defined by Algorithm (9.94). Assume that ¥ # @ and let 
U and T be firmly quasi-nonexpansive mappings, where L/ = pie 6,U ; and 


j=l “FY, 
T => A,T,. Then («,,9,) > (*,x*) € ¥. 


i=1 “i~ 7; 
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9.4 Numerical Example 


In this section, we give the numerical examples that illustrate our theoretical 
results. 


Example 9.4 Let H, = ® with the inner product defined by (x, y) = xy for all 
x,y © R and ||.|| stands for the corresponding norm. Let C := [0, 00) and Q := 
xt 


[0, 0). Defined T : C> RandS: Q> Rby Tx = <8 Vx € Cand Sx = as 
Vx € Q. Then T and S are quasi-nonexpansive mappings. 


Proof: Trivially, Fix(T) = 5 and Fix(S) = 2. Oo 
Now, 
2: 
(tes ae +5 -5| 
1+<«x 
= —_|x-5| 
1+x 
<|x—5]. 
On the other hand, 
sx — >| = [#5 _5 
4 5 4 
4 
SS XS 
4 
< Hie ‘ 
4 


Thus, T and S are quasi-nonexpansive mappings. 


Example 9.5 Let H, = R, H, = ®, C :=[0, 00), and Q := [0, 00) be subset 
of H, and H,, respectively. Defined T : C — C by Tx = = VxeC,andU: 
Q > Qby 

2x 
x+1’ 
0, Vx © [0, 1]. 


Va € (1, +00) 


ux = (9.97) 


Then, U and T are quasi-nonexpansive mappings. 


Proof: Trivially, Fix(T) = 1 and Fix(U) = 1. 
Now, 
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In addition, 
1 
1+x 
<|x- 1]. 


|Ux — 1| 


|x —1| 


Thus, U/ and T are quasi-nonexpansive mappings. 
The following example is a particular case of Theorem 9.4. Oo 


Example 9.6 Let H, = ® with the inner product defined by (x,y) = xy for 
all x,y € R and ||.|| stands for the corresponding norm. Let C := [0, co) and 
Q :=[0,co). Defined U: C> Rand T: Q>R by Ux= “13 Wx € C and 
Tx = aa Vx € Q. In addition, let P. = Po =I1,Ax =x, By = 4y,4, = 1,4, = _ 
Bb, = ; and {(x,,,y,,)} be the sequence generated by Algorithm (9.82). That is 
x €C and yw €Q, 
Z, =P, —-A*™, — 4y,)), 


=(j-1 - 
WwW, = (1 2) 2,4 UE): 


Keo = (1-2)z,+ 1UWw,), (0.98) 


“,= PAVn + B(x, —4y,)), 
af yed 7 
r= (1-2) u, + 27,), 
ame (1 - :) u, + T(r,), Vn > 0. 
Then (x, y,,) converges to (5,5/4) € W. 
Proof: By Example 9.4, WU and T are quasi-nonexpansive mappings. Clearly, 
A and B are bounded linear operator on R with A = A* = 1 and B= B* =4, 


respectively. Furthermore, it is easy to see that Fix(U) =5 and Fix(T) = o 
Hence, 


W= {5 € Cn Fix(U) and 5/4 € Qn Fix(T) such that A(5) = B(5/4)}. 
Simplifying Algorithm (9.98), we obtain the following algorithm. 
x EC and y,EQ, 


(9.99) 
Uy =p 
7 1 (u,+5 
r, = gun + 3 ( 5 5 
4 1 [7,45 
Iner = iu, +2 (2), va 0 O 
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Table 9.1 Shows the numerical values of Example 9.6 Algorithm (9.99), 
starting with the initial values x) = 10 andy, = 15. 


n Xn Vn 
0 10.00000000 15.00000000 
1 9.898293685 12.74500000 
2 9.797736851 10.85982000 
3 9.698337655 9.283809520 
248 5.001051418 1.250000002 
249 5.001012726 1.250000002 
250 5.000975458 1.250000002 


Table 9.2 Shows the numerical values of Example 9.6 Algorithm 
(9.99), starting with the initial values x, = 5 and yy = 1.25. 


n Xx, Yn 

0 5.000000000 1.250000000 

1 5.000000000 1.250000000 

2 5.000000000 1.250000000 
98 5.000000000 1.250000000 
99 5.000000000 1.250000000 
100 5.000000000 1.250000000 


We used Maple and obtained the numerical values of Algorithm 9.99 and 
9.101 in Tables 9.1, 9.2 and Figures 9.1, 9.2 respectively. 
The following example is a particular case of Theorem 9.6. 


Example 9.7. Let H, = ® and H, = R, C := [0, co) and Q := [0, co) be sub- 
set of H, and Hy), respectively. Define T : C ~ Cby Tx = = VaxeC,andU : 
Q > Qby 
= Vx € (1, +00) 
Ux =< * (9.100) 
0, Vx © [0,1]. 
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x_{n} 


y_{n} 


Sequence values 


a ETL 
0 50 100 150 
Iterative steps 


eee a a a | 
200 250 


Figure 9.1 Shows the convergence of Example 9.6 Algorithm (9.99), starting with the initial 
value x, = 10 and y, = 15. 


x_{n} 


y_{n} 


N 
| 


Sequence values 
wo 
| 


Ne) 
| 


Iterative steps 


Figure 9.2 Shows the convergence of Example 9.6 Algorithm (9.99), starting with the initial 
value x, = 5andy, = 1.25. 
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Table 9.3 Shows the numerical values of Example 9. 


7 Algorithm 


(9.101), starting with the initial values x, = —5. and yy = —5. 


n Xx, 

0 —5.000000000 

1 —4.614625287 

2 —3.892459776 
148 1.513044281 
149 1.497072269 


Yn 


—5.000000000 
—4.874708995 
—4.752034296 


0 .7359128532 
0.7414274772 


Table 9.4 Shows the numerical values of Example 9. 


7 Algorithm 


(9.101), starting with the initial values x, = 5 andy, = 5. 


n X, 
0 5.000000000 
1 4.916472663 
2 4.834689530 
3 4.754614179 

148 1.176058095 

149 1.172381679 


Yn 


5.000000000 
4.760850019 
4.537828465 
4.329771078 


1.007392532 
1.007122340 


L 


Letalso A, = 1,Ax =x, By =y, i= a t= 


1 1 1 
574, = > and f,, = 5. The sequence 


{(x,,.¥,)} defined by Algorithm 9.94 can be written as follows (Tables 9.3, 9.4 


and Figures 9.3, 9.4): 


Sa * 
Zy, =x, —A*(Ax, — By,), 
8 1 ( 2z 2z 
i——os = — panics Seal 
n= 9%n a 9 ( 3 3(z,+1) ] ’ 
6 1 [ 2w, 2w,, 
*nt1 = 72a 5 ( 3 aa ? 


Uu, =V, + B*(Ax,, — By,,), 


5 
4r, 
Ge 


Then (x,, y,,) converges to (1,1) € ¥. 


15 
r,+2 


n 


15 


1 


7 


),vaz1 


(9.101) 
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Iterative steps 


Figure 9.3 Shows the convergence of Example 9.7 Algorithm (9.101), starting with the 
initial value x) = 5 and y, = 5. 


— {Yn} {Xn} 
1 wash 
0 4 
3 
3B -14 
fo] 
> 
1) 
=] 
4 
-5 “T T T T T T T T 
20 40 60 80 100 120 140 


Iterative steps 


Figure 9.4 Shows the convergence of Example 9.7 Algorithm (9.101), starting with the 
initial value x, = —5 and y, = —5. 


Proof: By Example 9.5, U and T are quasi-nonexpansive mappings with 
Fix(U) = 1 and Fix(T) = 1, respectively. Clearly, A,B are bounded linear on 
R,A =A* =1andB = B* = 1. Hence, 


W = {1 € Fix(T) and 1 € Fix(U) such that A(1) = B(1)}. 
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Simplifying Algorithm (9.101), we have 


22, 22, 
(= Es ) ? 


6 1 [ 2w, 2w,, 
Kut = 52n + 5 (= - 4), 


(9.102) 


9.5 The Split Feasibility and Fixed Point Problems 
for Quasi-Nonexpansive Mappings in Hilbert Spaces 


In this section, we propose Ishikawa-type extra-gradient algorithms for solv- 
ing the SFFPP. Under some suitable assumptions imposed on some parameters 
and operators involved, we prove the strong convergence theorems of these 
algorithms. 


9.5.1 Problem Formulation 
The SFFPP required to find a vector 
x" € Cn Fix(T,) such that Ax* € Q/N Fix(T)), (9.103) 


where T, : H, > H,andT, : H, > H, are quasi-nonexpansive mappings, and 
A : H, > H, isa bounded linear operator. 
We denote the solution set of Problem (9.103) by 
A = {x* © Cn Fix(T,) such that Ax* € Qn Fix(T,)}. (9.104) 


In sequel, we assume that A # @. 


9.5.2 Preliminary Results 


The following well-known results are significant in proving the main result of 
this chapter. 


Lemma 9.23 Let C be a nonempty closed convex subset of a Hilbert space. 


i) IfGandS are two quasi-nonexpansive mappings on C, then GS is also quasi- 
nonexpansive mapping. 

ii) Let G, = (1-—a@)J + aG, where a € (0,1] and G is a quasi-nonexpansive 
mapping on C. Then for all «EC and q€Fix(G), G, is also a 
quasi-nonexpansive. 
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iii) Let {G,}X, : C > C be N-quasi-nonexpansive mappings and {a,}“, be a 
positive sequence in (0,1) such that y , @, = 1. Suppose that {Ge has a 
fixed point. Then 


N N 

Fixe (z «6) = (| Fix(G,). 
i=1 i=1 

iv) Let {G,}“, and {a,}%, be as in (iii) above. Then x 1@G,, is a 

quasi-nonexpansive mapping. Furthermore; if for each i= 1,2,3,...,N, 


G, — I is demiclosed at zero, then phe , 4G; — 1 is also. 


The proof of (i) follows trivially, for the proof of (ii) see Moudafi [28] while 
the proof of (iii) and (iv) are deduce from Li and He [30]. 


9.6 Ishikawa-Type Extra-Gradient Iterative Methods 
for Quasi-Nonexpansive Mappings in Hilbert Spaces 


Theorem 9.7 Let T : C > H, and G : Q > H, be two quasi-nonexpansive 
mappings and A : H, — H, be a bounded linear operator with its adjoint A*. 
Assume that (T — J) and (GP, — J) are demiclosed at zero, and A # @. Define 
{x,} by 


qo € C chosen arbitrarily, 

Vn = P(x, + VyAVL = GPQ)Ax,,), 

a4 PUn _ VAT = GPQ)AY,), 

w, =(1-a,)z, +4,T(1 — 6,)Z, + 6, TZ,). 

Cra = {2 C, sllw, — 21l? < llz,— ll? < lly, — 21? < Il x, —2Il?}, 
Km. = Po, %o)s Vn = 0, 


(9.105) 
where P is a projection operator,0<a<a,<10<b<f,<1,and0<c< 
Yn < 7, with L =||AA*|| . Thenx, > x* € A. 


Proof: Step 1. First, we show that P. _ is well defined. To show this, it suffices 
to show that for each n > 0, C,, is closed and convex. Trivially, C,, is closed. 
Next, we show that C,, is convex. To show this, it suffices to show that for each 
"y.%, € C, and é € (0,1), ér, + - &)r, € C,,. 
Now, we compute 


lw, — ér, - A - &rQII? = E(w, — 74) + - Hw, - 1) 10? 
=€ |lw, —7 I? + - 8 |lw, — rll? 
—(1— €)é llr. - roll? 
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<€ |lz,-nIP? +0 -4 lz, - nll’ 
—(1-€ (Ir, -— rll? 
= |Iz, —67, -A-4r, |’. (9.106) 


Similarly, we obtain that 


TE Pinata Bs © ee é)ry|l Shyer aS roll? 
< |x, —é, -A-r, |’. (9.107) 


Thus, for eachr,,r, € C,, €r; +1 -€)r, € C,,. 


Step 2. Here, we show that A C C,, 1 > 0. 
Letg € Aandu, = (1- f,)z, + 6,7 z,,- The fact that T is quasi-nonexpansive, 
it follows from (9.105) that 


lw, — ll? =| -@,)z, +@,Tu, — ql’ 

=||d -4,)@,- 9) +4,(Tu, — OI? 

=(1-a,)llz, — ll? + a,11Tu, — all? — @,(1 — a, | Tu, — Z,ll? 

<(1-a,)llz, — all? + @,[lu, — ll? — @,0 - 4,1 Tu, — Z,l? 

<(-a,)llz, - all? + @,11G - BG, - D + B,(TZ, - DIN? 
—a,(1 — a,)I| Tu, — Zl 

=(1-a,)\lz, — ql? +4, - Biz, — gl? + @,B, ITZ, — all? 
= 4,8,(1 — B, MTZ — Zpll? — @ 1 — @,)I| Tu, — Zall? 

<(1-a,)llz, — all? +4, — Bley — A? + @ Ballz — ll? 
— 4,8, — B,)IITZ, — 2,11? — 4,0. — a, II Tu, — Z,ll? 

< |Iz, - ll’. (9.108) 


On the other hand, since G and P, are both quasi-nonexpansive, by Lemma 
(9.23), we obtain that GP; is also quasi-nonexpansive. Thus, we have 


WlZn — I? = Pen — YA“ — GPQ)Ay,,) — al? 
< lly, — %,A*U - GPg)Ay, — all? 
= lly, — all’ — 27, (y, —G.A*U — GPQ)Ay,,) + lly, A°U — GRAY, I? 
= Mn — ANP? — 270 AIn — GPQAI, + GPQAI, — AG, AIn — GPQAYn) 
+y2L\|U — GP9)Ay, ||? 
= lly, — all? + 27,(Ag — GPgAy, AY, — GPQAYn) 
—7,(2-7,L)|IGPgAy, — AY, ll? 
< Ily, — all? — 7,0 - 4, LIIGPgAy, — AY nll’: (9.109) 
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Following the same way as in the proof of (9.109), we obtain that 

lyn - all’ < IIx, — all’. (9.110) 
Combine Eqs. (9.108)—(9.110), we have 

lle, — ll? < len — al? < ld — al? S lm, - al? (9.111) 


Thus, we have that g € C,,, this implies that A C C,,. 
Noticing that AC C,,,, C C,, and x,,,; = Pc (%) C C,,, we have that 


nai —%oll S Ilg—-oll, Va 20andqgeAd. (9.112) 
This shows that {x,,} is bounded. By Lemma (9.8), we have 
par —Xyll?+ Ul pa1 — %oll? = Pe, %o) — Xyll? + IIPo,_, 0) — Xoll? 
< |lx, — Xl’. (9.113) 
This implies that 
IiXpa1 — oll S Ibe, — oll - 


Thus, {||x,,— oll} is a nonincreasing sequence and bounded below by zero. 
Therefore, lim ||x,, — xo|| exists. 
n> 


On the other hand, for each k > n, we also obtain that 
Wlaex — H_ll? + lle, — Xoll? = IPc %o) — Xgl? + IP, %o) — Xoll? 
< |lx, — xl’. (9.114) 


‘41 — Xoll exist, we obtain that 


Thus, by (9.114) and the fact that the lim ||x 
jim || x, — x, [|= 0. 


This shows that {x,,} is Cauchy. 
Since %,4; =P (%) € Cr41 C C,, and the fact that {x,} is a Cauchy 
sequence, we deduce that 
ll, — x,ll < ln — Xnarll + 44 — xyl| 
S2 [ena — ll. 
and 
NZ — % nll S WZ — %pgall + Wend — Fall 
<2 aa — X,ll s 


Thus, as 7 — oo, we deduce that 


lim ||z, —%,||=0 and lim lly, —~,||= 0. (9.115) 
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On the other hand, 
Nn — Zall S Wn — % nll + Moen — Zl - 
By (9.115), we obtain that 
jim ln — Znll= 0. (9.116) 
Similarly, we obtain that 
lim |], ~ %,[I= 0, lim Iz, ~y,[l=0and lim |jw,—z,l=0. (9.117) 
By (9.109), we obtain that 


lly, — #* Il? — |lz, — "Il? 
|GP n -A aig < 
oo : ¥,0 4 Y,L) 
2 ly. — ZnlUZ, — Yall + 2Ilz, — ** |) 
- c(1—y,L) : 


Thus, by (9.116) we deduce that 
lim ||GP9Ay,, ~ Ay, | = 0. 

Similarly, by (9.108) and (9.117), we deduce that 
lim ||7z,, — Zl] = 0. 


Finally, we show that x, > x*. 

Since {x,,} is Cauchy, we assume that x,, > p. By (9.105), we have that z, > p, 
this implies that z, — p. The fact that the. jim || Tz, — Z,|| = 0 together with the 
demiclosed of (T — J) at zero, we deduce that pb € Fix(T). 

On the other hand, since x,, > p, implies that y,, > p, by (9.105), we deduce 
that p = Pcp, which implies that p € C; and therefore, we have p € C/N Fix(T). 

Furthermore, by the definition of A, we have that Ay, — Ap, this implies that 
Ay, — Ap. The fact that the jim ||GPQAy,, — Ay,,|| = 0 together with the demi- 
closed of (GPg — I) at zero, we deduce that Ap € Fix(GP,), this implies that 
Ap € QN Fix(G). Hence p € A. This show that x,, > «*. The proof is complete. 


Next, we consider the SFFPP for the class of finite family of quasi- 
nonexpansive mappings. Oo 


Theorem9.8 Let {7;}“:C—>H, and {G}r :Q—>H, be quasi- 


nonexpansive mappings with ane Fix(T,) # @ and gn Fix(G;) # @. In addi- 
tion, let A : H, — H, bea bounded linear operator with its adjoint A*. Assume 
that (T; —/),i = 1, 2,3,...,M and (G,Pg — 1), j = 1, 2,3,...,.N are demiclosed 
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at zero, and A # @. Define {x,,} by 


Xo € C chosen arbitrarily, 


N 

In =Pc (+ — y,A* (: -»> 5G) 4) : 
j=l 
N 

Z,=P¢ cea Ae I~ ¥ 3jGPo AY, > 


MI M 
Ww, =(1-4,)z, + &, LAT (1-£,)z, + B,, LAT, 
=1 
Chui = {Z EC, :|lw, all 22, —2|2s net alle}; 
11 = Po, (%), Wn > 0, 


(9.118) 


where P is a projection operator,0<a<a,<10<b<f,<1,and0<c< 
Yn < ; with L =||AA*|| . Then x, > x* € A. o 


Proof: By Lemma 9.23, we deduce that 


i) Lin 8 , 5G; and pie , 4,T; are quasi-nonexpansive mappings. 
ii) py 5G, —J)and su , 47; — D are demiclosed at zero. 


iti) Fix (SO AT; ) = Mn Fix(T)) and Fix (Tj 5G) = Na Fix(G)). 


Thus, all the hypothesis of Theorem 9.8 is satisfied. Therefore, the proof of 
this theorem follows trivially from Theorem 9.7. 

As the consequence of Theorem 9.8, we immediately obtain the following 
corollary. 


Corollary 9.14 Let {Te :C—> H, and {Gyr :Q—>H, be quasi- 
nonexpansive mappings with ie Fix(T,) # @ and are Fix(G;) # 0, respec- 
tively. In addition, letA : H, — H, be abounded linear operator with its adjoint 
A*. Assume that (T; — J),i = 1,2,3,...,M and (GPa —1),j =1,2,3,...,N are 
demiclosed at zero and A # 9. Define {x,,} by 


x9 € C chosen arbitrarily, 
N 


Zy = Pelt, — MAT — Y5,G;PQ)AX,), 
j=l 


M (9.119) 
Wy, = (1 — ,)Z, +, DAT Zs 


i=1 
Cri = {2 © C, * [ly — 211? < lz, — 2Il? Sie, — 217}, 
Xn] =Po, (%), Vn 2 0, 
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where P is a projection operator,0<a<a,<1,0<b<f,<1l,and0<c< 
Y, < : with L =||AA*|| . Thenx, > x* € A. 


Proof: In Algorithm (9.118), take y, = x, and f, = 0, then, Algorithm (9.118) 
reduces to Algorithm (9.119); therefore, all the hypothesis of Theorem 
9.8 is satisfied. Hence, the proof of this corollary follows directly from 
Theorem 9.8. Oo 


9.6.1. Application to Split Feasibility Problems 


Asa special case of Problem (9.104), we give the following theorems for solving 
SFP and the FPP. 


Theorem 9.9 Let By ae :C—>H, and {G}r >Q->H, be quasi- 
nonexpansive mappings with AS Fix(T,) # @ and gee Fix(G;) # @. In addi- 
tion, let A : H, — H, bea bounded linear operator with its adjoint A*. Assume 
that (7; —J),i = 1,2,3,...,M and (G; —I),j =1,2,3,...,N are demiclosed at 
zero and A # @. Define {x,,} by 


Xo € C chosen arbitrarily, 
N 


¥, = P(X, —%,A*U - p> 5G)Ax,,), 
Zn = POn - WA - ye jG )AY,)s 


w,=( ~ages tad (a ~ Ayden + Be EAT 
={zeC, :llw,—Z1l? <Ilz, “a yea eb Ik, — 217), 
Xn =Po (Xo), Va 2 0, 
(9.120) 


where P is a projection operator,0<a<a,<10<b<f,<1l,and0<c< 
%, < : with L =||AA*|| . Then x, > x«* €Q. 


Proof: In Algorithm (9.118), take Py = J (the identity mapping), then, Algo- 
rithm (9.118) reduces to Algorithm (9.120), therefore, all the hypothesis of 
Theorem 9.8 is satisfied. Hence, the proof of this theorem, follows directly 
from Theorem 9.8. oO 


Theorem 9.10 Let (Te. : C > H, be quasi-nonexpansive mapping with 
gue Fix(T;) # @. Assume that (T; — J,i = 1, 2,3,...,M is demiclosed at zero. 
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Define {x,,} by 


x9 € C chosen arbitrarily, 
M 

u, = qd _ B Xn F: B, » ATX 
i=1 


i (9.121) 
WwW, = (1 = A, Uy, + a, m2 A; Ty, 

i=1 
Cnr = {2 © C, * [Wn — 211? < M4, — 211? < Ile, — 21173, 
Xny1 =P, (Xo), Vn 2 0, 


where P is a projection operator, 0 <a <a, < land0 <b< f, < 1. Then {x,} 
converges strongly to the solution of common fixed point of {T;}“.. 


Proof: In Algorithm (9.118), take y, =0 and P, =I (the identity mapping), 
then, Algorithm (9.118) reduces to Algorithm (9.121), therefore; all the 
hypothesis of Theorem 9.8 is satisfied. Hence, the proof of this theorem, 
follows directly from Theorem 9.8. 


Remark 9.14 In this section, we have proposed Ishikawa-type extra-gradient 
methods for solving the SFFPP for the class of quasi-nonexpansive mappings in 
Hilbert spaces. Under some suitable assumptions imposed on some parameters 
and operators involved, we proved the strong convergence theorems of these 
algorithms. Furthermore, as an application, we gave the strong convergence 
theorem for the SFP. The results presented in this chapter, not only extend the 
result of Chen et al. [44] but also extend, improve and generalize the results of; 
Takahashi and Toyoda [45], Nadezhkina and Takahashi [46], Ceng et al. [47], 
and Li and He [30] in the following ways: 


e The theorem of Chen et al. [44] gave the weak convergence results while ours 
gave the strong convergence results. 

e The technique of proving our results is entirely different from that of 
Chen et al. [44]. Furthermore, the algorithms of Chen et al. [44] involve 
the class of nonexpansive mappings while our algorithm includes the 
class of quasi-nonexpansive mappings, which are more general than that 
nonexpansive mappings. 

e The method for finding the solution of the SFFPP is more general that the 
method of finding the solution to SFP. 

e The theorem of Li and He [30] gave the strong convergence results for the 
SFP while ours gave the strong convergence for the SFFPP. Furthermore, our 
algorithms generalize that of Li and He [30]. For instance, in Theorem 9.7 
Algorithm (9.105), take y, =, and #,, = 0, hence, our algorithm reduces to 
that of Li and He [30] Theorem 2.1 Algorithm 2.1. 
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e Our theorems gave the strong convergence for the solution of the SFFPP for 
the class of quasi-nonexpansive mappings, while the results of Ceng et al. 
[48] gave a weak convergence result for the solution of the SFFPP for the 
class of nonexpansive mappings. 

e The SFFPP is a fascinating problem. It generalizes the SFP and FPP. All the 
results and conclusions that are true for the SFFPP continue to holds for these 
problems (SFP, FPP), and it shows the significance and the range of applica- 
bility of SFFPP. 

e The novelty of our theorems gives strong convergence results while the 
theorem of [45] Nadezhkina and Takahashi [46], Ceng et al. [47], and Li and 
He [30] all gives weak convergence results. 


9.7. Conclusion 


In this work, we have studied the SCFPP and its applications. We have sug- 
gested some algorithms for solving this SCFPP and its variant forms for differ- 
ent classes of nonlinear mappings. 

Proceeding systematically in our work, we gave the basic definitions and 
results from the literature. In addition, we briefly provided an overview of 
the SCFPP and its variant forms in Section 9.2. In the next section, we have 
suggested and analyzed iterative algorithms for solving the SCFPP for the class 
of total quasi-asymptotically nonexpansive mappings in Hilbert spaces. In 
addition, we gave the strong convergence results of the proposed algorithms. 
In addition, we considered an algorithm for solving this SCFPP for the class of 
demicontractive mappings without any prior information on the normed on 
the bounded linear operator and established the strong convergence results of 
the proposed algorithm. 

As a generalization of the SFP, we proposed Ishikawa-type extra-gradient 
methods for solving the SFFPP for the class of quasi-nonexpansive mappings 
in Hilbert spaces. Under some suitable assumptions imposed on some param- 
eters and operators involved, we proved the strong convergence theorems of 
these algorithms. 

In the end, we proposed a new problem called “SFFPEP” and study it for the 
class of quasi-nonexpansive mappings in Hilbert spaces. We also proposed 
new iterative methods for solving this SFFPEP and proved the convergence 
results of the proposed algorithms. In additions, as a generalization of SFFPEP, 
we consider another problem called “Split Common Fixed Equality Problems 
(SCFPEP)” and study it for the class of finite family of quasi-nonexpansive 
mappings in Hilbert spaces. Finally, We suggested some algorithms for 
solving this SCFPEP and proved the convergence results of the proposed 
algorithms. 
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10.1 Introduction 


The idea of functional equation is an elegant and powerful technique used 
in many fields of mathematics and science. The applications of functional 
equations are involved in every field, and all fields are promoted from their 
usage and simplicity. Prior to the development of the differential calculus, the 
physical processes were studied in terms of functions. There was an input 
variable x (or several input variables) and an output variable f(x), and f(x) had 
to satisfy some relations corresponding to some properties of the physical 
process, which were often known by observation. This leads to some functional 
equation for f. 

Functional equations represent an alternative way of modeling problems in 
Physics. The interest of modeling physical problems by functional equations is 
that we do not have to assume the differentiability of the function f. Conse- 
quently, the functional equations lead often to other solutions than those given 
by partial differential equations, and these other solutions can be of interest to 
physicists. 

Functional equations are being used with vigor in ever-increasing numbers 
to investigate problems in many fields of science. This chapter presents a com- 
prehensive study of the classical topic of functional equations. 

In mathematics, a function is denoted by a functional equation in hidden 
style. The importance of a function (or functions) is (or are) communicated 
by the equation at some point. For instance, functional equations are used to 
determine properties of functions. 

The subject of functional equations forms a modern branch of mathemat- 
ics. A functional equation is defined as an equation that has finite number of 
Mathematical Analysis and Applications: Selected Topics, First Edition. 
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indefinite functions and a finite number of independent variables on its both 
sides. 

If we solve a functional equation, then its solution is a function that fulfills 
the equation. Functional equations comprise a traditional branch of mathe- 
matics offering wide scope for algebraic, analytic, order theoretic, and topo- 
logical considerations. In earlier days, functional equations in different forms 
were studied by mathematicians such as Euler (eighteenth century) and Cauchy 
(nineteenth century). 

The most well known among the functional equations is f(x + y) = d(x) + 
$(y). Its solution in the case of real variables was achieved by Cauchy in the 
year 1821. This equation is known as Cauchy functional equation. In addition, 
the properties of the additive Cauchy functional equation are dominant tools 
in more or less every field of natural and social sciences. 

This new theory of functional equation is now rapidly growing. The number 
of mathematical papers and mathematicians dealing with functional equations 
is increasing day by day. The investigations of functional equations in other 
subjects such as differential geometry, iterations and analytic functional, dif- 
ferential equations, number theory, and abstract algebra indicate the growing 
importance of functional equations. In this way, this theory acquired its own 
personality. Since analytic methods have already been fatigue to some extent in 
many branches of mathematics, the mathematicians throughout the world are 
interested in functional equations. Application of elementary methods helps 
one to achieve much deeper and more general results than by applying classical 
methods of mathematical analysis. 


10.1.1 Growth of Functional Equations 


The theory of functional equation was dealt by mathematicians like Abel, 
D’Alembert, Babbage, Cauchy, Euler, Gauss, Legendre, Schroder and many 
other mathematicians. Functional equations in several variables were first 
used by Oresme during 1347-1350. Tannery, Artin, and Reich also used some 
other type of functional equations. The monographs by Napier (1614), Kepler 
(1624), and Galileo (1638) contain more functional equations. 

The functional equations were applied in the work done by the great math- 
ematicians Picard (1827), Hilbert (1832), Hardy (1840), Bellman (1855), and 
Hille (1856). In 1905, Aczel collected all the works previously done by other 
mathematicians and published them in a monograph. This monograph serves 
as a resource book for many researchers working in the field of functional 
equations. 


10.1.2 Importance of Functional Equations 


Currently, the theory of functional equations is an ever-growing area of math- 
ematics with extensive applications. To model and study problems in math- 
ematical analysis, statistics, physics, biology, behavioral sciences, engineering 


Stabilities and Instabilities of Rational Functional Equations 


and information theory, the application of functional equation play a signifi- 
cant role. 

For solving many problems in economics, psychology, and sociology, func- 
tional equations, and their solutions have become important. The theory of 
functional equations is relatively new and it contributes to the development 
of strong tools in present-day mathematics. On the contrary, many mathemat- 
ical thoughts in different fields have become crucial to the basis of functional 
equations. Many new applied problems and theories have inspired and encour- 
aged specialists on functional equations to develop new approaches and new 
methods. 


10.1.3. Functional Equations Relevant to Other Fields 


Functional equations arise in many fields of mathematics, such as geometry, 
statistics, measure theory, algebraic geometry, and group theory. There are 
many fascinating uses of functional equations to study various problems in 
the field of probability. Solutions of functional equations can be employed 
in describing joint distributions from conditional distributions. Functional 
equations find many applications in the study of stochastic process, classical 
mechanics, astronomy, economics, dynamic programming, game theory, 
computer graphics, neural networks, digital image processing, coding theory, 
fuzzy set theory, decision theory, artificial intelligence, cluster analysis, mul- 
tivalued logic, population ethics, finance, information theory, wireless sensor 
networks, and many other fields. 


10.1.4 Definition of Functional Equation with Examples 


A Hungarian mathematician Aczel [1], an outstanding expert in functional 
equations, defines the functional equation as follows: 


Functional equation: Functional equations are equations which have a fixed 
number of unidentified functions and a limited number of free variables on 
both sides. 

Solutions of functional equation: A solution of a functional equation is a func- 
tion which satisfies the equation. 

Example: 


(i) The Cauchy functional equations 
e A(u+v) = A(u) + A(v), 
e E(u+v) = E(u)E(v), 
e M(uv) = M(u)M(v), and 
e Luv) = Lu) + Liv) 
have solutions A(u) = ku,E(u) =e", M(tu)=u‘, and L(u) = logy, 
respectively. 
(ii) f(u) = cu +k is the solution of the functional equation f (*) = SI fu) + 
fv). 
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10.2 Ulam Stability Problem for Functional Equation 


The stability of functional equations is an interesting topic that has been 
dealt for the last six decades. In mathematics, a stipulation in which a slight 
disturbance in a system does not create a considerable disturbing consequence 
on that system. An equation is said to be stable if a slightly different solution 
is close to the exact solution of that equation. In mathematical modeling of 
physical problems, the deviations in measurements will result with errors 
and these deviations can be dealt with the stability of equations. Hence, the 
stability of equations is essential in mathematical models. A stable solution 
will be sensible in spite of such deviations. 

An interesting and eminent talk given by Ulam [2] in 1940, inspired to study 
the investigation of stability of functional equations. The ensuing question was 
asked by him pertaining to the stability of homomorphisms in group theory: 

Let X, Y be a group and a metric group with metric d(., -), respectively. Sup- 
pose e > Ois a fixed constant. Then, whether there exists a constant 6 > 0 so that 
ifa mapping g:X > Y satisfies 


d(g(uv), g(u)g(v)) < 6 
forallu,v € &, and there exists ahomomorphism a: X — \ with the condition 
d(g(u), a(u)) < € 


foralluc X? 
If the answer is confirmative, then the functional equation for homomor- 
phism is said to be stable. 


10.2.1 e-Stability of Functional Equation 


The foremost answer to the question of Ulam was provided by Hyers [3]. He 
luminously replied to the question of Ulam by considering ¥ and Y as Banach 
spaces. The result obtained by Hyers is stated in the succeeding celebrated 
theorem. 


Theorem 10.1 [3] Assume that G and H are Banach spaces. If a function 
£:G > H satisfies the inequality 

|g(u + v) — g(u) — g(v)|| < € (10.1) 
for some € > 0 and for all u,v € G, then the limit 

AG =i =8(2"0) (10.2) 
exists for all u € G is the unique additive function such that 

lg(u) — AW)|| < € (10.3) 


for allu € G. In addition, if,g(tu) is continuous in ¢, for all u € G, then A is linear. 
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Based on the above said outcome, one can finalize that the additive func- 
tional equation g(u + v) = g(u) + g(v) has Hyers—Ulam stability or ¢-stability 
on (#, J). In the above Theorem 10.1, an additive function A is created directly 
from the given function g which also fulfills (10.3) and it is the most domi- 
nant technique to investigate the stability of several functional equations. Hyers 
theorem was indiscriminated by Aoki [4] in 1950 for additive mappings. 


10.2.2 Stability Involving Sum of Powers of Norms 


After Hyers gave a positive answer to Ulam’s question, a huge number of papers 
have been brought out by publishing in association with various simplifications 
of Ulam’s problem and Hyers theorem. 

Since there is no elucidation for the boundedness of Cauchy difference g(x + 
y) — g(x) — g(y) in the expression of (10.1), in the year 1978, Rassias [5] tried to 
deteriorate the stipulation for the Cauchy difference and thrived in establishing 
what is now known to be the Hyers—Ulam-Rassias stability pertinent to the 
additive Cauchy equation. This jargon is reasonable because the theorem 
of Rassias has strongly persuaded many mathematicians studying stability 
problems of functional equation. In fact, Rassias proved the ensuing theorem. 


Theorem 10.2 [5] Let X and Y be Banach spaces, let 0 < k < oo and0< 
a < 1.Ifa function f:X — Y satisfies 


If + 9) — fe) —fOII S Kha ll® + Ty! (10.4) 
for all x, y € X, then there is a unique additive mapping A: X — Y such that 
2k 
If) —A@)I < = lal (10.5) 


for all x € X. Furthermore, if f(¢x) is continuous in ¢, for all x € X, then A is 
linear. 


Rassias noticed that the proof of this theorem also works for p < 0 and asked 
whether such a theorem can also be proved for p > 1. Gajda [6] answered the 
question of Rassias for the case p > 1 bya slight modification of the expression 
in (10.2). His idea to demonstrate the theorem for this case is to replace 1 by 
—n in the formula (10.2). 

Hence, Theorem 10.2 cannot be extended for the only critical value of p = 1. 
Gajda [6] showed that the theorem is false for py = 1 by constructing the 
succeeding counter-example. Hello 

For a fixed 0 > Oand pw = <0, define a function f : RR > R by 


fe) = 2602"), 
n=0 
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where the function @: R > R is given by 
H for x € [1, 00), 
d(*)=<ux for x € (-1,1), 
—u for x € (—oo, -1]. 


Then, the function f serves as a counter-example for p = 1 as presented in the 
ensuing theorem. 


Theorem 10.3 [6] ‘The function f defined above satisfies 
[fe +9) -—f(~) —f(y) < A(al + ly) (10.6) 


for all x, y € R, while there is no constant 6 > 0 and no additive function A: 
R — R satisfying the condition 


| f(x) — A(x)| < 6|x| (10.7) 
for allx,yER. 


10.2.3 Stability Involving Product of Powers of Norms 


In 1982, Rassias [7] provided a further generalization of the result of Hyers and 
established a theorem using weaker conditions bounded by product of powers 
of norms, which is presented in the subsequent theorem: 


Theorem 10.4 [7] Letf:X — Y bea mapping from a normed vector space 
X into a Banach space Y subject to the inequality 


Ife + 9) — fe) — FOI S Alloll* yl” (10.8) 
for all x,y € X, where k and a@ are constants with k > Oand0 <a < a Then the 
limit 

A(x) = jim = f(2"s) (10.9) 
occurs for allw € X and T: X > Y is the unique additive mapping which satis- 


fies 


If@) - TON < A 


for all x € X. If a < 0, then the inequality (10.8) holds for x, y 4 0 and (10.10) 
forx #0. Ifa> > then the inequality (10.8) holds for x, y € X and the limit 


II-e||7“ (10.10) 


T(x) = lim 2"f (=) (10.11) 

exists for allx € X and T: X > Y is the unique additive mapping which satisfies 
k - 

If@) - T@Il < Ze 5 lll? (10.12) 
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for all x € X. Moreover, if f: X — Y is a mapping such that the transforma- 
tion t > f(tx) is continuous in ¢ € R for every fixed x € X, then T is R-linear 


mapping. 


This type of stability containing product of powers of norms is identified as 
Ulam-—Gavruta—Rassias stability by Bouikhalene and Elquorachi [8], Nakma- 
hachalasint [9, 10], Park and Najati [11], Pietrzyk [12], and Sibaha et al. [13]. 


10.2.4 Stability Involving a General Control Function 


In 1994, a further generalization of the Rassias’ theorem was obtained by 
Gavruta [14] who replaced the bounds k(||x||? + |ly||?) and k||x|l?|ly||? by a 
general control function g(x, y). The ensuing theorem provides his result. 


Theorem 10.5 [14] Let G and H be an abelian group and a Banach space, 
respectively, and let @: G? > [0, 00) be a function satisfying 


D(x, y) = y 21 e(2kx, 2’y) < 00 (10.13) 
k=0 
for all x, y € G. Ifa function f : G > E satisfies the inequality 
If@ + 9) —f@) —fODI] < bl, y) (10.14) 
for all x, y € G, then there exists a unique additive function T: G > H with 
Il f@) — T(*)|| < Ox, x) 
for all x € G. Moreover, suppose f(x) is continuous in ¢, for all x € G, then T 


is a linear function. 


This type of stability is celebrated as Generalized Hyers—Ulam—Rassias 
stability. 


10.2.5 Stability Involving Mixed Product-Sum of Powers of Norms 


In 2008, Ravi et al. [15] investigated the stability of a new quadratic functional 
equation 


Q(kx, + x) + Q(kx, — X5) 
= 2Q(%, + %y) + 2Q(Hy — Hy) + 2K? — 2VQ(H,) — 2Q%) 
for any arbitrary but fixed real constant k withk 40;k#+41;k# +2 using 
mixed product-sum of powers of norms in the succeeding theorem. 
Theorem 10.6 Let g:X — Y bea mapping that satisfies the inequality 
|e(mu + v) + g(mu — v) — 2g(u + v) — 2g(u — v) — 2(K? — 2)g(u) + 2g(v)|ly 
< {Wall Molly + lal? + Welly) (10.15) 
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for all u,v € X with u 1 v, where 6 and alpha are constants with 6,a > 0 

and either k>1; a<1 or k<1; a>1 with k #0; k #4 +1; k#4V2 and 

—1 4 |k|*-! < 1. Then the limit 
g(m"u) 


men 


Q(u) = lim (10.16) 
exists for all u € X andQ:X — Y is the unique orthogonally Euler-Lagrange 
quadratic mapping such that 


leo owl<— 


|| y||?", 10.17 
3 — llelly ( ) 


forallu € X. 


The above-mentioned stability is acknowledged as John M. Rassias stability 
including mixed product—sum of powers of norms by Ravi et al. [15, 16]. 


10.2.6 Application of Ulam Stability Theory 


Several mathematicians have noticed interesting applications of the 
Hyers—Ulam-Rassias stability theory to various types of mathematical 
problems. Stability theory is useful in the study of nonlinear analysis, partic- 
ularly in fixed point theory. In nonlinear analysis it is a well-known fact that 
finding the expression of the asymptotic derivative of a nonlinear operator can 
be a difficult problem. In this sense, how the Hyers—Ulam—Rassias stability 
theory can be used to evaluate the asymptotic derivative of some nonlinear 
operators is explained. 

Jung [17] proved the Hyers—Ulam stability for Jensen’s equation on a 
restricted domain and his result is applied for studying an interesting property 
of additive mappings. 

The stability properties of various functional equations are applied in 
many unrelated fields. For example, Zhou [18] used the stability result of the 
functional equation g(x + y) + g(x — y) = 2g(x) to show a conjecture of Ditzian 
about the relationship between the smoothness of a mapping and the degree of 
its approximation by the related Bernstein polynomials. These stability results 
are applied in stochastic analysis [19], financial and actuarial mathematics, 
psychology, and sociology. 


10.3 Various Forms of Functional Equations 


The functional equation 
Ol(x, + xy) + OX, — X) = 2O(x,) + 2Q(Xq) (10.18) 


is called as a quadratic functional equation since the quadratic function 
Q(x) = ax’ is a solution of (10.18) [20]. The solution of the quadratic functional 
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equation is known as a quadratic mapping. A quadratic functional equation 
was used to describe inner product spaces. A square norm on an inner product 
space fulfills the well-known parallelogram law: 


Il, + %pl|? + Ile, — x9|| = 2Ilx, II? + 2I|x5|I7. 


The quadratic functional equation (10.18) holds good in the above parallelo- 
gram law. 

A mapping Q: X — Y between vector spaces is quadratic if and only if there 
exists a unique symmetric biadditive mapping 8: X x X > Y so that O(x,) = 
B(x,,%,) for all x, € X, where the mapping @ is defined by 
Ox, + xy) — Wx] — Xy) 
a rs 
Chang and Kim [21] solved the succeeding quadratic functional equations 


FQ, +x) + f(2x, — x) = fH, +. %Q) +f) — Xp) + Of (Hy) (10.19) 


B(x, %5) = for all x,,x, € X. 


and 
FQ, +o) + f(a + 2x2) = 4f(H, + x5) + fe) +f (Xo) (10.20) 


for their general solutions and obtained their Hyers—Ulam stability. 
Park et al. [22] solved the following quadratic functional equation 


fe + 2x.) + f(x, — 2x.) = 2f(%,) + Bf (x2) (10.21) 


and proved Hyers—Ulam stability of (10.21). 
Rassias [23] introduced Euler-Lagrange type quadratic functional equation 
of the form 


Sf (ax + by) +f (bx — ay) = (a + BY f(®) +f) (10.22) 
motivated from the following pertinent algebraic equation 
lax + by|* + |bx — ay|? = (a? + b’)(\x|? + |y|?). (10.23) 


The solution of the functional equation (10.22) is called an Euler-Lagrange 
quadratic type mapping. In addition, Rassias [23-27] generalized the standard 
quadratic equation to the following quadratic equation 


MMy|AyX1 + AyXq|? + |Mya,x, — Mya, x>|” 
= (m,|a,|" + my|ay|")(m|x,|7 + m,|x,|). 


He introduced and investigated the general pertinent Euler-Lagrange 
quadratic mappings. These Euler-Lagrange mappings are named Euler— 
Lagrange—Rassias mappings, and the corresponding Euler-Lagrange 
equations are called Euler-Lagrange—Rassias equations [9, 12, 28, 29]. 
These notions provide a cornerstone in analysis, because of their particular 
interest in probability theory and stochastic analysis in marrying these fields 
of research to functional equations via the pioneering introduction of the 
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Euler—Lagrange—Rassias quadratic weighted means and fundamental mean 
equations [25, 26, 28]. 

Quadratic functional equations of various forms are dealt by many mathe- 
maticians and one can see [16, 26, 30—40]. 

Rassias [41] introduced the cubic functional equation 


Se, + 2x5) — Bf (%, +.%9) + 3f(%,) —f(%, — #2) = Of (%) (10.24) 


and obtained its general solution and proved its Hyers—Ulam stability prob- 
lem. It is easy to verify that the cubic function f(x) = ax? satisfies (10.24). Every 
solution of the cubic functional equation (10.24) is said to be a cubic mapping. 

Recently polynomial equations are applied in self-testing, self-correcting, and 
approximate checking of computer programs that compute polynomials. This 
concept triggered to study various types of cubic functional equations. 

Jun and Kim [42] brought out the solution of the familiar cubic functional 
equation 


C(2x, + x) + C(2x, — x5) = 2C(*, +45) + 2C(H, — ¥,) + 12C(%)) 
(10.25) 


and obtained its generalized Hyers—Ulam—Rassias stability. 

A mapping C:A — B between vector spaces satisfies (10.25) if and only if 
there exists a mapping S: A x Ax A > Bsuch that C(x,) = S(#,, x1, %,), Vx, € 
A and S, which is symmetric for each fixed variable and additive for each fixed 
two variables. 

Several other types of cubic functional equations were dealt by many authors 
in [43-50]. 

The quartic functional equation 


Q(x, + 2x5) + Q(x, — 2x) 
= 4Q(x, + 2) + 4Q(x, — Xp) + 6Q(%)) + 24Q(x>) (10.26) 


was introduced by Rassias [51]. It is easy to find that the function Q(x) = ax* is 
a solution of (10.26). The solution of the quartic functional equation is said to 
be a quartic mapping. 

The general solution of (10.26) is obtained without supposing any regularity 
conditions on the unknown function (refer [51]). The function Q: R > R is 
a solution of (10.26) if and only if Q(x,) = B(x,,%,,*,,%,), where the function 
B:R* > R is symmetric and additive in each variable. Since the solution of 
equation (10.26) is even, we can rewrite (10.26) as 


Q(2x) + #2) + Q(2x, — Xp) 
= 4Q(%, +.%) + 4Q(x, — x) + 24Q(x,) — 6Q(x). (10.27) 
The solution of the quartic functional equation (10.26) is said to be a quartic 


mapping. 
Lee et al. [52] gained the general solution and investigated the Hyers—Ulam 
stability of the quartic functional equation (10.27). 
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Petapirak and Nakmahachalasint [53] applied a different method to obtain 
the general solution of the quartic functional equation 


Q(3x, + xX) + Wx, + 3x5) 
= 640(x,) + 640(x,) + 240(x, + x) — 6O(x, — x9) (10.28) 


by proving the succeeding theorem. 


Theorem 10.7 [53] A mapping Q:A — B between vector spaces satisfies 
the functional equation (10.28) if and only if there exists a 4-additive mapping 
S,:A XAxXAXA —> Bwhich symmetric such that Q(y) = S,(y, y, y,), Vy € A. 


The results connected with solution and Hyers—Ulam stability of other type 
of quartic functional equations are available in [28, 54-57]. 

In 2010, Xu et al. [58] achieved the general solution and proved the stability 
of the quintic functional equation 


S(x + 3y) — 5 f(x + 2y) + 10 fe + y) — 10 f(x) + 5 f(x — y) 
—f(« — 2y) = 120f(y) (10.29) 


and the sextic functional equation 


f(x + By) — 6 f(x + 2y) + 15 f(x +) — 20f (x) 
+15 f(« —y) — 6f(% + 2y) +f — 3y) = 720 f(y) (10.30) 
in quasi-f-normed spaces using fixed point method. 


Consider the following mixed type functional equation deriving from 
quadratic and additive functions 


fut 2v) +f -—2v)+4f@ = 3[ ft v) + flu - v)] +fQv) — 2f(v). 
(10.31) 


It is easy to see that the function f(u) = au? + Bu isa solution of the functional 
equation (10.31). 
Jun and Kim [59] accomplished the solution and investigated Hyers—Ulam 
stability of the mixed type additive-quadratic functional equation 
h(x + 2x) + 2h(x, — x9) = h(x, — 2x5) + 2h(x, + xp). (10.32) 
Rassias et al. [60] solved for the solution and studied Hyers—Ulam stability of 
the mixed type of additive—cubic functional equation 
3A(U+U0+wW)+A(-—u“u+v+ WwW) 
+A(u-—v+w)+A(u+vu—w)+4[A(u) + A(v) + A(w)] 
= 4[A(u + v) +A(u + w) + A(v + w)). (10.33) 
The solution of (10.33) is A(u) = S(u,u,u) + T(u), where S is symmetric for 


each fixed variable and is additive for fixed two variables, and T is additive. The 
function A(w) = au + fu? is a solution of (10.33). 
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Eshaghi Gordji [61] obtained the general solution of mixed type 
additive-quartic functional equation 


2(2K, +X) + B(2x, — Xp) 


= 4g(f (x, +x) + g(%, — %2)) — 3 (9(2x,) — 2g(%5)) + 2g(2x,) — 8g(x,) 
7 
(10.34) 


as g(x,) = M(x), %1,%1,%,) + A(x,), where M is a multi-additive symmetric 
function and A is an additive function. The function g(x,) = ax, + Px} is a 
solution of (10.34). 

Towanlong and Nakmachalasint [62] investigated the general solution of the 
mixed type quadratic-cubic functional equation 


Sf (%, + 3x5) — 3f(%, + 2x5) + 3f(%, + x5) —f%,) = 3f(%) — 3f (49). 
(10.35) 


It is easy to see that the mixed type function f(«,) = c,x{ + c,x? fulfills (10.35). 
Eshaghi Gordji et al. [63] solved the following mixed type quadratic-quartic 
functional equation 


f(Qu + v) + fu — v) = 4[f(u + v) + fu — v)] + 2Lf Qu) — 4fW)] - OF) 
(10.36) 


for its general solution and investigated its Hyers—Ulam stability in random 
normed spaces. The function f(u) = au? + Bu‘ is a solution of (10.36). 

Eshaghi Gordji et al. [64] acquired the general solution and investigated 
HyersUlam—Rassias stability of the following mixed type cubic—quartic 
functional equation 


g(u t+ 2v) + g(2Qu — v) = 4[g(u + v) + g(u — v)] — 24g(u) — 6g(u) + 3g(2v) 
(10.37) 


in quasi-Banach spaces. The function g(u) = au? + fu* is a solution of (10.37). 
Jun and Kim [65] acquired the general solution of mixed type additive- 
quadratic-cubic functional equation 


Q(x, +. 2x5) + G(x, — 2x5) + 6G(x,) = 4q(x, +X.) +4q(x, —x) (10.38) 


by proving the following theorem. 


Theorem 10.8 [65] A function g:X — Y between vector spaces sat- 
isfies the functional equation (10.38) if and only if there exist functions 
Si:XxxXxX > Y,M:XxxX - Y,T:X > Y andaconstant k € Y such that 
qu) = Stu, u, u) + M(u, u) + T(u) +k, Vu € X, where S is symmetric, for each 
fixed variable and is additive for fixed two variables, M is symmetric biadditive 
and T is additive. 
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It is easy to note that the function q(x) = ax + fx? + yx? is a solution of 
(10.38). 

Park [66] obtained the general solution of the mixed type additive-quadratic- 
quartic functional equation 


Se +245) + f(a, — 2%) = 2f (we, +2) + 2f(—H, — %y) + 2f (HX) — xp) 
+ 2f %y — %1) — 4f(—%,) — 2F (4) + f2 x) 
+f (-2%2) — Af (%2) — 4f(-%) (10.39) 
and proved its Hyers—Ulam stability. The function f(«,) = ax, + bx? + cxt isa 
solution of (10.39). 


Eshaghi Gordji et al. [67] solved and studied Hyers—Ulam stability of the 
mixed type additive—cubic—quartic functional equation 


ll[g(u + 2v) + g(u — 2v)] = 44[g(u + v) + g(u — v) +: 12g(0)] 
— 48¢(2v) + 60g(v) — 66g(u). (10.40) 


The function g(v) = au + Bu? + yu‘ isa solution of (10.40). A lot of mixed type 
functional equations were dealt by many researchers and there are many inter- 
esting results concerning these equations [38, 68-76]. 

In 1996, Isac and Rassias [77] were the first to provide applications of 
the stability theory of functional equations for the proof of new fixed point 
theorems. The stability problems of several various functional equations have 
been extensively investigated by a number of authors using fixed point methods 
[22, 76, 78, 79]. 

Several stability results have recently been obtained for various functional 
equations and functional inequalities, also for mappings with more general 
domains and ranges [8, 21, 36, 38, 64, 73, 80-82]. Many research monographs 
are also available on functional equations, one can see [1, 34, 83-87]. 


10.4 Preliminaries 


In this section, we recall some preliminary notions associated with Banach 
spaces. 


Definition 10.1 A normed space is a vector space ¥ over a field IK together 
with a function (the norm) ||-|| : % > R satisfying 


(i) ||u|| = 0 if and only if u = 0; 
(ii) ||pu|| = |p| lll, Vu € & and p € k; 
(iii) [lv + of] < |lwl] + loll. 


Definition 10.2 A sequence {u,,} is a Cauchy sequence if for all e > 0, there 
exists n(€) such that for all m,n > n(e), we have 


Im — Unll S €. 
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Definition 10.3 A normed space is complete if every Cauchy sequence {u,,} 
converges, that is, there exists u € X with 


lu, —u|| > 0, asnoo., 


Definition 10.4 A complete normed space is called a Banach space. 


We recall some fundamental notions in association with quasi-f-normed 
spaces and m-additive symmetric mappings. 
Let f bea fixed real number with 0 < f < 1 and let K denote either R or C. 


Definition 10.5 Let & be a linear space over K. A quasi-f-norm ||-|| is a 
real-valued function on & satisfying the following conditions: 


(i) ||a|| > 0 for all a € & and ||a|| = O if and only if a = 0. 
(ii) [Ina] = |n|? - |a|| for ally € Kandalla € Xv. 
(iii) There is a constant K > 1 such that 


lla + b|| < K(|la|| + ||D||) forall a,b € &. 
The pair (2, ||-||) is called quasi-f-normed space if ||-|| is a quasi-f-norm on 


&. The smallest possible K is called the modulus of concavity of ||-||. 


Definition 10.6 Acomplete quasi-f-normed space is called a quasi-f-Banach 
space. 


Definition 10.7. A quasi- f-norm ||-|| is called a (f, p)-norm (0 < p < 1)if 
Ix + yl? < lll? + lly? 


for all x,y € &X. In this case, a quasi-f-Banach space is called a (f, p)-Banach 
space. 


Let us recall basic concepts of non-Archimedean space. 
A non-Archimedean field is a field A equipped with a function (valuation) 
| - | from A into [0, co) such that for all r,s € A, 


(i) |r| = 0 if and only if r = 0, 
(ii) |rs| = Irl|s|, 
(iii) |r +s| < max{|r|, |s|}. 


Clearly |1] =| —1]| = land |n| <1 forallneN. 
We always assume, in addition, that | - | is nontrivial, that is, there subsists an 
a € Asuch that |a,| # 0,1. 
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An example of a non-Archimedean valuation is the mapping | - | taking 
everything but 0 into 1 and |0| = 0. This valuation is called trivial. Another 
example of a non-Archimedean valuation on a field A is the mapping 


0 if r=0, 
1 
2)= if r > 0, 
Irl=4, ifr 
ah if r<0 
r 
for anyr € A. 


Let p be a prime number. For any nonzero rational number x = p’= in which 
m and n are coprime to the prime number p. Consider the p- adic absolute 
value |x|, = p~’ on Q. It is easy to check that | - | is a non-Archimedean norm 
on Q. The completion of Q with respect to | -| which is denoted by Q, is 
said to be the p-adic number field. Note that if p > 2, then |2”| = 1 for all 
integers n. 


10.5 Rational Functional Equations 


10.5.1 Reciprocal Type Functional Equation 


For the first time, Ravi and Senthil Kumar [88] investigated the generalized 
Hyers—Ulam stability for the reciprocal type functional equation 
r(x)r(y) 
r(«+y) = ————., (10.41) 
y r(x) + ry) 
where r: X — R is a mapping with X is the space of nonzero real numbers, 
x+y #Oandr(x)+r(y) #0 forallx,y € Xx. 


Definition 10.8 Let X be the space of nonzero real numbers. Then a map- 
pingr:X — R defined as r(x) = = being a constant, is called reciprocal, if the 
reciprocal functional equation (10. 41) holds with « + y # 0, r(x) # -r(y) and 
r(x) # 0, for all x,y € X. 


Note that the mapping r is called reciprocal because the following algebraic 
identity 


holds for all x,y € X. 
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10.5.2 Solution of Reciprocal Type Functional Equation 


In the following theorem, we assume r(3x) # 0, r(—x) # 0, 2r(x) + r(y) # 0, 
2r(x) + r(—y) # 0, for all x, y © R — {0} (10.41). 


Theorem 10.9 Let r be a real-valued function of a nonzero real variable sat- 
isfying the reciprocal type functional equation (10.41). Then, r(x) is of the form 
r(x) = 2 for all x € R — {0}, where c is a constant. 


Proof: Replacing (x, y) by (x, x) in (10.41), we obtain 
r(2x) = sr) (10.42) 


for allx € R — {0}. Similarly, we obtain r(3x) = 51(2), for allx € R — {0}. Now, 
replacing (x, y) by (x, 2y) in (10.41) and using (10.42), we get 
r(x)r(y) 
+ 2y) = ———— 10.43 
ev 2Y) 2r(x) + r(y) ( ) 
for all x,y € R — {0}. Substituting (x, y) = (x, —2y) in (10.41) and using (10.42), 
we obtain 
r(x)r(-y) 
— 2y) = ————_ 10.44 
ma) 2r(x) + r(-y) ( ) 
for all x, y € R — {0}. Equation (10.43) divided by (10.44) gives 
r(x + 2y) _ rare) + r(-y)I 
rx—2y)  r(—y)[2r(x) + r(y)] 
for all x,y € R — {0}. Now, replacing (x, y) by (x, —x) in (10.45) to get 
r(—x) — r(—«)[2r(x) + r(x)] 
r(3x) ~~ r(3x)[2r(x) + r(-x)] 
for all x € R — {0}, which on further simplification yields r(—x) = —r(~), for all 
x € R — {0}, which shows that r is an odd function. From (10.41) and using 
induction on a positive integer n, it is easy to show that 


(Es) _ — Tiar@) (10.46) 
i=l bye (Ti P w)) 


Replacing x; by x for i = 1,2,..., in (10.46), we get 


(10.45) 


r(nx) = “r(x) (10.47) 


for x € R — {0}, where z is a positive integer. Replacing x by in (10.47), we 
obtain 


r (=) = nr(x) (10.48) 
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for x € R — {0}, where z is a positive integer. Now, replacing x by —x in (10.47) 
and (10.48) and using oddness of r, we get 


r(—nx) = - r(x), (10.49) 
r (-=) = —nr(x), (10.50) 


respectively, for x € R — {0}, where x is a positive integer. When x = 1, (10.47) 
and (10.48) become 


r(n) = *1(1) =e (10.51) 
r (=) = nr(1) = ne, (10.52) 


respectively, for some constant c = r(1), where 7 is a positive integer. Similarly, 
when « = 1, (10.49) and (10.50) become 


r(-n) = -=1(1) - = (10.53) 
; (-=) = ~nr(1) = —ne, (10.54) 
nN 


respectively, for some constant c = r(1), where x is a positive integer. Hence, 
we conclude that 


r(m) = Aa) = © and r (—) = mr(1) = mc 
m m m 


for some constant c = r(1) andm € Z — {0}. 
Next, let k= = be any rational number, where m,n € Z — {0}. Then 
(10.47)—-(10.50) yield 
r(kx) =r (m.%) - a (=) = F (x) = Jy) (10.55) 
n m m k 
for x € R— {0},k € Q. When x = 1, (10.55) becomes 


r(k) = zr) = a for some constant c = r(1). 
k k 


Note that r(1) = c # 0, otherwise it will lead to constant function. Hence, we 
conclude that 


rx) =, for all x E R— {0}. Oo 


10.5.3 Generalized Hyers—Ulam Stability of Reciprocal Type 
Functional Equation 


We assume that x+y #0, g(x) #0 and g(x) + g(y) #0 for all x, yEX in 
the following theorems. We also assume that X as the space of nonzero real 
numbers in the following results (10.41). 
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Theorem 10.10 Let g:X — R bea mapping satisfying 
|\Dg(x, y)| < f(x,y) (10.56) 
for all x, y € X, where @: X x X > R bea given function such that 
— 1 x x 
(x) = 2 x? (4% x) (10.57) 


with the condition 


lim xo ( saya ) =0 (10.58) 


n—>0o Qo” ont ‘ gntl 


holds for all « € X. Then, there exists a unique reciprocal mapping r: X > R, 
which satisfies (10.41) and the inequality 


| g(x) — r(x)| < P(@) (10.59) 


for allx € X. 
Proof: Replacing (x, y) by (: «) in (10.56), we obtain 


< o(2 *) (10.60) 


eo 905) 5 0(55 


for all x © X. Again replacing x by ; in (10.60), dividing by 2 and sum- 


ming the resulting inequality with (10.60), we obtain Ig) - 5 (=)| < 


baa eae 5a) for all x € X. Proceeding further and using induction on a 


positive integer , we obtain 


|g(x) — 2-"g(2"x)| < » =o ( sa ee ) (10.61) 
i=0 


for all x € X. In order to prove the convergence of the sequence {2°"g(2-"x)}, 
replace x by 2~’x in (10.61) and divide by 2”, we find that for > p > 0 
|2-?g(2 Px) — 2°" Pg(2-" Px)| = 2°? | g(2 Px) —2-"g(2-" Px) | 


— 1 x x 
s » pti (saa im) 


> 0 as p> ow. 


Thus, the sequence {2°-"g(2~"x)} is a Cauchy sequence. Allowing 1 —> co in 
(10.61), we arrive (10.59) with r(x) = lim 2-"g(2-"x). To show that r satisfies 
(10.41), replacing (x, y) by (2x, 2~”y) in (10.56) and dividing by 2”, we obtain 

2-*|Dg(2- "x, 2"y)| < 2-*p(2 "x, 2-4). (10.62) 


Allowing 1 — oo in (10.62), we see that r satisfies (10.41) for all x,y € X. To 
prove r is a unique reciprocal mapping satisfying (10.41). Let r,;: X — R be 
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another reciprocal mapping that satisfies (10.41) and the inequality (10.59). 
Clearly r,(2-"x) = 2”"r,(x), r(2~"x) = 2”r(x) and using (10.59), we arrive 


Ir(x) — r@)| < 2™ |r, (2x) — r(2™x)| 
<2 (2s) = 32 "| 1g "a) = 72 “*))) 


= 1 x x 
<2 2 ae (a5 A gnti+l ) 


-0 asn-o, 


which implies that r is unique. This completes the proof of Theorem 10.10. O 


Theorem 10.11 Letg:X — Rbeamapping satisfying (10.56), for allx, y € X, 
where @: X x X > R bea given function such that 
D(x) = }) 2 G(2ix, 2'x) (10.63) 


i=0 
with the condition 
lim oP b(2"*, 2") = 0 (10.64) 
holds for every x € X. Then, there exists a unique reciprocal mappingr: X > R 
which satisfies (10.41) and the inequality 
| g(x) — r(x)| < B(x) (10.65) 
for allx € X. 


Proof: The proof is obtained by replacing (x, y) by (x, x) in (10.56), Deere 
by 2 and proceeding by similar arguments as in Theorem 10.10. 


Corollary 10.1 Let g: X > R bea mapping and let there exist real numbers 
p#-—landc, > 0 such that 
IDg(x, y)| < e(xl? + Iyl?) (10.66) 


for all x, y € X. Then there exists a unique reciprocal mapping r: X — R satis- 
fying (10.41) and 


4c, 
Ly? for p> -—1, 
|g(x) — r(x)| < te (10.67) 
ee for p< —-1 


for every x € X. 


Proof: The proof follows immediately by taking f(x, y) = c,(|x|? + |y|”), for all 
x,y € X in Theorems 10.10 and 10.11, respectively. Oo 
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Corollary 10.2 Let g:X — R bea mapping and let there exist real numbers 
a,b:p =a+bF -1. Let there exist c. > 0 such that 

IDg(«,y)| < eglel*lyl’ (10.68) 


for all x,y © X. Then there exists a unique reciprocal mapping r:X > R 
satisfying (10.41) and 


2c 
par el for p>-1 
lg(x) — r(x)| < - (10.69) 
Tog for p<-l 


for every x € X. 


Proof: The required results in Corollary 10.2 can be easily derived by con- 
sidering $(x,y) = cy|x|“|y|?, for all x,y €X in Theorems 10.10 and 10.11, 
respectively. Oo 


Corollary 10.3 Let c; > 0 andq# = be real numbers, and g: X > Rbea 
mapping satisfying the functional inequality 
[Dg(x. 9) < cg(loel4lyl4 + (lel + Ly) (10.70) 


for all x,y © X. Then, there exists a unique reciprocal mapping r:X > R 
satisfying (10.41) and 


6c. 
Fm FI". for q > -3, 
lg) —r@)| < (10.71) 
C3 2q 1 
Ton : for qa< 5 


for every x € X. 


Proof: By choosing (x,y) = c3(|x|@|yl% + (lx[?4 + [yl?9), for all xy Ex 
in Theorems 10.10 and 10.11, respectively, the proof of Corollary 10.3 is 
complete. Oo 


10.5.4 Counter-Example 


The following example illustrates the fact that the functional equation (10.41) 
is not stable for p = —1 in Corollary 10.1. Consider the function g: X > R 
defined by 


Cy 
—, for x €(1,0), 
Qx)=< x 


c,, otherwise, 
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where c, > 0 is a constant, and define a mapping g: X > R by 


co q-n 
g(x) = >», ae ®) for all x EX. 
n=0 


The function g defined above serves as a counter-example to prove that the 
functional equation (10.41) is not stable for p = —1 in Corollary 10.1. 
Theorem 10.12 Suppose the function g satisfies the inequality 

|Dg(x,y)| < 3e,(la|™* + ly") (10.72) 
for all x,y € X. Therefore, there do not exist a reciprocal mapping r:X > R 
and a constant 6 > 0 such that 

| g(x) — r(x)| < 6|x|* (10.73) 


forallx € X. 


Proof: |g(x)| < Xo ars 2 yee = = 2c,. Hence, g is bounded by 2c. 
If |x|~! + |y|~1 = 1, then the left-hand side of (10.72) is less than 3c,. Now, 
suppose that 0 < |x|~! + |y|-+ < 1. Then there exists a positive integer m such 


that 


is, (10.74) 


Hence, |x|~! + |y|"! < a implies 


2 \x[ + 2™[y[-1 <1 


or 7 >1, = >1 
or # >2>1, y >2>1 
gim-l m-1 
and consequently 
1 
5m («+y)> 1. 
Therefore, for each value of m = 0,1,2,...,m— 1, we obtain 


1 1 1 

—(x), —(), = >1 

ars sil)» sn +) 
and De( =x, =) = Oforn = 0,1, 2,...,m— 1. Using (10.74) and the definition 
of g, we obtain 


g(2"x)p(2"y) 


\Dg(x, y)| < Joe tI) G22) +g(2"y) 
(el + yl) 2”(\x|-1 + |y|-) 
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8 
wo 


241 
< 
foo 2*2""((e|-1 + LyI-4) 
3 
ae -1 
< 2» a 7 =e,(1- 4) =3c,, forall xyEX. 


That is, the inequality (10.72) holds true. 
Now, assume that there exists a reciprocal mapping r:X —> R satisfying 
(10.73). Therefore, we have 


|g(x)| < (6+ 1)|x|*. (10.75) 


However, we can choose a positive integer p with pc, > 6+ 1. If x € (1, 2”), 
then 2~x & (1, co) for all 1 = 0,1,2,...,p — 1 and therefore 
Cc 
o) I-"x m-1 — 
lel = ) >y = => 6400 1 


n n 
n=0 2 n=0 2 


which contradicts (10.75). Therefore, the reciprocal type functional 
equation (10.41) is not stable for py = —1 in Corollary 10.1. oO 


10.5.5 Geometrical Interpretation of Reciprocal Type Functional 
Equation 


Consider a right-angled triangle ABC with “a” and “b” as sides shown in 
Figure 10.1 (10.41). 


Figure 10.1 Geometrical 
interpretation of (10.41). 


a-p 
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Construct a square BDEF inside the triangle ABC as shown in Figure 10.1 
with side “p.” Then AD = a — p, FC = b — p. Now, 


Area of triangle ABC = sab. (10.76) 


From (10.76), it is easy to show that 


ab 
= z 10.77 
a+b ( ) 


Now, construct another two squares FGHI and DJKL with sides “p,” and “p,,” 
respectively, as shown in Figure 10.1. Then 


_PG@-P)__ ab 


= 10.78 
a a (a+b) ( ) 
and 
p(b—p) ab? 
= = : 10.79 
: b (a+b) ( ) 
Now, 
ab ab 
+ p, = —T(a+b))= = p. 
Pit Po CE ) a+b ° 
Therefore, 
Pi t+ Pr. =P. (10.80) 
In this construction, if we take a = , b= 3 then 
y 
meee ieee, 10.81 
Py (+P ( ) 
x 
~ 10.82 
P2 (x +4 yy? ( ) 
and 
il 
poe (10.83) 
xy 
Substituting the relations (10.81)—(10.83) in (10.80), we obtain 
il 
1 xy 
—_— = : 10.84 
xty 141 ( ) 
xy 


Since r(x) = - is a solution of the functional equation (10.41), the property 
(10.84) is satisfied by the functional equation (10.41). Hence, the functional 
equation (10.41) holds good in the above geometric construction. 
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Ry Figure 10.2 Electric circuit 
/\/\ connected with two resistors in 
parallel. 

1/x 

Ro 

1/y 

V 

| | 


10.5.6 An Application of Equation (10.41) to Electric Circuits 


We know, the conductance of any material is reciprocal of its resistance. The 
parallel circuit is one in which several resistances are connected across one 
another in such a way that one terminal of each is connected to form a junction 
point while the remaining ends are also joined to form another junction point. 

Consider two resistors R, and R, with resistances - and - respectively, are 
connected in parallel as shown in Figure 10.2. 

Then x and y are the conductances of the resistors R, and R,, respectively and 
hence x + y is the total circuit conductance. To find the equivalent resistance of 
loads wired in parallel, we use a mathematical formula known as the “reciprocal 
formula, which is given by 


1 


Total circuit conductance 
= Total equivalent resistance of the parallel circuit. (10.85) 


The reciprocal formula (10.85) satisfies the following algebraic identity: 

il 

1 xy 

oe 10.86 

xty lil ( ) 
x oy 


and hence, the functional equation (10.41) holds good in the above circuit. 


10.5.7 Reciprocal-Quadratic Functional Equation 


In this section, we introduce a new reciprocal-quadratic functional equation of 
the form 
(x) f(y) 
tery = ens 
SO) + f(y) + 2VFMHFO) 


We obtain the general solution of the functional equation (10.87) and investi- 
gate the generalized Hyers—Ulam stability of (10.87). 


(10.87) 
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It is easy to see that the reciprocal-quadratic function f(x) = = is a solution 
of the functional equation (10.87). Hence, we can say that every solution of the 
functional equation (10.87) is a reciprocal-quadratic function. 

We recall the following definition and prove the lemmas that will be useful 
to get our main results. Throughout this paper, we assume that X is the set of 
nonzero real numbers. 


Definition 10.9 [89] A function f:X x X — R is said to be bireciprocal if 
and only if f satisfies the following functional equations: 
LOOLY2Z 
S@OLIZ 
LO NFM 2) 
Sf@.y) +f, 2Z) 


S(e+9,2) = 
fe y+z) = 
for all x,y,z EX. 


For example, consider 
c 
xy) =— 10.88 
f(*,9) re (10.88) 
for x, y € X, where c is a constant. Then f bireciprocal, since 


we fe2fO.2) 


f(x+y,2) = ee o+e Ff ORD 
and 
fyt+z) = om _ SOE NL(%,2) 


PCE a =e +f f(x,y) +f (ez) 


xy xz 


Lemma 10.1 Iff:X — R bea mapping satisfies (10.87) for all x, y € X, then 
f is reciprocal-quadratic function. 


Proof: Setting y = x in (10.87), we have 
FSH) 1 
2f(~)+2f@) 4 


for all € X. Further, letting y = 2 in (10.87) and using (10.89) in the resulting 
equation, one obtains 


f(x) = 


fo) = 55) (10.89) 


f(x) = Sa) fx) 
S (x) +f (2x) + 2V/f (x) f (2x) 
1 
~f() 1 1 
4 
= = —f(«*) = =f) 
f@+if@+foe) 9 i 
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for allx € X. Continuing similarly, for any positive integer 1, we assume f (ux) = 
< f(x), for all x € X. Now, replacing y = nx in (10.87), we find 


I (x) f (nx) 
F(x) + (ax) + 2V/f(@) fu) 
: = f(x) 
f+ the) + 2 fe) 
of (x) 


(i+44+2) 
nN n 


1 
= ——f(x 
(n+ py @) 
for all x@€X. Hence, by mathematical induction, we conclude that 
f(kx) = af (x) for all x © X and any positive integer which shows that f 
is reciprocal-quadratic function. Oo 


f(a + Dx) = 


10.5.8 General Solution of Reciprocal-Quadratic Functional 
Equation 


In this section, we achieve the general solution of reciprocal-quadratic func- 
tional equation (10.87). 


Theorem 10.13 A mapping f: X — R satisfies (10.87) for all x,y € X if and 
only if there exists a symmetric bireciprocal function R: X x X > R such that 


R(x, vy) = Vf («) f(y), for all x,y € X. 


Proof: Let us assume that there exists a symmetric bireciprocal function R: 
X XX — R such that 


R(x, vy) = VA@ f(y), forall x,y EX. 
If y = x, then 


Rx, x) = VE) F@) =f) (10.90) 
for all x € X. Now, using (10.90), we have 


fa@ty=Ret+y,x+y) 
— Re, xty)RY,*+y) 
~ Ra, x+y) +Ry,x+y) 
Re w)Ray) Ry *)R(y.y) 
Rx, x)+R(x,y) Ry, x)+R(V,Y) 


~ REARED , ROAR 
R(x,x)+R(x,y) R(y,x)+R( yy) 
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a RO, x)R(y, RO, YR(Y, *) 
R(x, x)R(x, yLR(y, x) + RV, 9)] + RC, *)R(y, YRC, x) + RO, 9) 
2, SSF (M)R(*, YR, *) 
RR] NFORO.D +f +f DLS) + RO 1} 
= S&P MRY*) 
~ FOR, *) +f OF) +f) +FOR]Y) 
= SOF (MRY*) 
~ 2f CFO) + LF) +fIR@ 9) 
= SOPF(MRY,*) 
R(x, WR*) + LF) +f£DIR™ 9) 
_ TAC ACD) 
R(x, y) + f(x) +f) 
2 FoF”) 
f(x) + f(y) + 2V FSC) 
for all x, y © X. Hence, f satisfies (10.87) for all x,y € X. 
Conversely, if f satisfies (10.87), for all x, y © X, we have to prove there exists 
a symmetric bireciprocal function defined as R: X x X > R such that R(w, y) = 


Vf (x) f(y) for all x,y € X. 
f is well defined. Therefore using equation (10.90), define the value of 
_1[f@FO) _ 
VISIO) = 5 cee (f(x) +f(y)) (10.91) 


for all x,y € X. The right-hand side of (10.91) is a well-defined expansion and 
f(+y) # 0. Therefore, left-hand side of (10.91) is well defined and it exists. We 
call 


R(x, y) = VIMFC) (10.92) 


for all x, y € X. Hence, there exists R(x, y) for all x,y € X with R(w, y) = R(y, x), 
which implies R is symmetric. Now, we prove that R is bireciprocal function. 


Rx, + 59) = VFO + ¥y) FO) 
_ Sx) f(%) f(y) 
Vfl) + fle.) + 2V fey fen 
7 SACADIACZIIAGD) 
Vien + Vie? 


_ Vi@Vfe)fO VFO 
VIG) + VAG) VFO) 
_ VAD IM) SY) 


Fe) £0) + Vie fo) 
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1 


1 a 1 
VEDIO) Vie)fO 
1 
1 1 
Rwy) Ry) 
_ RO, Y)RO, 9) 
R(X, y) + RX, y) 
for all x,,*,y € X. Similarly, we have 
Rx, ¥ RO, Yr) 
R(x, y1) + R(X, Yo) 
for all x, y,,y. € X. Therefore, R is symmetric bireciprocal function. o 


R(x, +2) = 


Remark 10.1. A mapping f:X > R satisfies (10.87) and /f(@)f() = 
R(x, y) = R(y, x) for all x, y € X. Then we have R(x, y)R(y, x) = f(x)f(y). Since R 
is symmetric, we obtain 
R(x, 9) = fof) 
Roxy) f(y) 
fe) ROY)’ 
Therefore, f(x), R(x, y) and f(y) are in geometric progression. 


10.5.9 Generalized Hyers—Ulam Stability of Reciprocal-Quadratic 
Functional Equations 


In this section, we investigate the generalized Hyers—Ulam stability of the 
functional equation (10.87) in the setting of real numbers. Moreover, we prove 
Hyers—Ulam stability, Hyers-Ulam—Rassias stability, Ulam—Gavruta—Rassias 
stability and J.M. Rassias stability controlled by the mixed product-sum of 
powers of norms for (10.87). 


Theorem 10.14 Let #:X* > R bea function satisfying 
— 1 x YY 
for all x,y € X. Ifa function f : X > R satisfies functional inequality 
ID y)| < by) (10.94) 


for allx, y € X, then there exists a unique reciprocal-quadratic mapping r: X > 
R, which satisfies (10.87) and the inequality 


If -r@l< >} “o( ——. ) (10.95) 
j=0 


forallx € X. 
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Proof: Switching (x, y) to (:, :) in (10.94), we obtain 


fie) - =F (2) < (5,5) (10.96) 


for all x € X. Now, plugging x by ; in (10.96), dividing by 4 and then summing 
the resulting inequality with (10.96), one finds 
1 


x 1 x x 


for all x € X. Proceeding further and using induction arguments on a positive 
integer n, we arrive 


n-1 
x Ro 
Lye =a (=) <¥0( seam) (10.97) 
for all x € X. For any positive integer j and x € X, we have 
1 x 1 x 
ae (ge) 9 (3) |e a(S) - GA) 
1 x x 
<5 ( seraer): 


Hence, for any integers 1, m with n > m > 0, we obtain by using the triangular 
inequality 


gt (ae) gel (Se) 
-\27(4)- Ar (5 
tat (s)-# @) 


n-1 
1 x x 
2 > 3¢( Fe) (10.98) 


jJ=m 


1 


for all x € X. Taking the limit as 1 > +00 in (10.98) and considering (10.93), 
it follows that the sequence {z f (=)} is a Cauchy sequence for each x € X. 
Since R is complete, we can define r:X > R by r(x) = lim - f (=). To show 
that r satisfies (10.87), replacing (x, y) by (2-"x, 2-"y) in (10.94) and dividing by 
4”, we obtain 


|4-"D(4-"x, 2-"y)| <4" P(2-"x, 2-"y) (10.99) 
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for all x,y © X and for all positive integer . Using (10.93) in (10.99), we see 
that r satisfies (10.87), for all x, y € X. Taking limit 1 > oo in (10.97), we arrive 
(10.95). Now, it remains to show that r is uniquely defined. Let r, :X — R be 
another reciprocal mapping which satisfies (10.87) and the inequality (10.95). 
Clearly, r,(2-x) = 4”"r,(x), r(2-"x) = 4”"r(x) and using (10.95), we arrive 

Ir,() — r(x)| = 4°" |r, (2x) — r(2™x)| 


<4 "(7 (2x) — f(2"x)| + [FQ x) — r(2™x))) 


= 1 x x 
s a wai? (a) 


<2 Li a o(=. x) (10.100) 


for all x € X. Allowing 1 > oo in (10.100), we find that r is unique. This com- 
pletes the proof of Theorem 10.14. Oo 


Theorem 10.15 Let #: X* > R bea function satisfying 


Y 4 b2x, Wy) < +00 (10.101) 
i=0 
for all x,,%,...,%,, € X.Ifafunctionf :X —> R satisfies the functional inequal- 


ity (10.94) for all x, y © X, then there exists a unique reciprocal-quadratic map- 
ping r: X — R which satisfies (10.87) and the inequality 


Ir(x) — fx) < D4" G2!x, Ux) (10.102) 


j=0 


forallx € X. 


Proof: Letting y as x in (10.94) and multiplying by 4, one obtains 
|4 f(2x) —f(x)| < 4b, x) (10.103) 


for all x € X. Again considering x as 2x in (10.103) and multiplying by 4 and 
then adding the resulting inequality with (10.103), one finds 


1 
[4°f(2?x) — f(x)| < 4D) 4 G(2x, Ux) 
j=0 
for all ~ € X. Continuing further in the similar manner and using mathematical 
induction, one can arrive at 
n-1 


[4"f(2"x) —f@)| < DL 4 px, 2x) 


j=0 
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for all x € X. The remaining part of the proof is obtained by similar arguments 
as in Theorem 10.14. Oo 
Corollary 10.4 Let ¢ > 0 be fixed. Iff': X — R satisfies 


for all x, y € E, then there exists a unique reciprocal-quadratic mapping r: X > 
Y such that 


4 
f(x) — r(x)| < = 
for all x,y € E. 


Proof: Letting f(x, y) = ¢, for all x,y € X in Theorem 10.14, we arrive at the 

desired result. Oo 

Corollary 10.5 For any fixed k, > Oanda # —2, iff: X — R satisfies 
ID-(x, 9)| < ky (lxl* + [yl 


for allx, y € X, then there exists a unique reciprocal-quadratic mapping r:X > 
R such that 


8k, . 
ET |x|* fora >-—-2 
If) — r(x)| < 
8k, 
1988 |x|* fora <-2 
for allx € X. 


Proof: If we choose (x, y) = k,(|x|* + |y|*) for all x,y € X, then by Theorem 
10.14, we arrive 


8k, 
gate al 
for all x € X and a > —2 and using Theorem 10.15, we arrive 

8k, 
P= gate 
for allx € X anda < —2. Oo 


I f(x) -—r@)| < 


|x|* 


If) -—r@)| 


|x|* 


Corollary 10.6 Let f:X — R bea mapping and there exist a, 6 with A = a+ 
6 such that A # —2. If there exists k, > 0 such that 


IDe(x,y)| < kylel*lyl? 
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for allx, y € X, then there exists a unique reciprocal-quadratic mapping r: X > 
R satisfying the functional equation (10.87) and 


Ak 
= “2 Kel for A > -2, 
f(x) —r@)| < 4k, 
— Saale’ for A < —2 
for allx € X. 


Proof: Considering (x, y) = k,|x|"|y|?, for all x, y € X, then by Theorem 10.14, 
we arrive 


4k. 
| f(x) —r@)| < pe 


for all x € X and A > —2 and using Theorem 10.15, we arrive 


| f(x) — rw) — |x|" 


— 
for allx € X and A < —2. Oo 
Corollary 10.7 Let k; > 0 and a # —2 be real numbers, and f:X > R bea 
mapping satisfying the functional inequality 

[D(x 9] Ske (lanl ly"? + (lel* + lyI) 


for all x,y € X. Then, there exists a unique reciprocal-quadratic mapping r: 
X => R satisfying the functional equation (10.87) and 


12k. 
5) = al for a > —2 
Ire) —f(*)| < 
12k, 
|x|* fora <—2 
13 gare 
for all x € X. 


Proof: Choosing (x, y) = k3(|x|*/7|y|“/? + ({x|* + |y|®), for all x,y € X, then 
by Theorem 10.14, we arrive 


| f(x) — r@)| <5 


tals 


for allx € X anda > —2 ae using Theorem 10.15, we arrive 


| f(x) — r@)| <7 |x|* 


for allx € X anda < —2. oO 


gate 
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10.5.10 Counter-Examples 


In this section, using the idea of the well-known counter-example provided by 
Gajda [6], we illustrate a counter-example that the functional equation (10.87) 
is not stable for a = —2 in Corollary 10.5. 

We consider the function 


as for x € (1, 00), 


pla) = 2%" (10.104) 
6, otherwise, 
where 9: R > R. Let f': R > R be defined by 
fe) = Y4"92""x) (10.105) 
n=0 


for all x € R. The function f serves as a counter-example for the fact that the 
functional equation (10.87) is not stable for a = —2 in Corollary 10.5 in the 
following theorem. 


Theorem 10.16 If the function f: X > R defined in (10.105) satisfies the 
functional inequality 


DOB os . 
ID y)1 S ~ (xl > + |y|-?) (10.106) 


for all x, y € X, then there do not exist a reciprocal-quadratic mapping r: X > 
R and a constant yw > 0 such that 


| f(x) — r(@)| < wlx|? (10.107) 


forallx € X. 


Proof: First, we are going to show that f satisfies (10.106). 


= 5 46 


n=0 


If(x)| = 


> 4-"g(2-"x) 
n=0 


Therefore, we see that f is bounded by < on R. If |x|? 4+ |y|? > 1, 


then the left-hand side of (10.106) is less than ”. Now, suppose that 


0 < |x|~? + |y|-? < 1. Then there exists a positive integer k such that 


1 St case ok 
aa <k + |y| oor (10.108) 


Hence, |x|~? + |y|-? < z implies 


AN(ae|? + [y|?) <1 
or 44x? <1,44y? <1 
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x c 

or —>1,—>1 
qk k 
2 2 

or Se ee ae ae Ree 
k 4 4k 4 
x y 

or Be PO Gee ee 


and consequently 
1 1 1 
4 4 
Therefore, for each value of nm = 0,1,2,...,k — 1, we obtain 
1 1 1 
—~>1, —M>1, — >1 
rr pW) ety 


and D,(4-"x,4-"y)=0 for n=0,1,2,...,k—1. Using (10.108) and the 
definition of f, we obtain 


IDj(.9)| 


ya p(2- "ay Da "Q(2-"x) 


n=0 


Leow "x) + P(2"y) + 2y/p(2-"x)p(2"y)) 


y 4-"o(2-"x) 4-"p(2-"x) 


n=k n=k 


Le "(@(2"x) + O(2"y) + 2/2 "x)p(2y)) 


8 


Pg "92 "x+N)- = 


8 


< 2 "Q2"a+y))- = 


— 6 
ca 


4k 
205 2D 55 B08 py 
oa + 

ps3 (lal + [yl 


for all x, y © X. Therefore, the inequality (10.106) holds true. 

We claim that the reciprocal-quadratic functional equation (10.87) is not sta- 
ble for a = —2 in Corollary 10.5. 

Assume that there exists a reciprocal-quadratic mapping r: X > R satisfying 
(10.107). Therefore, we have 


If) < (w+ Dial. (10.109) 
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However, we can choose a positive integer m with mé > w+ 1. If x € (1, 2”) 
then 2-"x € (1, oo) for all m = 0,1,2,...,m— 1 and therefore, 


De mat Xe 
foo] = Y aes = > we pe 


which contradicts (10.109). eta the reciprocal-quadratic functional 
equation (10.87) is not stable for a = —2 in Corollary 10.5. Oo 


10.5.11  Reciprocal-Cubic and Reciprocal-Quartic Functional 
Equations 


In this section, we introduce the reciprocal-cubic functional equation 
c(2x + y) + cx + 2y) 
Se(x)e(y){e(x) + e(y) + 2e(x)!Fe(y)/3[e() "9 + e(y)'/3]} 
> [2e(x)2/3 + 2e(y)?/3 + 5e(x)'/Be(yy¥/3]3 


and the reciprocal-quartic functional equation 


2atsdaty) [ats) + 16q1y) + 24Va04)] 
lay gy) — Va) i 


(10.110) 


q(2x + y) + q2x — y) = 


(10.111) 


It can be verified that the reciprocal-cubic function c(x) = + and the 


reciprocal-quartic function q(x) = = are solutions of the functional 
equations (10.110) and (10.111), respectively. Then, we investigate the general- 
ized Hyers—Ulam stability of these new functional equations in the framework 
of non-Archimedean fields. We extend the results concerning Hyers—Ulam 
stability, Hyers-Ulam—Rassias stability, and Ulam—Gavruta—Rassias stability 
controlled by the mixed product-sum of powers of norms for (10.110) 
and (10.111). We also provide counter-examples that the functional 
equations (10.110) and (10.111) are not stable for the singular cases. 


10.5.12 Hyers-Ulam Stability of Reciprocal-Cubic and 
Reciprocal-Quartic Functional Equations 


In this section, we investigate the generalized Hyers—Ulam stability of 
(10.110) and (10.111) in non-Archimedean fields. We also establish the 
results pertaining to Hyers—Ulam stability, Hyers-Ulam—Rassias stability and 
Ulam-—Gavruta—Rassias stability controlled by product-sum of powers of 
norms. 


Theorem 10.17 Let / © {1,—1} be fixed, and let F: X* x X* —> Y* be a 
mapping such that 


In 
me F( =o 7) =0 (10.112) 
gint > gins > 
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for all x, y € X*. Suppose that c : X* —> Y isa mapping satisfying the inequality 
|A,c(x, y)| < Fy) (10.113) 

for all x,y €X*. Then, there exists a unique reciprocal-cubic mapping 


C:X* —> Y such that 
1 je x x 
|c(x) — C(@x)| < max Fs F(a.) “7 ENU {0} 
gilt git 


(10.114) 
for all x € X*. 
Proof: Interchanging (x, y) by (x, x) in (10.113), we obtain 
1 \i-11/2 x 
Rae ( ) S22 |e sa zen (10.115) 


In 
for all x € X*. Replacing x by aa in (10.115) and multiplying by 3 , we have 


Ds ec ae ee | ee eae 
azn gin aye” 3int1yl 7 gine gin n+ 


(10.116) 
for all x € X*. It follows from the relations (10.112) and (10.116) that 
1 x 
—cC i 
27" gin 


converges to a mapping C : X* —> Y defined by 


a 
27 


the sequence is Cauchy. Since Y is complete, this sequence 


C(x) = lim 2. (=) (10.117) 


On the other hand, for each x € X* and nonnegative integers 1, we have 


1 x 
aa he — c(x) 
n—-1 
a Vo tl * 
= sae 30+) 27I! 3il 
1 x 1 x , ; 
mini { a7 ur” (i) ~ a7 (=) ie “| 


jie 
< max Fs F(a. —.):0 <j<nh. (10.118) 
27 git? gilt 


Applying (10.112) and letting 1 > oo in the inequality (10.118), we find that the 
inequality (10.114) holds. Using (10.112), (10.113), and (10.117) for all x, y © X* 
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we have 
In In 
: 1 x 1 x 
tAVCG Slim PN age 2) ee tit || ce |S 
n>co | 27 gin gin n>co| 27 gin gin 


Thus, the mapping C satisfies (10.110) and hence it is reciprocal-cubic mapping. 
In order to prove the uniqueness of C, let us consider C’ : X* —> Y be another 
reciprocal-cubic mapping satisfying (10.114). Then 


c( =) c (5) 
3" 3" 
al he x x 
max < |C { — }-—c{ — 
7 gim gim 


: ; 1 
lim lim max < max — 
m— co N00 27 


=0 


IC) — C'@)| 


lm 


| 
5 


A 
E 


x ,({ x 
k(&)-¢()|} 
(jtmyl+ 

x x . , 

F ; me im<j<nt+m 

gitml+ - gtml+ : 


for all x € X*, which shows that C is unique. This finishes the proof. 
The following corollaries are immediate consequence of Theorem 10.17 
concerning the stability of (10.110). Oo 


IA 


Corollary 10.8 Let e > 0 beaconstant. Ifc: X* —> Y satisfies |A,c(x, y)| < € 
for allx, y € X*, then there exists a unique reciprocal-cubic mapping C : X* —> 
Y satisfying (10.110) and |c(x) — C(x)| < e for allx € X"*. 


Proof: Defining F(x,y) = € and applying Theorem 10.17, we get the desired 
result. Oo 


Corollary 10.9 Let e >0 and r # —3, be fixed constants. If c: X* — Y 

satisfies |A,c(x, y)| < e(|x|" + |y|") for all x, y © X*, then there exists a unique 
reciprocal-cubic mapping C : X* —> Y satisfying (10.110) and 

[2le 

le(x) — CO] <q [3I" 

[2le|3)* |x|’, r<—3 


xl’, r> —3, 


for allx € X*. 


Proof: The result follows immediately from by taking F(x, y) = e(|x|" + [y|") in 
Theorem 10.17. oO 


Corollary 10.10 Let c:X* —> Y bea mapping and let there exist real num- 
bers p,q,r =p +q #—3ande > Osuch that |A,c(x, y)| < e|x|?|y|? for all x, y € 
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X*. Then, there exists a unique reciprocal-cubic mapping C : X* —> Y satisfy- 
ing (10.110) and 

€ 


lex) — Cw) < 2 I" 
e[3)3||xl’, r<—3 


lal’, r> -3, 


for all x € X*. 


Proof: The required results are obtained by choosing F(x, y) = e|x|?|y|4, for all 
x,y € X* in Theorem 10.17. oO 


Corollary 10.11 Let e > 0 andr ¥ —3 be real numbers, and c: X* —> Y be 
a mapping satisfying the functional inequality 
[Ayo y)| <€ (lal ly"? + (lael” + Iy1’)) 


for all x,y € X*. Then, there exists a unique reciprocal-cubic mapping 
C:X* — Y satisfying (10.110) and 


I3|e 
Ic(x) — C(a)| < 4 I3I" 
3|e|3P lal", r<—3 


xl’, r> —3, 


for allx € X*. 


Proof: Considering F(x, y) = ¢ (|x|"/?|y|"/? + (lx|" + |y|")) in Theorem 10.17, 
one can find the result. Oo 


We have the following result which is analogous to Theorem 10.17 for 
(10.111). We include the proof for the sake of completeness. 


Theorem 10.18 Let / € {1,-—1} be fixed, and let G: X* x X* —> Y* be a 
mapping such that 


In x y 
G (<2: pei ) -~0 (10.119) 
3 


Int+ a gint a 


for allx, y € X*. Suppose that g: X* —> Y is a mapping satisfying the inequality 
|A,q(, y)| < G@,y) (10.120) 


for all x,y © X*. Then, there exists a unique reciprocal-quartic mapping 


Q:X* — Y such that 
aes x x 
F( 5.2) 77 ENvu {0} 
git git 


(10.121) 


lq) — Q(&)| < max { 


af 
81 
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for allx € X*. 


Proof: Replacing (x, y) by (x, x) in (10.120), we obtain 


q(x) — a4 () 


In 
forallx € X*. Switching x into = = in (10.122) and multiplying by | +| , we atrive 


at ; 
n+ 

1 ee ee 1 - x < G x x 

831 gin gy etbl 3int1yl gin gin 


(10.123) 
for all x € X*. The relations (10.119) and (10.123) imply that {—, ands ~)bisa 
Cauchy sequence. Due to the completeness of Y, there is a mapping Q: xX* — 

Y so that 


= lim ua 10.124 
Q(x) = lim nd (=) ( ) 


for all x € X*. The rest of the proof is similar to the proof of Theorem 10.17. O 


\/-1|/2 x 
< |81| 6(=4 Tey" HED =) (10.122) 


a 
81 


Here, we bring some corollaries regarding to the stability of functional 
equation (10.111) which are direct consequences of Theorem 10.18. 


Corollary 10.12 Let 6>0 be a constant, and let g:X* —>Y satisfies 
|A,q(x, y)| < 6 for all x, y € X*. Then, there exists a unique reciprocal-quartic 
mapping Q: X* — Y satisfying (10.111) and |q(x) — Q(x)| < 6 for all x € X"*. 


Proof: It is enough to put G(x, y) = 6 in Theorem 10.18. Oo 


Corollary 10.13 Let 6 >0 and a # —4, be fixed constants. If ¢g: X* — Y 
satisfies |A,q(x, y)| < 6(|x|% + |y|*) for all x,y € X*, then there exists a unique 
reciprocal-quartic mapping Q: X* —> Y satisfying (10.111) and 

|2|6 


lq(x) — Q(x)| < 4 31° 
[2|5|3|*|x/%, a <4, 


|x|%, a> —4 


for allx € X*. 


Proof: Considering G(x, y) = 6(|x|* + |y|*), for all x,y € X* in Theorem 10.18, 
we reach the result. Oo 


Corollary 10.14 Let gq: X* —> Y bea mapping and let there exist real num- 
bers a,b,a =a+b#-—4and 6 > Osuch that 


Dog, 9) < dlal“|yl? 
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for all x,y € X*. Then, there exists a unique reciprocal-quartic mapping 
Q:X* — Y satisfying (10.111) and 
6 


gx) — Q(x)| < 3 131° 
5[3|*|x|", a <4, 


|x|", a>-—4 


for allx € X*. 


Proof: Choosing G(x, y) = 6|x|“|y|* in Theorem 10.18, one can derive the 
desired result. o 


Corollary 10.15 Let 6 >0and a # —4 be real numbers, and q: X* —> Y be 
a mapping satisfying the functional inequality 


[Doq(x,y)| <5 (lxl*71y1*/? + (lal* + [yI%)) 


for all x,y € X*. Then, there exists a unique reciprocal-quartic mapping 
Q:X* — Y satisfying (10.111) and 


|3|6 


lg(x) — Q(x) < 4 131" 
3|5|3|4|a|", a <4 


\x|*, a>—4 


for every x € X*. 


Proof: The proof follows immediately by taking G(x, y) = 6(\x|?/?|y|%/? + 
(\x|* + |y|*)) in Theorem 10.18. Oo 


10.5.13 Counter-Examples 


In this section, applying the idea of the well-known counter-example pro- 
vided by Gajda [6], we illustrate some counter-examples that the functional 
equations (10.110) and (10.111) are not stable for r = —3 in Corollary 10.9 and 
a = —4 in Corollary 10.13, respectively. 

Consider the function 


= for x € (1, 0), 
p(x) =4* (10.125) 


é, otherwise, 


where gy: R* — R. Let f : R* —> R be defined by 


Olay 27 Gr ts) (10.126) 
n=0 
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for all x € R. The function f serves as a counter-example for the fact that the 
functional equation (10.110) is not stable for r = —3 in Corollary 10.9 in the 
next theorem. 


Theorem 10.19 If the function f : R* —> R defined in (10.126) satisfies the 
functional inequality 


lA, f(x, ”)| < Se + |y|~°) (10.127) 


for all x, y € X, then there do not exist a reciprocal-cubic mapping c: R* —> R 
and a constant p > 0 such that 


| f(x) — c(x)| < lal? (10.128) 
for allx € R*. 


Proof: First, we are going to show that f satisfies (10.127). By computation, we 
have 


y 27 "o(3-"x)| < 


n=0 


If@)| = Ya-2 


n=0 


Therefore, we see that f is bounded by - on R. If |x|? +|y/? >1, 


then the left-hand side of (10.127) is less than =. Now, suppose that 
0 < |x|~? + |y|-> < 1. Hence, there exists a positive integer k such that 


3 -3 1 
pe dees Meee (10.129) 


Thus, the relation (10.129) necessities 27 (\x|~3 + |y|73) < 1, or equivalently; 


ore ae! ee <1. So, = mo = > 1. The last inequalities imply that 


ge P27 > 1, Se > 27 > 1 and consequently 


ts >1 aes >1, 0x +y)>1, + (« +2y) >1. 
3k 1 3k 1 3k 1 3k 1 


Therefore, for each value of m = 0,1,2,...,k —1, we obtain 
a) SH =) wae Qe +y) Se aie +29) ae 


and A, g(3-"x,3-"y) =0 for n=0,1,2,...,k—1. Using (10.129) and the 
definition of f, we obtain 


- 5 wd 5405 5 — 1 26 1 
IASI s 2» ay * » a7" * 729 2» a < 26) at 3 La 


565 1 ce Eee 1 . 286 1 
~ 27 97k 27 ~ 13 97k ~ 13 97k+1 s 


=? (| + |) 
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for all x,y € R*. Therefore, the inequality (10.127) holds. We claim that the 
reciprocal-cubic functional equation (10.110) is not stable for r = —3 in Corol- 
lary 10.9. Assume that there exists a reciprocal-cubic mapping c: R* ~ R 
satisfying (10.128). Therefore, we have 


If) < (ut Dial. (10.130) 


However, we can choose a positive pare mwith m6 > w+ 1.1fx« € (1,3”7}) 
then 3-"x € (1, 00) for all wv = 0,1,2,...,m— 1 and thus, 


— (37 as 
f@| = ¥ A 
2, 27 


m1 276 


= — = me > (ut Dx, 
x 


which contradicts noe are the reciprocal-cubic functional 
equation (10.110) is not stable for r = —3 in Corollary 10.9. Oo 


Now, we consider the function 


a for x € (1,0) 
P(x) = 4* (10.131) 


A otherwise 


where @: R* — R. Let g: R* > R be defined by 
g(x) = }) 81-"p(3""%) (10.132) 
n=0 


for all x ER. In analogy with Theorem 10.19, we have the upcoming 
result which serves as a counter-example for the fact that the functional 
equation (10.10) is not stable for a = —4 in Corollary 10.13. The method of 
proof is similar, but we include it. 


Theorem 10.20 If the function g: R* —> R defined in (10.132) satisfies the 
functional inequality 


Bld : 
[Ay gay) S SH (lal *+ II) (10.133) 


for all x, y € X, then there do not exist a reciprocal-quartic mapping g : R* —> 
R and a constant f > 0 such that 


| g(x) — g(x)| < Blx|* (10.134) 
for allx € R*. 


Proof: Let us first prove that g satisfies (10.133). 


SA a 
Dae ar 


n=0 


|g(a)| = | >) 81-"¢(3-"»)| < 
n=0 


Stabilities and Instabilities of Rational Functional Equations 


Hence, we find that g is bounded by <* on R. If |x|*+|y|4 21, 


then the left-hand side of (10.133) is less than =. Now, suppose that 
0 < |x|~* + |y|~* < 1. Then, there exists a positive integer m such that 


< |x|* + lvl 


1 
gen = (10.135) 


et 
81” 


Similar arguments as in Theorem 10.19, the relation |x|~* + |y|“* < — implies 


81” 


gm S(x)>1, = 1 


(y 5 Ty (2x —y) >1. 


Therefore, for any n = 0,1, 2,...,m — 1, we get 
1 1 1 1 
—(*) >1,-—(y) > 1,—Q*+y)>1,—Qx-y)> 1. 
gn) gn (I) an y) an! x — y) 


and A,@(3-"x, 3-"y) = 0 for 1 =0,1,2,...,m-—1. Using (10.135) and the 
definition of g, we find 


oo} 


is eet A , sy 1 
|A,g(,y)| < o, 81" + Y gyi t =) 31" — cuyig 81” + 37 2 81” 


244A 1 ( _ =e < 244A 1 < 2444 1 
~ 81 81” 81 ~ 80 81” ~ 80 gift! 


au Shalt ts 
39 vel *+ II) 


for all x, y € R*. This shows that the inequality (10.133) holds. Here, we prove 
that that the reciprocal-quartic functional equation (10.111) is not stable 
for a = —4 in Corollary 10.9. Assume that there exists a reciprocal-quartic 
mapping g: R* —> R satisfying (10.134). Hence, 


lg(x)| < (B+ DIa|~*. (10.136) 


On the other hand, we can choose a positive integer k with kA > 6 +1. If 
x € (1,3) then 3-"x € (1, co) for all m = 0,1,2,...,k — 1 andso 


A 
x = fe ptpet, 


—1 
(3x) 
= > 
Isl = y a = 
which contradicts (10.136). Therefore, the reciprocal-quartic functional 
equation (10.2) is not stable for a = —4 in Corollary 10.13. Oo 
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10.6 Euler-Lagrange—Jensen (a, 6; k = a + b)-Sextic 
Functional Equations 


In this section, we introduce a new Euler—Lagrange—Jensen (a,b;k = 
a + b)-sextic functional equation 


pass tera sano’ | =H) (SE) 


a-—b -—a 
= saa +09| (2) +12) 
+ 2(a? — Bat — bY FH) +f (10.137) 


where a # b, such thatk €E R;K=a+b#0,+land4=1+4+(a—b)® —2(a°+ 
b°) — 62(ab)*(a? + b?) # 0. Then, we investigate the generalized Ulam—Hyers 
stability of (10.137) in quasi-f-normed spaces using fixed point method. We 
extend the stability results involving sum of powers of norms, product of 
powers of norms and mixed product-sum of powers of norms of the above 
functional equation. We also provide a counter-example to show that the 
functional equation (10.137) is not stable for singular case. It is easy to see that 
the function f(x) = kx® is a solution of (10.137). Hence, we say that it is a sextic 
functional equation. 


10.6.1 Generalized Ulam-Hyers Stability of Euler-Lagrange-Jensen 
Sextic Functional Equation Using Fixed Point Method 


Throughout this section, we assume that ¥ is a linear space and ) is a 
(8, p)-Banach space with (f, p)-norm ||-||. Let K be the modulus of concavity 
of ||-||,. For notational convenience, we define the difference operator for a 
given mapping f:Y > Vas 


D, f(x,y) = flax + by) +f(bx + ay) + (ab) (=) (==) 


= saan + P22) 492) 
+2(a - b*)\(a* — bf) +f 


for all x,y € X. 


Lemma 10.2 [58] Letj € {-1,1} befixed,m,b € Nwithb > 2and®:X% > 
[0, co) be a function such that there exists an L < 1 with ®(b/x) < b”’L®(x) for 
allx € X. Letg: ® > Y bea mapping satisfying 


Ilg(bx) — b™g(x)|ly < Ox) (10.138) 


for allx € ¥X, then there exists a uniquely determined mapping G: Y > Y such 
that G(bx) = b”G(x) and 


g(x) — G@)Ily < ) (10.139) 


1 
———® 
pom = 
for allx € X. 
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Theorem 10.21 Let i € {—1,1} be fixed. Let 6: ¥ x & — [0, 0) be a func- 
tion such that there exists an L < 1 with f(kix, k‘y) < k°*? L(x, y) for all x,y € 
X. Let fi: ¥ > Y bea mapping satisfying 


IDF, ly < dy) (10.140) 


for all x,y € &. Then, there exists a unique sextic mapping S:¥% — Y such 
that 


1 

| f@) — S(x)|l-y < nt (10.141) 

for all x € X, where 

32° (ab)? (a? + b?)8 
1 


Wa) = loc, x) + (0,0)) . 


Proof: Plugging (x, y) into (0, 0) in (10.140), we obtain 

IFOlly < 500.0). (10.142) 
Switching (x, y) to (x, x) in (10.140), one finds 

ILf(kx) — k f(x) — 32(ab)(@2 + BY Olly < si x) (10.143) 
for all x € &X. Using (10.142) and (10.143), we arrive 

II f (kx) — Kf) Ilyp < B@) (10.144) 


for all x € X&. By Lemma 10.2, there exists a unique mapping S: ¥ > Y such 
that S(kx) = k®S(x) and 


1 
If) —S@)lly < Any 


for all x € 2X. It remains to show that S is a sextic map. By (10.140), we have 


er: Ff (Kx, Py) 


me < k 6" h(kitx, ki"y) 
kin 


y 
< kK)" h(x, y) 
= L"$(x,y) 
for all x,y € ¥ andn EN. So ||D,S(x, y)|| y = 0 for all x,y € &. Thus, the map- 
ping S: ¥ > J is sextic, which completes the proof of theorem. Oo 


Corollary 10.16 Let ¥ bea quasi-a-normed space with quasi-a-norm ||-||,», 
and let Y be a (f, p)-Banach space with (f, p)-norm ||-||,). Let k,, p be positive 
numbers with p 4 6 and f:% — Y bea mapping satisfying 


ID. fly < ky(lloll + lly) 
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for all x,y € &. Then, there exists a unique sextic mapping S: VY — Y such 
that 


kK 6p 
= Il, pe @ *), 
2° (koP — kp) 


kP°k KK 6 
__< ‘ae, pe (2. 0) 
k6b2° (kpa — k6P) a 


If) — S@Illy < 


forallx € X. 


Proof: The proo! is obtained by taking f(x, y) = k,(Ilxll4, + Ilyll4), for all x,y € 
& and L = — in Theorem 10.21. oO 


Corollary 10.17 Let X be a quasi-a-normed space with quasi-a-norm ||-||,, 
and let Y be a (f, p)-Banach 5 a with (f, p)-norm ||-||y. Let ky, p, q be positive 
numbers with p = p+ q #% o and f :X > Y bea mapping satisfying 


ID. f@, lly < kale Ib 
for all x, y € X. Then, there exists a unique sextic mapping S: Y — Y such that 


k,K 6 
"init, pe (0%). 
2° (koP — kee) a 
lf) -— S@)lly S 
kk, K % 6p 
—— alk, pe (00 
k6BQP (kea — k6P) a 
for allw € X. 
Proof: Letting f(x, y) = ky lll’, IIyllf. for all x,y € X and L = — in Theorem 
10.21, we obtain the required results. Oo 


Corollary 10.18 Let ¥ be a quasi-a-normed space with quasi-a-norm ||-||,,; 
and let V be 2 @. p)-Banach space with (f, p)-norm ||-||. Let k3,7 be positive 
numbers r ## P and f:& > Y bea mapping satisfying 


1D, fee. 9h S< AgLlboell’ Moll, + Melle + lly 


for all x, y € ¥. Then there exists a unique sextic mapping S: ¥ > Y such that 


3k,K 3 
Ix, re | 0, al 
2° (k6b — k2re) a 


x) — S(x < 
IF) — S@Illy ier ‘ 
—————_|lxlly, re|—,o 
k6B QP (kere — kB) a 


forallx € X. 
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gee By taking g(x,y) = ks[Iloll% lly, + (ell? + lly), for all x,y © & and 
L= = in Theorem 10.21, we arrive at the desired results. oO 


10.6.2 Counter-Example 


In this section, using the idea of the well-known counter-example provided by 
Gajda [6], we illustrate a counter-example that the functional equation (10.137) 
is not stable for p = of in Corollary 10.16. We consider the function 


x°, for |x| <1, 
x)= 10.145 
9) i. for |x| > 1, ( ) 


where 9: R > R. Let ff: R — R be defined by 
fo= > 2" 02's) (10.146) 
n=0 


for all x € R. The function f serves as a counter- me for the fact that the 
functional equation (10.137) is not stable for p = #8 in Corollary 10.16 in the 
following theorem. 


Theorem 10.22 If the function f defined in (10.146) satisfies the functional 
inequality 


ID, f(e.9)| < 4 5 el + byl) (10.147) 


where 6 = 2[1 + (a — b)® — 2(a® + b°) — 62(ab)*(a’ + b*)] > 0, for all x,y € R, 
then there do not exist a sextic mapping S:IR > R and a constant e > 0 such 
that 


| f(x) — S(x)| < elx|° 
foralx ER. 


Proof: First, we are going to show that f satisfies (10.147). 


foe} 


1 64 


Lol = ae 


dy 2 "ees < 
n=0 


Therefore, we see that f is bounded by = on R. If |x|®+|y|/°=0 or 
|x|© + |y|& > = then 


646 es 6 
ID. fle. < SE < SP dat? + pl. 


Now, suppose that 0 < |x|® + : i” < = Then there exists a nonnegative integer 
k such that 


< |x|° + lyl® < 


earn = (10.148) 


64k 
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Hence, 64*|x|° <1, 644|y|° <1 and 2"(ax+by), 2"(bx+ay), 2” (=), 


n [{ bx-ay n ( x+y n( xy n n ea = = 
2 (= ) 2 (2 2 (= ) 2"x, 2"y €(-1,1) for all 1 =0,1,2,...,.k—1L 
p(2" (ax + by)) + “pl2"(bx + ay)) 


+ (a-b)° jo (2" (S=2)) +0( ee *))| 


Hence, for 1 = 0,1,2,...,k —1, 
-eaae +60 (2) +o EZ =) 


— (a? — b’)(a* — b*)[g2"x) + v(2”y)] = 0. (10.149) 
From the definition of f and the inequality (10.148), we obtain that 
ID. f(x, 9)| 


= > 2°" p(2" (ax + by)) + by 2-8" (2" (bx + ay)) 


n=0 n=0 


vecat Boee(e (SP) -2ere(“(=2)) 
~suaris [Soee(x" (32) + Zoeo(())| 


-2(a’ = b’)(a* = b*) b 2-8" (2x) + Ss Y 2w0'n| | 


n=0 n=0 
co 
she 


n=0 


veo) on ($2) 
— 64(ab)*(a? + b°) | (2" (>) +0(2"(>*))| 


— 2(a2 — ba" — b*)[@(2"x) + o2"y 


@(2"(ax + by)) + (2"(bx + ay)) 


~ 260-5 _ 64°65 
-6n so __ 6 
< 2? B= a Sy lal® + I. (10.150) 
Therefore, f satisfies (10.147) for all x, y € IR. Now, we claim that the functional 
equation (10.137) is not stable for p = e in Corollary 10.16. Suppose on the 
contrary that there exists a sextic mapping S:R — R and a constant e > 0 
such that 
f(x) —S(@x)| <elx|® forall xER. 


Then, there exists a constant c€R such that S(x)=cx® for all rational 
numbers x [44]. So we obtain that 


If) < (e + lel) |«l° (10.151) 
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for all x € Q. Let m EN with m+1> e+ |c|. If x is a rational number in 
(0, 2°”), then 2x € (0, 1) for all = 0,1, 2, ...,m, and for this x, we get 


F(a) = J) 2°" (2"x) = DY) 2-6"(2"x)® = (m + 1x® > (E+ lel)a®, 
n=0 n=0 


(10.152) 


which contradicts (10.151). Hence, the functional equation (10.137) is not 
stable for p = o in Corollary 10.16. Oo 


10.6.3 Generalized Ulam-Hyers Stability of Euler-Lagrange-Jensen 
Sextic Functional Equation Using Direct Method 


In this section, we prove various stabilities associated with Hyers, Rassias, and 
Gavruta for Euler-Lagrange—Jensen (a, b)-sextic functional equation (10.137) 
using direct method. 

Throughout this section, we assume that A is a linear space and B is a 
(f, p)-Banach space with (f, p)-norm ||-||,;. Let K be the modulus of concavity 
of [I-Ilp- 


Theorem 10.23 Let @: A XA — [0, 00) be a mapping satisfying 


j 
> (5) b(wix, wy) < 00 (10.153) 


j=0 


for all x,y € A. Let f: A > B be a mapping with the condition f(0) = 0 such 
that 


ID. fF lg < b@,y) (10.154) 


for all x,y € A. Then there exists a unique sextic mapping S: A —> B satisfying 
(10.137) and 


eo J 
Lf) — S@)Ilp < Saal ¥ (5) bux, wx) (10.155) 
j=0 


for all x € A. The mapping S(x) is defined by 
S(x) = lim _ fuitx) (10.156) 
no U n 


forallx€ A. 


Proof: Switching (x, y) to (x, x) in (10.154) and simplifying further, we obtain 


< 1 
| B 2P my 


px, x) (10.157) 


wah (ux) — f(x) 
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for all x € A. Now, replacing x by yx, dividing by ° in (10.157), we find 
1 
pe 


for all x € A. Combining (10.157) with (10.158) and using triangle inequality 
and since K > 1, 


1 
pe 
for all x € A. Using induction arguments on a positive integer , we arrive 


| 1 
H 


— f(u"x) —f@|) < 
B 


—— P(uX, Hx) (10.158) 


fobs) ~ 7. fe) 
H 


< 
a 12p 


f(wx) -—f@]| < 
B 


: j 

K K . 

2 68 ps (5) Pu’x, Wx) (10.159) 
j=0 


K SK 
ah 2. (4 ) (pix, px) (10.160) 
j=0 


for all x € A. From (10.157), we obtain 


for allx € A. Forn>m, 


—— f(ui**x) - “al (u/x) b(u!x, Wx) (10.161) 


Pe —— 
ets HIP 2P 58 


1 ‘ 1 in 
| pot te pond ON >) can fui) - aw) B 
1 n—-1 1 
——— —— j J 
s 2P 1498 pa yoib Pp(u’x, ux) (10.162) 


for all x € A. The right-hand side of the above inequality (10.162) tends to 0 as 
n — oo. Hence, { caf (u's) } is a Cauchy sequence in J3. Hence, we may define 


ae oe 
Sx) = lim pol x) 


for all x € A. Since K > 1, replacing (x, y) by (ux, u”y) and dividing by 4°” in 
(10.154), we have 


1 n n 1 n n n 
pent DFS, MDs S ag K OU, HY) (10.163) 


for all x,y € A. By taking 1 — ov, the definition of S implies that S satisfies 
(10.137) for all x, y € A. Thus, S is a sextic mapping. In addition, the inequality 
(10.163) implies the inequality (10.155). Now, it remains to show the uniqueness 
of S. Assume that there exists S’: A — B satisfying (10.137) and (10.155). It is 


Stabilities and Instabilities of Rational Functional Equations 
easy to show that for all « € A, S’(u"x) = w"S'(x) and S(u"x) = y6"S(x). Then 


IIS) —S@lly = sus : 


~ aa IIS'(u"x) — SCu"x) Ils 
< pK H's) — FU" + Us) ~ SUH 


a f(K\” 
< 2K >, (5) bux, ux) 
j=0 


for all x € A. By letting 1 > co, we immediately have the uniqueness of S. O 


Theorem 10.24 Let 6: Ax.A — [0, co) bea mapping satisfying 


y (Kp vid (= at =) <0 (10.164) 


j=0 


for allx, y € A. Let f: A > 8 bea mapping with the condition f(0) = 0 satisfy- 
ing (10.154) for all x, y © A. Then there exists a unique sextic mapping S:.A > 
B satisfying (10.137) and 


If @) -S@Ilp < S 5 ike ig (=. =) (10.165) 
for all x € A. The mapping S(x) is defined by 

S(x) = lim "Ff (=) (10.166) 
for allx € A. 


Proof: Plugging (x, y) into (5 *) in (10.154), we obtain 


so - uf (2) yes (2. =) (10.167) 


Pp 
for all x € A. Now, substituting x as * multiplying by y/° in (10.167) and sum- 
ming the resulting inequality with (10.167), we have 


K 
fos) - 0 (2) a Sno ( =. 4.) 


B j=0 
for all x € A. Using induction arguments on a positive integer 1, we conclude 


that 
_ ,on¢ | * 
|s wt (=) 


B 


n—-1 


K x 
<= ) (Ku) (4 ‘ =) 
oP = jt+l with 


B 
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for all x € A. The rest of the proof is obtained by similar arguments as in 
Theorem 10.23. Oo 


Corollary 10.19 Let 0 >0 be fixed. If a mapping f:.A — B satisfies the 
inequality 
ID. f@ lls < @ 


for all x,y € A, then there exists a unique sextic mapping S: A —> B satisfying 
(10.137) and 


ILf@) — S@)ll, < —*? 


2' (uo — K) 
for allx € A. 


Proof: Considering $(x, y) = @, for all x, y € A in Theorem 10.23, we have 


If) - Sls < oe >) (5) 0 


j=0 
= 
KO K 
‘ 2? 6? ¢ . “s) 
K@ 
~ 2°(uS6 — K) 
for allx € A. Oo 


Corollary 10.20 Let 0, > 0 be fixed andr # 6f. Ifa mapping f : A > B sat- 
isfies the inequality 


IDF Mls S A (Mell”, + lly) 
for all x,y € A, then there exists a unique sextic mapping S: A —> B satisfying 
(10.137) and 

20,K 
20,K 
2°(ur — Kyo?) 


IlxII",, for r < 68, 


IIf@) - S@llz < 
lx|l",, for r > 6p 


forallx € A. 


Proof: By choosing (x,y) = 6, (lell", + Ilyll’)s for all x,y € A and r < 6f in 
Theorem 10.23, we obtain 
K y 20,K) 


IF@)— Sls < Fe Lae Ml 


j=0 
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<> = =e wy) all 
26, K 


SiGe an" Wy (10.168) 
for all x € A andr > 6f in Theorem 10.24, we have 
If@) -— S@|lz < Pry lael|", 
20x 6p-r\-1 r 
< Pye —Kkpr) |e’, 
20,K 101 
< Fr Ke Wy (10.169) 


for all x € A. Combining (10.168) and (10.169), we arrive at the required 
results. oO 


Corollary 10.21 Let 0, > 0 be fixed and r,s such that y=r+s#6f. Ifa 
mapping f : A > B satisfies the inequality 
IDF, Mls S olla IyI, 
for all x,y € A, then there exists a unique sextic mapping S: A — B satisfying 
(10.137) and 
0,K 
2°(uP — Ky’) 
0,K 
(ur — Kyu?) 


Ilx|l’,, for 7 < 6p 
| f(~) -— S@)|lz < 
Ilx|l’,, for y > 68 


forallx Ee A. 


Proof: By replacing (x,y) = 44||x\I",IlyIlf,, for all x,y € A and considering 
y < 6f in Theorem 10.23, one have 


foe} 


IF) - Sz < Yall, 
y-6fB)-1 Y 
< he Wel 
0,K 
- Ilell”, (10.170) 


~ -2P(uS? — Ky’) 

for all x € A and ee y > 6f in Theorem 10.24, we arrive 
(Ku) 
wp 


ILf@) -S@llp < 2S 7 


Y 
Ihell’, 
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ae dei 
ee ce 
S aD Il xl", 
for all x € A. From (10.170) and (10.171), we obtain the desired results. oO 


(10.171) 


Corollary 10.22 Let 6, >0 be fixed and y #6f. If a mapping f: A > B 
satisfies the inequality 


Df lls <8 (Mel UI? + Call, + Ill) 


for all x,y € A, then there exists a unique sextic mapping S: A > B satisfying 
(10.137) and 


305K ; 

Poi? —Kynllw for y < 68, 
—§ < 

IIf@) -S@llz < 304K 


——>——||x||", for y >6 
Tor le for 7 > 68 


for allx € A. 


Proof: By putting o(«,y) = 43((lall’7 ly? + Cll”, + Ilyll’), for all xy € A 
and taking y < 6f in Theorem 10.23, we get 


If) - S@lls < te Nall 


a 


y—-6B) j y 
ie A (1 = Kyra 


30,K 
~ -2°(u9 — Kur) 
for all x € A and considering y > 6f in Theorem 10.24, we have 


Ill’, (10.172) 


If) — S@lls < ee) lial 
ze 3K 
< Pay all”, 
30,K 
: lel”, (10.173) 


~ 2P(ur — Kp) 
for all x € A. Using (10.172) and (10.173), we arrive at the requisite results. 0 
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11.1 Iterated Function System 


Iterated function systems (IFS) are based on the mathematical foundations laid 
by Hutchinson [1]. He showed that the Hutchinson operator constructed with 
the help of a finite system of contraction mappings defined on an Euclidean 
space R” has closed and bounded subset of R” as its fixed point, called attractor 
of IFS [2]. In this context, fixed point theory plays significant and vital role to 
help in construction of fractals. 

Fixed point theory is studied in an environment created with appropriate 
mappings satisfying certain conditions. Recently, many researchers have 
obtained fixed point results for single and multivalued mappings defined on 
metric spaces. 

Banach contraction principle [3], one of the basic and the most widely applied 
fixed point theorems in all of analysis reads as follows: 


Theorem 11.1 Let (X,d) be a complete metric space and f: X > X a con- 
traction on X with contraction constant a € [0, 1), that is, for any x,y € X, the 
following holds: 


d( fx, fy) < ad(x, y). (11.1) 


Then f has a unique fixed point in X. Furthermore, for any initial guess x) € X, 
the sequence of simple iterates {xo, fx .f7xo.f°x. --.} converges to a fixed 
point of f. 
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Banach contraction principle [3] is of paramount importance in metrical 
fixed point theory with a wide range of applications, including iterative meth- 
ods for solving linear, nonlinear, differential, integral, and difference equations. 
This initiated several researchers to extend and enhance the scope of metric 
fixed point theory. As a result, Banach contraction principle has been extended 
either by generalizing the domain of the mapping [4—10] or by extending the 
contractive condition on the mappings [11-16]. There are certain cases when 
the range X of a mapping is replaced with a family of sets possessing some 
topological structure and consequently a single-valued mapping is replaced 
with a multivalued mapping. Nadler [17] was the first who combined the ideas 
of multivalued mappings and contractions and hence initiated the study of 
metric fixed point theory of multivalued operators, see also [18-20]. The fixed 
point theory of multivalued operators provides important tools and techniques 
to solve the problems of pure, applied, and computational mathematics, which 
can be restructured as an inclusion equation for an appropriate multivalued 
operator. 

The purpose of this chapter is to construct a fractal set of iterated function 
system, a certain finite collection of mappings defined on a metric space, which 
induce compact-valued mappings defined on a family of compact subsets of 
a metric space. We prove that Hutchinson operator defined with the help of 
a finite family of F-contraction mappings on a complete metric space is itself 
generalized F-contraction mapping on a family of compact subsets of X. We 
then obtain a final fractal obtained by successive application of a generalized 
F-Hutchinson operator. A nontrivial example is presented to support the 
result proved herein. 

In what follows, the letters R, R”, R,, and N will denote the set of all real 
numbers, the set of all u-tuples of real numbers, the set of all positive real 
numbers, and the set of all natural numbers, respectively. 


Definition 11.1 Let (X,d) bea metric space and C C X. Then C is compact if 
every sequence {x,,} in C contains a subsequence having a limit in C. Note that 
closed and bounded subsets of R” are compact. In addition, every finite set in 
IR” is compact. On the other hand, (0, 1] C R is not compact as {1, ; a Cc 


? 2? 
(0,1] does not have any convergent subsequence. In addition, Z C R is not 
compact. 


Let (X,d) be a metric space and H(X) denotes the set of all nonempty 

compact subsets of X. For A, B € H(X), let 
H(A, B) = max{sup d(b, A), sup d(a, B)}, 
beB aca 

where d(x, B) = inf{d(x, b) : b € B} is the distance of a point x from the set 
B. The mapping H is said to be the Pompeiu—Hausdorff metric induced by d. 
If (X,d) is a complete metric space, then (H(X), H) is also a complete metric 
space. 

For the sake of completeness, we state and prove the following lemma. 
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Lemma 11.1 Let (X,d) be a metric space. For all A, B,C, D € H(X), the fol- 
lowing hold: 


(i) If B C C, then sup d(a, C) < sup d(a, B). 
acA acA 
(ii) sup d(x, C) = max{sup d(a, C), sup d(b, C)}. 


xE€AUB acA beB 
(iii) H(A UB, C UD) < max{H(A, C), H(B, D)}. 


Proof: To prove (i): Since B C C, for all a € A, we have 
d(a, C) = inf {d(a,c) : c € C} 
<inf{d(a,b) : b € B} = da, B), 
which implies that 
sup d(a, C) < sup d(a, B). 
acA acA 


To prove (ii): 


sup d(x, C) =sup{d(x%,C) : x E AUB} 


x€AUB 


= max{sup{d(x, C) : x € A}, sup{d(x, C) : x € B}} 
= max{sup d(a, C), sup d(b, C)}. 
acA beB 


To prove (iii): Note that 


sup d(x, CUD) 
xE€AUB 


< max{sup d(a,C UD), sup d(b, CU D)} (by using (ii)) 
acA beB 


< max{sup d(a, C), sup d(b, D)} (by using (i)) 
acA beB 


< max { maxi sup d(a, C), sup d(c, A)}, max{sup d(b, D), sup d(u, B)} \ 
acA cEeC beB ueD 
= max{H(A, C), H(B, D)}. 
In the similar way, we obtain that 


sup d(y,A UB) < max{H(A, C), H(B, D)}. 
yEeCuD 


Hence it follows that 
H(AUB,CUD)=max{ sup d@,C UD), sup d(y,A UB)} 
x€AUB yEeCuD 


< max{H(A, C), H(B, D)}. Oo 


Wardowski [21] introduced a new contraction called F-contraction and 
proved a fixed point result as an interesting generalization of the Banach 
contraction principle. 

Consistent with [21], the following definition and examples are needed. 
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Let f be the collection of all continuous mappings F : R, > R that satisfy 
the following conditions: 


(F,) F is strictly increasing, that is, for all a, 6 € R, such that a < # implies 
that F(a) < F(). 
(F,) For every sequence {a,} of positive real numbers, lim a, =0 and 


lim F(a,,) = —co are equivalent. 
(F;) There exists k € (0, 1) such that lim akF(a) = 0. 


Definition 11.2 [21] Let (X,d) be a metric space. A self-mapping f on X is 
called an F-contraction if for any x,y € X, there exists F € f and t > 0 such 
that 


t + F(d( fx, fy)) < F(d(x,y)), (11.2) 
whenever d(x, fy) > 0. 


From (F;) and (11.2), we conclude that 
dfx. fy)<d(x,y), forall xyEx, fF fy. 
Indeed from (11.2), for all x, y € X with d(fx, fy) > 0, we have 
F(d(fx, fy) < F(d(«, y)). 
Since F is strictly increasing (F,), it follows that 
d¢( fx, fy) < d(x, y) for all x,y © X whenever fx # fy. 


Thus, every F-contraction mapping is contractive, and in particular, every 
F-contraction mapping is continuous. 

Following examples show that there are varieties of contractive conditions 
corresponding to different choices of elements in fF. 


Example 11.1 Let F : R, — R be defined by F(A) = In(A) for A > 0. Then F 
satisfies (F,)—(F,). A mapping f :X — X satisfying (11.2) is a contraction with 
contractive factor e~‘, that is, 


dc fx,fy) <e "dw, y), forallxyEx, fx # fy. (11.3) 
It is clear that for x, y € X such that fx = fy the inequality d( fx, fy) < e-*d(, y) 
holds. 


Example 11.2 If we take F(A) = In(A) + A, A > 0, then F satisfies (F,)—(F;) 
and (11.2) is of the form 


SED) es 80-00 <e", forallxyEex, KF fy. (11.4) 
xy 
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Example 11.3. Consider F(A) = -1/ Ja for A> 0, then F € Ff. In this case, 
F-contraction mapping f satisfies 


1 
d( fx, fy) < —————_ 
(1+7+/d(, y))? 
Note that, the above is a special case of nonlinear contraction of the type 
d( fx, fy) < w(d(x, y)) d(x, y) for all x, y € X, fx # fy. For details, see [11, 15]. 


d(x,y), forallayEx, fF fy. (11.5) 


Example 11.4 Let F(A) = In(/? + 4), A > 0. Then F satisfies (F,)—(F) and the 
mapping f satisfies the following condition 
de Syd fey) + D _ 
dix, y(d@,y)+ 1 ~~ ” 
In all above Examples, conditions (11.3)—(11.6) are satisfied for any x,y € X 
with fx = fy. 
Theorem 11.2 [21] Let (X,d) be a complete metric space and f:X —> X an 


F-contraction mapping. Then f has a unique fixed point in X and for every xy 
in X, a sequence of iterates {x9, fxo,f7Xq, ...} converges to the fixed point of f. 


for all x,y EX, fx $ fy. (11.6) 


Theorem 11.3 Let (X,d) be a metric space and f:X — X an F contrac- 
tion. Then 


(1) f maps elements in 7#/(X) to elements in H(X). 
(2) If for any A € H(X), 


S(A) = { f(x) ix € A}. 
Then f : H(X) > H(X) is a F-contraction mapping on (H(X), H). 


Proof: As F-contraction mapping is continuous. The image of a compact subset 
under f : X > X is compact, that is, A € H(X) implies f(A) € H(X). 

To prove (2): Let A, B € H(X) with H(f(A), f(B)) # @. Since f: X > X is F 
contraction, we obtain that 


0 < dfx, fy) <d,y) forallx,yEX, x#y. 
Thus, we have 
d( fe. f(B)) = inf df. fp) < inf dx, 9) = d(x, B). 
In addition, 
d( fy. f(A)) = inf d(fy, fe) < inf d(y,2) = dy. A). 
Now 
(f(A), f(B)) = max{ sup d( fx, f(B)), sp d( fy, f(A))} 
< max{sup d(x, B), sup d(y, A)} = H(A, B). 
xeA yeB 
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Since F is strictly increasing, 
F(H(f(A), f(B))) < FAVA, B)). 
Consequently, there exists some t* > 0 such that 
tT + FH (f(A), f(B))) < F(A(A, B)). 
Hence f : H(X) — H(X) is a F contraction. oO 


Theorem 11.4 Let (X,d) bea metric space and {f,:1 =1,2,...,N}, a finite 
family of F-contraction self-mappings on X. Define T: H(X) > H(X) by 
T(A) =f((A) Uf,(A) V+ Uf, (A) 
=UN_S,(A), 
for each A € H(X). Then T is F contraction on H(X). 


Proof: We demonstrate the claim for N =2. Let f,,f£:X > X be two F 
contractions. Take A,B € H(X) with H(T(A), T(B)) #0. From Lemma 11.1 
(iii), it follows that 


t + F(H(T(A), T(B))) = + FAA (A) UA). iB) VfB) 


<7 + F(max{H(f,(A),f,B)), HA(A).AB)D) 
< F(H(A, B)). o 


Theorem 11.5 Let (X,d) be a complete metric space and {f,:n= 
1,2,...,N},a finite family of F contractions on X. Define a mapping on H(X) as 


T(A) =f((A) Uf(A) U- + Uf, (A) 
= UN f,(A), 
for each A € H(X). Then 
(1) T: H(X) > H(X); 
(2) T has a unique fixed point U € H(X), that is U = T(U) = U'_, f,(U); 
(3) for any initial set Ay € H(X), the sequence of compact sets {A,, T(A,), 
T?(Ap), --.} converges to a fixed point of T. 


Proof: (1) Since each f; is F contraction, therefore from definition of T and 
Theorem 11.3 the conclusion follows immediately. (2) From Theorem 11.4, 
T:H(X) > H(X) is F—contraction. Moreover, the completeness of (X,d) 
implies that (H(X),H) is complete. Consequently, (2) and (3) follow from 
Theorem 11.2. Oo 


Definition 11.3 Let (X,d) be a metric space. A mapping T : H(X) ~ H(X) 
is said to bea generalized F contraction if there exists F € f and t > Osuch that 
for any A, B € H(X) with H(T(A), T(B)) # 0, the following holds: 


t+ F(H(T(A), T(B))) < F(M,(A, B)), (11.7) 
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where M,(A, B) = max{H(A, B), H(A, T(A)), H(B, T(B)), 
H(A, T(B)) + H(B, T(A)) 
nar aaa 
H(T°(A), T(A)), H(1(A), B), H(T"(A), T(B))}.- 


The operator T defined above is also called generalized F-Hutchinson 
operator. Note that if T defined in Theorem 11.5 is F contraction, then it 
is trivially generalized F contraction and so T is generalized F-Hutchinson 
operator. The converse does not hold [22]. 


Definition 11.4 Let X be a metric space. If f,:X ~X, n=1,2,...,N 
are F-contraction mappings, then (X; f,.f,,..-,fy) is called generalized 
(F-contractive) IFS. 


Thus, the generalized IFS consists of a metric space and finite family of 
F-contraction mappings on X. 


Definition 11.5 A nonempty compact set A C X is said to be an attractor of 
the generalized F-contractive IFS if 


(a) T(A) =A and 
(b) there is an open set V C X such that A C V and jim Tk(B) =A for any 


compact set B C V, where the limit is taken with respect to the Hausdorff 
metric. 


The largest open set V satisfying (b) is called a basin of attraction. 


11.2 Generalized F-contractive Iterated Function 
System 


We start with the following result. In this result, we prove the existence of fixed 
point of generalized F-contraction operator T. 


Theorem 11.6 Let (X,d) be a complete metric space and {X:f,,n = 1,2, 
...,k} a generalized IFS. Let T : H(X) — H(X) be defined by 


T(A) = f(A) Ufx(A) U--- Ufy(A) 
= Ua Si(A), 


for each A € H(X). If T is a generalized F-Hutchinson operator, then T has a 
unique fixed point U € H(X), that is 


UST =U i. 


Moreover, for any initial set Ay € W(X), the sequence of compact sets 
{Ao, T(Ao), T7(Ao), --. } converges to a fixed point of T. 
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Proof: Let Aybe an arbitrary element in H(X). If Ay = T(Ag), then the proof is 
finished. Therefore, we assume that A, # T(A,). Define 

A, = T(A), Ay = T(A)), .--, Ama: = T(A,,) 
formeN. 

We may assume that A,, #A,,,; for all m EN. If not, then A, = A,;,, for 
some k implies A, = T(A,), and this completes the proof. Take A,, 4 A,,,, for 
all m € N. From (11.7), we have 

T+ F(H(AmaisAmso)) = Tt + E(A(T(Ay,), T Amst) 
<F(M7(A,,, Ami); 
where 
MA, Ame) = max{H(Ay, Ani), An T Am), AAmse T Ams) 
H(A,» Ti Ama) + H(A T(A,,)) 
9 ba 
H(T*(A,,), T(Ay,))» H(P?(Ag)s Amar)» 
H(T*(A,,); TAmi))} 
= max{H(A,,, Anyi), FAA mii)» 1A mer Amsa)> 
HA Ams) + A Ani Ams) 
9) b 
HAni2 Ame)» Aimy: Amti)» 1A mir Amer) } 
< max{H(A,,, Anyi), 1 Ami Ame) 
AAy Ams) oF AAs Ams) } 


2 
= max{H(A,,, Ams» AAs Ams42) } : 


m+1? 


Thus, we have 
t+ FH (Ags Ams2)) S Fomax{H(Ay, Ams)» HAmir Ami) 
= F(A(Ay, Ams) 
that is, 


F(AH(A Ayia) S$ FCH(A, Aya) — T 


m+1? 
for all m € N. Therefore, 
FUH(A,, Ans) < F(H(A,_),4,)) — T 
< F(H(A,9»4,_-1)) — 2t 
<--+- < F(H(Ap, A))) -— 17, 
and we obtain that lim F(H(A,,A,,,)) = —oo that together with (F,) implies 
that 


lim H(A,,A,1) = 0. 
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Now by (F;), there exists i € (0, 1) such that 
lim [H(A,,A,4)I"F(H(A,,. Ana) = 0. 


Thus, we have 


[H(Ay Ansi)l"FH Ay Ans) — [H(Ags Ant"FH (Ag Anat) 
<—nt[H(A,,Anii)I" < 0. 


On taking limit as 1 > oo, we obtain 


lim n[H(A,,A,4,)I" = 0. 


n->o 


As lim ni (Any Anas) = 0, so there exists 7, € N such that 
nw 


ni H(A,,Ans1) < 1 
for all n > n,. Therefore, we have 
H(Ap Ans) S 
( n? nai) = nish 


for all > n,. For m,n € N with m > n > n,, we have 


ACA, Ain) < A(A,, Ans) ch A(Ags Ansa) ae A(Ay 1. Am) 
= 1 
< 2; a 


wo 1 


By the convergence of the series ))*, aa? we get H(A,,A,,) > Oasn,m — oo. 
Therefore, {A,,} is a Cauchy sequence in X. Since (H(X), H) is complete, we 
have A,, > Uasn > oo for some U € H(X). 

In order to show that U is the fixed point of T, we contrary assume that 
Pompeiu—Hausdorff weight assigned to the U/ and T(U) is not zero. Now 


T+ F(A(A,,,,T(U))) = 7+ F(A(T(,), TU))) < F(M7(A,,U)), (11.8) 
where 
M,\(A,, U) = max{H(A,, U), H(A,, T(A,,)), HU, TU)), 
H(A,, T(U)) + HU, T(A,,)) 


2 
H(T’(A,), U), H(T*(A,,), TU))} 


=max{H(A,, UW), H(A, Aj41), HU, TU)), 
A(A,, TU)) + AU, A, 44) 


H(T*(A,), T(A,)), 


2 AA, 42, Ansi)> 
H(A,,49,U), H(Aj 42, T(U))}- 
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Now we consider the following cases: 

(1) IfM,(A,, U) = H(A,, U, ), then on taking limit as 1 > oo in (11.8), we have 
t+ F(A(T(U), U)) < F(A(U, U)), 


a contradiction. 
(2) When M,(A,, U) = H(A,, A,41), then 


7+ F(T), W) s PH, U)), 


gives a contradiction. 
(3) Incase M,(A,, U) = H(U, T(U)), then on taking limit as 1 — oo in (11.8), 
we get 


t+ F(A(T(U), U)) < PAU, T(U))), 


a contradiction. 


ACA, ,TU))+H(U, A 4) 
(4) If M,(A,,U) = (A,,,T(U))+H( ) 


, then on taking limit as 1 > oo, we have 


c+ F(H(T(U), W) <E (Aen) 


2 


ae (ee) 


a contradiction. 
(5) When M,(A,,, UW) = H(Aj49,Ay41), then 


7+ F(T), UW) s POA, U)), 


gives a contradiction. 
(6) Incase M,(A,, U) = H(A,,,5, U), then on taking limit as n > oo in (11.8), 
we get 


t+ FUT), W) s FEY, W)), 


a contradiction. 
(7) Finally if M_(A,, U) = H(A,,, T(U)), then on taking limit as 1 > oo, we 
have 


t+ F(A(T(U), U)) < PAU, TU), 


a contradiction. 

Thus, U/ is the fixed point of T. 

To show the uniqueness of fixed point of T, assume that U/ and V are two 
fixed points of T with H(U, V) is not zero. Since T is a F-contraction map, 


Attractor of the Generalized Contractive Iterated Function System 


we obtain that 


t+ F(HUU, V)) = 7 + F(H(T(U), T(V))) 
< F(max{H(U, V), H(U, T(U)), HV, T(V)), 
HU, T(V)) + HV, T(U)) 
5 : 
H(T*(U), U), H(T*(U), V), H(T*(U), T(V))}) 
H(U, V) + H(V,U) 
ag 


= F(max{H(U, V), H(U, U), H(V, V), 
AU, U), HU, V), HU, V)}) 
= F(HUU, V)), 


a contradiction as t > 0. Thus, T has a unique fixed point UU € H(X). a 


Remark 11.1 In Theorem 11.6, if we take S(X) the collection of all singleton 
subsets of X, then clearly S(X) € H(X). Moreover, consider f, = f for each n, 
where f =f, then the mapping T becomes 


T(x) = f(x). 
With this setting, we obtain the following fixed point result. 


Corollary 11.1 Let (X,d) be a complete metric space and {X:f,,n = 1,2, 
...,k} a generalized IFS. Let f: X — X be a mapping defined as in Remark 
2.2. If there exists some F € f and t > 0 such that for any x,y € H(X) with 
df (x), f(y) # 0, the following holds: 


t+ F(d(fx.fy)) < FM (x,y), 
where 


Aca RaGs 
M,(x,y) = max{ d(x, 9), d(«,fx), dQ.fy). a 


d(f?x, y), d( fx, fx), d(f?x. fy) } & 


Then f has a unique fixed point « € X, Moreover, for any initial set x) € X, the 
sequence of compact sets {xy,f%o.f 7X, --- } converges to a fixed point of f. 


Corollary 11.2 Let (X,d) be a complete metric space and (X; f,, = 1,2, 
...,k) be IFS where each f; for i = 1,2,...,k is a contraction self-mapping on 
X. Then T: H(X) > H(X) defined in Theorem 2.1 has a unique fixed point 
in H(X). Furthermore, for any set Ay € H(X), the sequence of compact sets 
{Ay, T(Ao), T7(Ao), --. } converges to a fixed point of T. 


Proof: It follows from Theorem 1.13 that if each f, for i=1,2,...,k is a 
contraction mapping on X, then the mapping T : H(X) — H(X) defined by 


T(A) = UX_, f,(A), 
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for all A € H(X) is contraction on H(X). Using Theorem 11.6, the result 
follows. a 


Corollary 11.3 Let (X,d) be a complete metric space and (X;f,,” = 1,2, 
...,k) an IFS where each f; for i = 1,2, ...,k is a mapping on X satisfying 
dfx, fy) SLIDE < eT d(x,y), foralla,yeX, fx #fy, 


where t > 0. Then the mapping T : H(X) > H(X) defined in Theorem 2.1 has a 
unique fixed point in #{(X). Furthermore, for any set A, € H(X), the sequence 
of compact sets {Ay, T(Ag), T7(Ao), ..-} converges to a fixed point of T. 


Proof: Take F(A) = In(A) + A, A > 0 in Theorem 11.4, then each mapping f; for 
i=1,2,...,k onX satisfies 
d( fix, fy) SPINE < eT d(x, y), forall x,y EX, fx # fy, 


where t > 0. Again from Theorem 11.4, the mapping T : H(X) > H(X) defined 
by 


T(A) = Ut_, f(A), 
for all A € H(X) satisfies 
H(T(A), T(B))e?§ FF ®)-#A) < eT H(A, B), 
for all A,B € H(X), H(T(A), T(B)) #0. Using Theorem 11.6, the result 


follows. Oo 


Corollary 11.4 Let (X,d) be a complete metric space and (X;f,,n= 
1,2,...,k) be IFS such that each f, fori = 1,2,...,k isa mapping on X satisfying 


d( fx, fy (A fx.fiy) + 1) < e*d(x, (dy) +1), forall x,y EX, fix # fy, 


where t > 0. Then the mapping T : H(X) — H(X) defined in Theorem 11.6 has 
a unique fixed point in #1(X). Furthermore, for any set A, € H(X), the sequence 
of compact sets {Ay, T(Ao), T?(Ag), ...} converges to a fixed point of T. 


Proof: By taking F(A) = In(A? + A) + A, A > 0 in Theorem 11.4, we obtain that 
each mapping f; fori = 1,2,...,k on Xsatisfies 


A fix fir (A fix.f) + 1) 
<e ‘d(x, y\(d(x,y)+1), forallx,y eX, fx # fy, 


where t > 0. Again it follows from Theorem 11.4 that the mapping T : H(X) > 
H(X) defined by 


T(A) = UX_, f,(A), 
for all A € H(X) satisfies 
H(T(A), T(B))(H(T(A), T(B)) + 1) < et H(A, B)(H(A, B) + 1), 
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for all A,B © H(X), H(T(A), T(B)) #0. Using Theorem 11.6, the result 
follows. a 


Corollary 11.5 Let (X,d) be a complete metric space and (X;f,,n= 
1,2,...,k) be IFS such that each f, fori = 1,2, ...,k isa mapping on X satisfying 


d(fix.fiy) < d(x,y), forallx,y EX, fix #fiy, 


1 
(1+ tv d(x, y)) 
where t > 0. Then the mapping T : H(X) — H(X) defined in Theorem 11.6 has 


a unique fixed point 1/(X). Furthermore, for any set Ay € H(X), the sequence 
of compact sets {Ay, T(Ag), T7(Ao), -.-} converges to a fixed point of T. 


Proof: Take F(A) = SE eY A> 0 in Theorem 11.4, then each mapping f, for 
i=1,2,...,k on Xsatisfies 


1 
df«fy) < ————— 
See hy (1 + tv/ d(x, y))? 


where t > 0. Again it follows from Theorem 11.4 that the mapping T : H(X) > 
H(X) defined by 


T(A) = Uk_, f,(A), 
for all A € H(X) satisfies 


d(x,y), foralla,y EX, fx ¢ fy, 


H(T(A), TB) < ,B), 


a | 
(1 + rx/H(A, B))? 


for all A,B © H(X), H(T(A), T(B)) #0. Using Theorem 11.6, the result 
follows. a 


Example 11.5 Let X = [0,1] x [0, 1] and d bea Euclidean metric on X. Define 
fifo: X > X as 


a ee ee ae 
fon=(4 2) ang 


fay) = ( sinx 1 ) 


sinx + 1’ siny+1 


Note that, for all x = (x,,7,), y = (%, 0.) € X withx # y, 


df, (x), f(y) 
=a( ( 1 VN ) ( 1 a) )) 
x, +1? 9,41)? \a tl] y,4+1 
(%| — Xp)? 01 - V2)" 


< V(t — Xp)? + (1 — 92)” 
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= (4,95): Gear2)) 
= d(x, y). 


In addition, 


dfx). fay) 


i sinx, 1 sin x5 1 
> sinx, +1’ siny,+1/’ \sinx, +1’ siny, +1 


7 |  (sinx, — sinx,)* * (siny, — sin y,)? 
(sinx, +1)°(sinx, +1)? (siny, + 1)*(siny, + 1)? 
< (sin, — sinx,? + (siny, — sin y,)? 
= Ve — Xp)? +  — Y2)? 
= d((%1,.1)s 2,92) 
= d(x, y). 
Now there exists t > 0 such that 


2 
dfiehO(1+rVaey)) <dcxy) and 


2 
dAO0.A(1+rVdey)) <doy) 


are satisfied. Consider the IFS {R?;f,,f,} with mapping T : H((0,1]*) > 
H((0, 1]”) given as 


T(A) = f(A) Uf (A). 
For all A, B € H([0, 1]”) with H(T(A), T(B)) # 0, by Theorem 1.10, 
H(T(A), T(B))(1 + VHB) < H(A, B) 


holds. Furthermore, we can analyze the convergence of T to the attractor of IFS 
in the Figure 11.1. 


11.3 Iterated Function System in b-Metric Space 


The concept of metric has been generalized further in one to many ways. 
The concept of a b-metric space was introduced by Czerwik [23]. Since then, 
several papers have been published on the fixed point theory of various classes 
of single-valued and multivalued operators in b-metric space [23-33]. 

In this section, we construct a fractal set of IFS, a certain finite collection 
of mappings defined on a b-metric space, which induce compact-valued 
mappings defined on a family of compact subsets of a b-metric space. We 
prove that Hutchinson operator defined with the help of a finite family of 
generalized F-contraction mappings on a complete b-metric space is itself 


9 0.1 0.2 0.3 04 0.5 0.6 0.7 08 09 1 % 0.1 02 03 04 05 06 0.7 08 09 1 % 0.1 0.2 03 04 0.5 06 07 08 09 1 
2 
A T(A) T (A) 
1 1 
0.9 0.9 
0.8 0.8 
07 om 07 a | 
og a Oo oe e "" 
0.5 5 
04 o ae 04 a, — 
0.3 om 0.3 Qe, nt 
0.2 0.2 
0.1 01 5 
9 0.1 0.2 0.3 04 05 06 0.7 08 09 1 9 0.1 0.2 0.3 04 0.5 06 0.7 08 09 1 9 0.1 0.2 0.3 0.4 0.5 06 0.7 08 09 1 
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Figure 11.1 Convergence of T to the attractor of IFS. 
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generalized F-contraction mapping on a family of compact subsets of X. Then 
in the next section, we obtain a final fractal obtained by successive application 
of a generalized F-Hutchinson operator in b-metric space. 


Definition 11.6 Let X be a nonempty set and b > 1 a given real number. 
A function d: X x X > R,, is said to be a b-metric if for any x,y,z € X, the 
following conditions hold: 


(b,) d(x, y) = 0 if and only if x = y, 
(by) d@, y) = diy, *), 
(bs) d(x, y) < b(d(@, z) + d(z, y)), 


The pair (X, d) is called a b-metric space with parameter b > 1. 


If b = 1, then b-metric space is a metric spaces. But the converse does not 
hold in general [23, 24, 28]. 


Example 11.6 [34] Let (X, d) bea metric space, and p(x, y) = (d(x, y))’, where 
p > 1isareal number. Then p is a b-metric with b = 2?7'. 

Obviously conditions (b,) and (b,) of above definition are satisfied. If 
1 < p < o, then the convexity of the function f(x) = x? (x > 0) implies 


at+b\’ 1 
< ~(qP 
( 5 ) <5 + b?), 


and hence, (a + b)? < 2?-!(a? + b?) holds. Thus, for each x, y, z € X, we obtain 


p(x, y) = (d(x, y)P < (d(x, z) + dz, )P 
< 2?! (d(x, z)? + (d(z, y))’) 
= 2?! (p(x, z) + p(z,y)). 


Therefore, condition (b,) of the above definition is satisfied and p is a b-metric. 


If X = R (set of real numbers) and d(x, y) = |x — y| is the usual metric, then 
p(x, y) = (x — y)? is a b-metric on R with b = 2, but is not a metric on R. 


Definition 11.7 [27] Let (X,d) be a b-metric space. Then a subset C C X is 
called: 


(i) closed if and only if for each sequence {x,,} in C that converges to an 
element x, we have x € C (ie., C = C). 
(ii) compact if and only if for every sequence of elements of C there exists a 
subsequence that converges to an element of C. 
(iii) bounded if and only if 6(C) := sup{d(@, y) : x,y € C} < o. 


If (X,d) is a compete b-metric space, then the Pompeiu—Hausdorff metric 
space (H(X),H) induced by d is also a complete b -metric space. 
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For the sake of completeness, we state the following Lemma hold in b-metric 
space [35]. 


Lemma 11.2 Let (X,d) be a b-metric space. For all A,B,C, D € H(X), the 
following hold: 


(i) If B C C, then sup d(a, C) < sup d(a, B). 
acA acA 
(ii) sup d(x, C) = max{sup d(a, C), sup d(b, C)}. 
acA beB 


x€AUB 


(iii) H(A U B, CUD) < max{H(A, C), H(B,D)}. 


The following lemmas from [23, 30, 31] will be needed in the sequel to prove 
the main result of the paper. 


Lemma 11.3 Let (X,d) be a b-metric space and CB(X) denotes the set of all 
nonempty closed and bounded subsets of X. For x, y € X andA, B € CB(X), the 
following statements hold: 


(1) (CB(X), H) is a b-metric space. 

(2) dw, B) < H(A, B) for all x € A. 

(3) dw, A) < b(d(x, y) + dy, A)). 

(4) Forh>1landdeéA, thereisa b & B such that d(4a, b) < hH(A, B). 

(5) For every > Oanda € A, there isa b & Bsuch that d(d, b) < H(A,B) +h. 

(6) For every A > 0 anda € A, there isa b € Bsuch that d(, b) < A. 

(7) For every A> 0 and @ € A, there is a b € B such that d(4,b) < A implies 
H(A,B) < 2. 

(8) d(x, A) = 0 if and only if« € A =A. 

(9) For {x,,} CX, 


A(%q,%,) S Dd(xy,%,) +--+ +b" d(x, % 1) +b” 1d(x,,_1.%,,)- 


Definition 11.8 Let (X, d) bea b-metric space. A sequence {x,,} in X is called: 


(i) Cauchy if and only if for € > 0, there exists m(€) € N such that for each 
n,m > n(e), we have d(x,,,x,,) < €. 

(ii) Convergent if and only if there exists « € X such that for all € > 0 there 
exists n(€) € N such that for all 1 > n(e), we have d(x,,, x) < e. In this case, 
we write jim x, =x. 


It is known that a sequence {x,,} in b-metric space X is Cauchy if and only if 
lim d(w,,,* 0 for all p E N. A sequence {x, } is convergent to x € X ifand 


only if lim d(x,, x) = 0. A b-metric space (X, d) is said to be complete if every 


ip = 


Cauchy sequence in X is convergent in X. 
Anet al. [24] studied the topological properties of b-metric spaces and stated 
the following assertions: 


(c,) Ina b-metric space (X, d), d is not necessarily continuous in each variable. 
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(c)) In a b-metric space (X,d), if d is continuous in one variable then d is 
continuous in other variable. 

(c;) An open ball in b-metric space (X,d) is not necessarily an open set. An 
open ball is open if d is continuous in one variable. 


Wardowski [21] introduced another generalized contraction called F 
contraction and proved a fixed point result as an interesting generalization of 
the Banach contraction principle in complete metric space [36]. 

Let Y be the set of all mapping 7: R, — R, that satisfying lim inf,_,,z(£) > 0 
for all t > 0. 


Definition 11.9 Let (X,d)beab-metric space. A self-mapping/f on X is called 
a generalized F contraction if for any x, y € X, there exists F € fandt € Y such 
that 


(d(x, y)) + F(d( fx, fy) < F(d, y)), (11.9) 
whenever d( fx, fy) > 0. 
Theorem 11.7 Let (X, d) bea b-metric space and f : X — X an generalized F 
contraction. Then 


(1) f maps elements in #/(X) to elements in H(X). 
(2) iffor any A € H(X), 


f(A) = (f@) ix € A}. 


Then f:H(X) — H(X) is a generalized F-contraction mapping on 
(H(X), H). 


Proof: As generalized F-contractive mapping is continuous and the image of 
a compact subset under f : X — X is compact, so we obtain A € H(X) implies 
F(A) € H(X). 

To prove (2): Let A,B € H(X) with H(f(A),f(B)) #9. Since f: X > X isa 
generalized F contraction, we obtain 


0 < dfx, fy) < d(x, y) forallx,yEeXx, x Fy. 
Thus, we have 
d( fi. f(B)) = inf d( fi. f) < inf dex, 9) = d(x, B). 
In addition, 
d(fy.f(A)) = inf (fy. fe) < inf d(y,2) = dy, A). 
Now 
(f(A), f(B)) = max{ uP d( fx, f(B)), Sup d( fy, f(A))} 
x ye 
< max{sup d(x, B), sup d(y, A)} = H(A, B). 
xEA yEB 
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By strictly increasing of F implies 
F(H (f(A), f(B))) < F(A(A, B)). 
Consequently, there exists a function t:R, > R, with liminf,_,r(¢) > 0 for 
all t > O such that 
(H(A, B)) + F(H(f(A), f(B))) < FCH(A, B)). 
Hence f : H(X) > H(X) is a generalized F contraction. oO 


Theorem 11.8 Let(X,d)beab-metric space and { f,:1 =1,2,...,N}a finite 
family of generalized F-contraction self-mappings on X. Define T: H(X) > 
H(X) by 
T(A) =f,(A) Uf,(A) U- + Ufy(A) 
= LA) 
for each A € H(X). Then T is a generalized F contraction on H(X). 


Proof: We demonstrate the claim for N = 2. Let f,,f,:X > X be two F 
contractions. Take A,B € H(X) with H(T(A), T(B)) #0. From Lemma 11.2 
(iii), it follows that 
T(H(A, B)) + FA(T(A), TB) 
= 1(H(A, B)) + F(A (A) Uf,(A).fi(B) Uf,(B))) 
< r(H(A, B)) + F(max{H(f (A), fi(B)), H(A), (BD) 
< F(H(A, B)). Oo 


Definition 11.10 Let (X,d) be a metric space. A mapping T : H(X) — H(X) 
is said to be a Ciric type generalized F contraction if for F € f and t € Y such 
that for any A, B € H(X) with H(T(A), T(B)) # 0, the following holds: 
t(M,(A, B)) + F(H(T(A), T(B))) < FM, (A, B)), (11.10) 
where 
H(A, T(B 
Mry(A,B) = max{H(A,B), H(A, T(A)), HB, T(B)), == EE TO) 


H(T*(A), T(A)), H(T(A), B), H(T"(A), T(B))}. 


Theorem 11.9 Let (X,d)beab-metric space and { f,:1 = 1,2,...,N)}a finite 
sequence of generalized F-contraction mappings on X. If T : H(X) ~ H(X)is 
defined by 


T(A) = f(A) UA) U- Ufy(A) 
= Une Sn(A), 


for each A € H(X). Then T is a Ciric type generalized F -contraction mapping 
on H(X). 
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Proof: Using Theorem 11.8 with property (F,), the result follows. Oo 


An operator T in above theorem is called Ciric type generalized 
F-Hutchinson operator. 


11.4 Generalized F-Contractive Iterated Function 
System in b-Metric Space 


In this section, we established various results of generalized F-contractive IFS 
in the setup of b-metric Space. First, we prove the following result. 


Theorem 11.10 Let (X, d) be a complete b-metric space and {X; f,,” = 1, 2, 
...,k} a generalized F-contractive IFS. Then following hold: 
a) A mapping T : H(X) > H(X) defined by 
T(A) = Ut_, f(A), 
is Ciric type generalized F-Hutchinson operator. 
b) Operator T has a unique fixed point U € H(X), that is 
WS TSU LUD) 


c) For any initial set A, € H(X), the sequence of compact sets {Ay, T(Ag), 
T?(A)), --.} converges to a fixed point of T. 


Proof: Part (a) follows from Theorem 11.9. For parts (b) and (c), we proceed as 
follows: Let Ap be an arbitrary element in H1(X). If Ay = T(A,), then the proof 
is finished. Therefore, we assume that Ay # T(Aj). Define 

A, = T(Ap), Ay = T(Ay)s ---s Amar = T(A,,) 


form eEN. 

We may assume that A,, #A,,,, for all m &N. If not, then A, = A,,, for 
some k implies A, = T(A,) and this completes the proof. Take A,, #A,,,, for 
allm € N. From (11.10), we have 

TM Ai Amer)) + PA Ani Ams2)) 
= 1M (A, Any) + FATO,,) TAny)) 
SFM Ay Anyi)» 
where 
MA, Ams) = max{H(A,,, Aji41)> AY(A,,, T(,,)), AH(Ayat T(Aj41))s 
AAm, TAmsy)) + AAmp TAn)) 
2b , 

H(T?(A,,), TAyy))s (TA yg)» Ama)» (TA g)s TAmai))} 


m+1? 
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= max{H(An Ami)» H(Ams Ami» HA mit Ams2)» 
HA Ama) + HAmearAmsa) 
2b 
AA nae Amy)» HA mya Amst)» HA myo Amsa)3 
= max{H(Ans Ami)» (Ami Amsa)}- 


In case M7(A,,, Ams.) = HAs 
FA (Any Ams2)) < FA (Ani Ams) = TAA ns Amsya))> 


a contradiction as t(H(A,,,;,A,49)) >0. Therefore, M,(A,,,Aj41) = 
H(A,,, Aj 41) and we have 


FH (Anii Ams2)) < FH Ay Ams) > TAA, Ansi)) 
< F(A(A,,, Amat): 


Ann), We have 


m+1? 


Thus, {H(A,,,4;>Am42)} is decreasing and hence convergent. We now show that 
jim nN AAnn iA m42) = 0. By property of 7, there exists c > 0 with my € N such 


that T(A(A,,,Aim41)) > ¢ for all m > ny. Note that 


PA (An Amy) SPA Am Ams) — TH Am Amt) 
SFA Am) — TAA m1 Am) — TAA me Ams) 
- < H(Ay, A,) — [t(H(Ap, A) + T(H(Ay, AQ) 
425+ (H(A, Amy) 
< F(H(Ap, A;)) — No: 


m+1? 


m-1? 


gives im n PA,, 41 Ami2)) = —00, which together with (F,) implies that 
jim 1 HAmaaA m42) = 0. By (F3), there exists i € (0, 1) such that 


jim [7 Am Ans) FAA mit: Amsig)) =0 
Thus, we have 


[H (Ain Amat) "FCA (Am Amat) — LH (Aim Amat) F(A (Ag, Ay) 
[H(A Ans) ae ) = 1) — THA Amy I"F(A(Ay, Ay) 


< 
<= H Am Amal’ S 


On taking limit as 1 > oo, we obtain that lim m[H(A,,41.Aj4o)l"” = 0. Hence 
mw 


im miH(A Ayj42) = 0. There exists 1, EN we that miH(Ayy1>A Amin) S 


m+1? 

1 foe all m > n, and hence H(A,.4),Ayn42) S =z for all m 2 n,. For m,n EN 

with m > n > n,, we have 
H(A,,A,,) < H(A,,A 


foe} 


<a 


i=n 


)+ AA, Ang) t:°°+ AA, 4,,) 


n+1 
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wo 1 


By the convergence of the series ))*, an We get H(A,,A,,) > Oasn,m — oo. 


Therefore, {A,} is a Cauchy sequence in X. Since (H(X),d) is complete, we 
have A,, > Uasn > o for some U € H(X). 
In order to show that U is the fixed point of T, we contrary assume that 
Pompeiu—Hausdorff weight assign to the UU and T(U) is not zero. Now 
(M,(A,,, U)) + F(A(A,,,;, TU))) 
=1+F(H(T(A,). T(W)) < FM; (A,, W), (11.11) 
where 
M,\A,, U) = max{H(A,, U), H(A,, T(A,,)), HU, TU)), 
H(A,, TU)) + HU, T(A,,)) 
2b 
T(A,)), H(1(A,), U), H(T(A,,), TU))} 
= max{H(A,, U), A(A,,Ay41)s ACU, T(U)), 


A(A,, TU)) + HU, A,,,) 
HA nga Aga) 


H(A, 49; U), A(A, 49 T(U)) } } . 
Now we consider the following cases: 


(1) If M_/(A,, U) = H(A,, UW), then on taking lower limit as 1 — oo in (11.11), 
we have 


lim inf c(H(A,, U)) + F(A(T(U), U)) < F(A, U)), 


pH(T(A,)s 


a contradiction as lim inf, ,)7(£) > 0 for all ¢ > 0. 
(2) When M,(A,, U) = H(A,, A,,,,), then by taking lower limit as 1 > oo, we 
obtain 


lim inf 7(H(A,,A,41)) + F(T), W) < FH, U)), 
which gives a contradiction. 
(3) Incase M,(A,, U) = H(U, T(U)), then we get 
t(H(U, T(U))) + FAT (U), U)) < F(A(U, TU))), 
a contradiction as r(H(U, T(U))) > 0. 


(4) If M;(A,, U) = ee then on taking lower limit as 1 > o, 
we have 
H(A,, TU)) + HUU,A,41) 
2b 
<P (24: T(U)) +AU, 2) 


lim inf + ( 


noo 


) + F(A(T(U), U)) 


2b 


=r (HUTUD) 
2b 


a contradiction as F is strictly increasing map. 
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(5) When M,(A,, U) = H(A, 49,Ay41), then 
lim inf t(H(A,49,Aj41)) + F(A(T(W), U)) < FCA, U)) 
gives a contradiction. 


(6) In case M,(A,, U) = H(A,,,5, U), then on taking lower limit as m > oo in 
(11.11), we get 


lim inf 7(H(A,,,, U)) + FCA(T(U), U)) < F(HU, U)), 
a contradiction. 


Finally ifM_(A,, U) = H(A,,,., T(U)), then on taking lower limit as 1 — oo, 
we have 


lim inf t(H(A,,., T(U))) + F(A(T(U), U)) < FCA, TWU))), 


= 
NI 
—_ 


a contradiction. 

Thus, U/ is the fixed point of T. 

To show the uniqueness of fixed point of T, assume that U and V are two 
fixed points of T with H(U, V) is not zero. Since T is a F-contraction map, 
we obtain that 


(MU, V)) + FAY, V)) = (MU, V)) + FAT (UY), TV) 
< F(M,U, V)), 
where 
M,(U, V) =max{H(U, V), H(U, T(U)), H(V, T(V)), 
HA(U, T(V)) + H(V, T(U)) 


2b 
H(T*(U), V),H(T*(U), T(V))} 


H(T*(U), U), 


HUW, V)+H(V,U) 


=max{H(U, V), H(U, U), H(V, V), ob 


H(U,U), H(U, V), H(U, V)} 
= H(U,V), 
that is, 
t(H(U, V)) + F(H(U, V)) < F(A, V)), 
a contradiction as t(H(U, V)) > 0. Thus, T has a unique fixed point U € 
H(X). Oo 


Remark 11.2 In Theorem 11.10, if we take S(X) the collection of all singleton 
subsets of X, then clearly S(X) C H(X). Moreover, consider f, = f for each 
n, where f = f, for anyi € {1,2,3,...,k}, then the mapping T becomes 


T(x) =f (x). 


With this setting, we obtain the following fixed point result. 
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Corollary 11.6 Let (X,d) be a complete b-metric space and {X :f,,n = 1, 2, 
...,k} a generalized IFS. Let f: X — X be a mapping defined as in Remark 
11.2. If there exist some F € f and t € Y such that for any x,y € H(X) with 
df (x), f(y) # 0, the following holds: 


7(My(x, y)) + F(d(fx, fy) < F(Mp(x, 9), 


where 


d(x, fy) + d(y, fx) 


M(x, y) = max{d(x, y), d(x, fx), diy, fy), Th 


d(f?x, y), d(f7x, fx), d(f*x,fy)}. 


Then f has a unique fixed point in X. Moreover, for any initial set x, € X, the 
sequence of compact sets {%y,.f%o,f7X, --. } converges to a fixed point of f. 


Corollary 11.7 Let (X,d) be a complete b-metric space and (X;f,,” = 1, 2, 
...,k) be IFS where each f; for i = 1,2,...,k is a contraction self-mapping on 
X. Then T: H(X) > H(X) defined in Theorem 11.10 has a unique fixed point 
in H (X). Furthermore, for any set Ay € H(X), the sequence of compact sets 
{Ao, T(Ag), T?(Ap), --.} converges to a fixed point of T. 


Proof: It follows from Theorem 11.8 that if each f, for i=1,2,...,k is a 

contraction mapping on X, then the mapping T : H(X) — H(X) defined by 
T(A) = Ut_, f(A), 

is contraction on H{(X). Using Theorem 11.10, the result follows. oO 

Corollary 11.8 Let (X,d) be a complete b-metric space and (X;f,,1 = 1,2, 

...,k) an IFS. Suppose that each f, fori = 1,2,...,k isa mapping on X satisfying 
dfx. fy) et Sm f-Uay) < 6 74D) (ze, y), 


for all x,y EX, fx # fy, where t € Y. Then the mapping T: H(X) > H(X) 
defined in Theorem 11.10 has a unique fixed point in H(X). Furthermore, for 
any set Ay € H(X), the sequence of compact sets {Ay, T(Ay), T?(Ag), --. } con- 
verges to a fixed point of T. 


Proof: Take F(A) = In(A) + A, A > 0 in Theorem 11.8, then each mapping f, for 
i=1,2,...,k onX satisfies 
dfx. fy) EUS LN-MEDN) < 6 74D (zp, y), 


for all x,y € X, fix # fy, where t € Y. Again from Theorem 11.8, the mapping 
T:H(X) > H(X) defined by 


T(A) = UX_, f,(A) 
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satisfies 
A(T(A), T Bye) 26 << eo * H(A,B), 


for all A,B € H(X), H(T(A), T(B)) #0. Using Theorem 11.10, the result 
follows. a 


Corollary 11.9 Let (X,d) be a complete b-metric space and (X;f,,” = 1,2, 
...,k) be IFS. Suppose that each f; for i = 1,2,...,k isa mapping on X satisfying 


d( fix. fy (AC fx. fy) + 1) < eM d(x, y)(d(«, y) + 1), 


for all x,y © X, fx # fy, where t € Y. Then the mapping T: H(X) — H(X) 
defined in Theorem 11.10 has a unique fixed point in H(X). Furthermore, for 
any set A, € H(X), the sequence of compact sets {Ay, T(Ay), T?7(Ag), -.. } con- 
verges to a fixed point of T. 


Proof: By taking F(A) = In(A? + 4) + A, A > 0 in Theorem 11.8, we obtain that 
each mapping f, for i= 1,2,...,k on X satisfies 


d( fix, fy (A fix, fy) +1) < eM d(x, y)(d(x,y) + 1), 


for allx,y € X, fix # fy, where t € Y. Again it follows from Theorem 11.8 that 
the mapping T : H(X) > H(X) defined by 


T(A) = UX_, f,(A), 
satisfies 
H(T(A), T(B)\(A(T(A), T(B)) + 1) < e744) H(A, B)(H(A, B) + 1), 


for all A,B © H(X), H(T(A), T(B)) #0. Using Theorem 11.10, the result 
follows. a 


Corollary 11.10 Let (X,d) be a complete b-metric space and (X;f,,,” = 1,2, 
...,k) be IFS. Suppose that each f, fori = 1,2,...,k isa mapping on X satisfying 


1 
d(fix,fy)) < —————_— d(x, y), 
(1+ r(d@, y)) Vd, 9) 
for all x,y EX, fx # fy, where t € Y. Then the mapping T: H(X) > H(X) 
defined in Theorem 11.8 has a unique fixed point #1(X). Furthermore, for any 
set Ay € H(X), the sequence of compact sets {Ay, T(Ag), T7(Ao), ...} converges 
to a fixed point of T. 


Proof: Take F(A) = yaya, A> 0 in Theorem 11.8, then each mapping f; for 
i=1,2,...,k onX satisfies 


d(fx.f0) < : d(x,y), foralla,y ©X, fx # fy, 


(1 + r(d@, y)) V(x, 9)? 
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where t € Y. Again it follows from Theorem 11.8 that the mapping T : H(X) > 
H(X) defined by 

T(A) = Un f(A) 
satisfies 


—— ey B), 
(1 + c(H(A, B)) VHA, B)y* 


for all A,B € H(X), H(T(A), T(B)) #0. Using Theorem 11.10, the result 
follows. a 


H(T(A), T(B)) s 
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12.1. Introduction and Historical Background 


In 1826, Abel proved the following result, which is known nowadays as Abel’s 
direct theorem. 


Theorem A (Abel) Let (@,),<x be a sequence of real numbers such that the 


foe} 


series ) a, converges to S. Then, the Abel sum 
k=0 


converges to S, provided }' a,x‘ is convergent for |x| < 1. 
k=0 


In 1897, Tauber proved the inverse of Abel’s theorem. 


Theorem B (Tauber) Ifthe Abel sum 


lim oy aie 
xo1_ 
k= 
Co Co 
converges to S,and )) a,x* is convergent for |x| < 1, then )’ a, converges to S 
k=0 k=0 


if the Tauber condition 


a, =0(=) k>o 
cama ih 


is satisfied. 
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The Tauber theorem was improved in 1911 by Littlewood who proved the 
following theorem. 


Theorem C (Littlewood) Tauber’s theorem holds if the Tauber condition 
is replaced with the condition 
1 
=0(2), k>0. 
az k KK > ©# 
This Littlewood’s theorem was the starting point of a new branch of mathemat- 
ical analysis — Tauberian theory. 


In 1914, Hardy and Littlewood published a new theorem as a generalization 
of the Littlewood theorem with a very complicated and very long proof. 


Theorem D (Hardy-Littlewood) Leta, > 0foreachk € wandlet } a,x* 
k=0 
converge for |x| < 1. If 


then 


Studying in the 1930s Tauberian theory, in particular working on a simplifi- 
cation of the work of Hardy and Littlewood, J. Karamata initiated investigation 
in asymptotic analysis of divergent processes, nowadays known as Karamata’s 
theory of regular variation (see [1-5], and also [6-10]). 

In 1970, de Haan [11] defined and investigated rapid variation and so stimu- 
lated further development in asymptotic analysis. The theory of rapid variability 
is conjugate with the theory of slow (and regular) variability; these theories are 
conjugated, for example, through generalized inverse [12]. The book by Bing- 
ham et al. [6] is a nice exposition of Karamata theory and the theory of rapid 
variability [10, 11], while Hardy’s book [13] is a general textbook for the theory 
of divergent sequences. 

These kinds of variability are related to real functions and sequences from the 
set S of positive real sequences. Usually, a class C, of functions has the corre- 
sponding partner class C, of sequences defined in such a way that the restriction 
g | N ofa function g € C; belongs to C, [6, 10, 14-22]. 

The theory of regular and rapid variability has many applications in different 
branches of mathematics: differential and difference equations, in particular in 
description of asymptotic properties of solutions of these equations, time scales 
theory, dynamic equations, q-calculus, probability theory, number theory, and 
so on (see, for instance, [23—28] and Sections 12.4 and 12.5). 
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12.2 Regular Variation 


A function @ : [a, 00) > (0, 00), a > 0, is called regularly varying [6] if it is mea- 
surable and satisfies the following asymptotic condition: 


lim PED) =g(A)<o, A>0. (12.1) 
te @(t) 
If g(A) = 1 for each A > 0, then @ is said to be slowly varying. 

The function g(A) is equal to 1” for some p € R called the index of variability 
of @. 

The class of regularly varying (resp. slowly varying) functions we denote by 
RV; (resp. SV;), while the class of regularly varying functions of index of vari- 
ability p is denoted by RV, ,. 

A fundamental result on regularly varying functions, which will be used espe- 
cially in Section 12.5, is summarized in the following proposition. 


Proposition 12.1 


(i) g € RV,, if and only if p(t) = t?7(t) with 7 € SVs 
(ii) (Representation theorem) g € RV,,, ifand only if y(¢) is represented in the 
form 


ott) = anexp( | 0 as), ae 


0 


for some t, > 0 and for some measurable functions c(¢) and 6(¢) such that 
lim c(t) = Cy € (0,00) and lim 6(t) = p. 


(iii) Ifp, © RV;, , Py © RV;,,, then p, 9, E RV;, 4,5 PT E RVeqo,) for any a € 
R. Moreover, 91° ~2 € RV;,,if Pa(t) > 00, as f > 00. 

(iv) If pH ~ t°7@ as t > with 7 € SV,, then g is a regularly varying 
function of index a, that is, p(t) = t*?*(t), 7* © SV;, where in general 
C*(t) # C(O), but 7*() ~ C(t) ast > o. 

(v) Let g bea positive, continuously differentiable on [0, co) and such that 

, 
am 2 O X 0 
te p(t) 
Then, ¢ is slowly varying. 
(vi) Regularly varying function of index o # 0 is almost monotone. 
(vii) For the function g € RV;,,, a > 0, there exists g € RV;;,, such that 


Pet) ~ PO) ~t as too. 
Here, and in what follows, the symbol ~ is used to denote the strong asymp- 
totic equivalence of two positive functions g,/ defined in a neighborhood of 
infinity: 


tim £® 


= 1; 
ae h(t) 


gt)~h), tro © 
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If for p(t) = t? ¢(£) (Proposition 12.1(i)), the slowly varying part 7 tends to 
some positive constant asf — oo, itis called a trivial slowly varying one denoted 
by ? € tr— SV, while the function 9 is called a trivial regularly varying func- 
tion of index p, denoted by g € tr — RV,,. Otherwise 7 is called a nontrivial 
slowly varying function, denoted by @ € ntr — SV;, and ¢ is called a nontrivial 
RV, , function, denoted by g € ntr — RV,.,. 

A measurable function @ : (0,4) > (0, co) is said to be regularly varying at 


zero of index p € Riff (:) is regularly varying, that is, if 


PAL) _ 
im —— = 
t0+ Q(t) 
A sequence x = (%,,) ,cx Of positive real numbers is said to be regularly varying 
if for each A > 0 it satisfied 


. | an] 
k,(A) := lim — < o. (12.3) 
n->o xy 


A’ forall A>O. (12.2) 


It is known that the limit function k,(A) is of the form 4? for some p € R [6]; 
p is called the index of variability of x. 

If p = 0, then x is said to be slowly varying. 

By RV, and SV, we denote the class of regularly varying sequences and the 
class of slowly varying sequences, respectively. RV, , is the class of regularly 
varying sequences of index of variability p, and RV, , := U,.oRV..,- 

Bojani¢ and Seneta [29] (see also [30]) unified the theory of slow variability 
by the following theorem. 


Theorem 12.1 For a sequence x = (w,,),,exy in S the following are equivalent: 


(a) x is slowly varying; 
(b) The function g, defined by ¢,(¢) = x,,, t = 1, is slowly varying. 


In the sequel, we will see that similar theorems (called Bojani¢c—-Galambos— 
Seneta type theorems) hold for several other classes of sequences and func- 
tions. 


12.2.1 The Class Tr(RV,) 


Definition 12.1 [31,32] A sequence x = (x,,),,cy € S is in the class Tr(RV,) of 
translationally regularly varying sequences if for each A € R, 


x 
lim 4! = 1A) < ov. (12.4) 


noo Ky 


Theorem 12.2 [31] If x € Tr(RV,), then r(A) = e”4!, for some p € R. 
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Proof: Let x = (%,) nex € Tr(RV,). Then, for each A € R, 


Ls oe ee Cae 
= lim = lim —— = lim 


. *k-[ll 
— = lim — = 
r(A) n>o Kina] n> Xntfal k->00 XE k->00 XK 


r(—[A]). 


Since, for each A € R, 0 < r(—[A]) < ©0, we have r(A) > 0 for each A E R. 
We prove now that r(A) = e’4!. For 4 =0 the statement is trivially true. 
Suppose A > 0. We have 


. *nta . MnttA 
(A) = im 2! = tim 
nN 


0X, n>o XxX 


. x, x, Xnt[A 
Him (i Set... MAUL) for a>, 
n X41 Xn+faJ-1 


1, for0<A<1, 
=(r(1))"!. 
By the first part of the proof r(1) > 0, so that (for the considered A > 0) we have 
r(A) = ell in@@) 


If we set p = In(r(1)) € R, then for A > 0 we obtain r(A) = e!), 
Let now / < 0. Then, we have 


1 1 
QS 7 
lim lim 
MO Kye gy PKs ay 
a (“eee xy ) 
lim a 
nooo \ nt] Xn-1 
1 
= = (7(1))41 = ell, 
by (rQ)) 
This completes the proof of the theorem. Oo 


Remark 12.1 It is easy to see that the function r(A) from the previous theorem 
satisfies: 


1. r(A) = r([A]) for each 4 € R; this means that this function is a step-function 
on R, with platforms on the intervals [k,k + 1), k € Z. 

2. r(—k) = (r(k))“! for each k € {0,1,2,...}. 

3. r(A) = 1 for A € [0, 1), and r(—A + 1) = (r(A))? for each A € (1, 00)\N. 


For a sequence x = (%,,),cxy in Tr(RV,), the number p from Theorem 12.2 is 
called the index of variability of x. 

By Tr(RV,,) we denote the set of all sequences in Tr(RV,) of index of 
variability p. 

We prove now a representation theorem for the class Tr(RV, ,). 
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Theorem 12.3 A sequence (x,,),cxj € S belongs to the class Tr(RV, ,), p € R, 
if and only if 


n—-1 
x, = x, + exp (5 «) , n>2, (12.5) 


i=1 


for some real sequence (4,,),<cx With lim a, = p, and x, > 0. 
noo 


Proof: (=) Ix = (%,)nen is in Tr(RV,,), then by Theorem 12.2 


Mn+ 


=r(1)=e?<o, 


which means that there is a sequence (C,,),,cy © S such that lim,,,.,c, = r(1) and 
a =c,,n €N. So form > 1 we have 


Mn = Cn %y = Cy Cy_y Cy Hy. 


If we put a; = Inc,,i EN, then lim, ,.4, = p and for eachn EN 


n 
Xn41 = %1 * €XP ( «) > 


that is, for each n > 2 


where lim,,_,..4,, = Pp: 
(<) From (12.5) it follows 


HD) ae 
m= lime” =e’, 


noo Ky n>oo 


so that for each AE R 


. Mind 
lim 24) = pl = go V4, 
N70 XxX, 
This means (x,,) nen © Tr(RV, ,). Oo 


12.2.2 Classes of Sequences Related to Tr(RV,) 


Let x = (%,,),en be a sequence in S. For each k € N define a new sequence 
V® x) = (ViY(X)) en inductively by 
Xn 
VOM) r= at, «oneéN; 
Xn 
yo 
VED ) _ Vie) 


: neN. 
Vo? 
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The sequence V(x) we call the quotient sequence of x of order k. We also put 
V(x) = x [18]. 
By a direct calculation, we obtain that for k > 2 


k k 
(k) (k) A 


Seid ST os Si 


x 
k +k +k-2 n : Fi 
VO w~ = = ee if k is even, (12.6) 
xk Pd ee x? 
n+k-1 n+k-3 n+1 
and 
ae 
k +k +k—-2 n+1 : : 
ViO (x) = BK nik? if kis odd, (12.7) 
xk rd ava 
n+k-1 n+k-3 n 
where 


(i) @ ; : Y _ G-D G-1) +. 
§, =1, -S,=1 fori Sisk, ss. +s.,° tor 2.7 Sk, 


We define now the quotient speed of a sequence in S. 


Definition 12.2 Let k be a natural number. A sequence x = (%,,),,cx has finite 
kth quotient speed if there is a real number v > 1 such that 


v= lim Vi"). 
now 
In this case we write v,(x) = v. 


The kth quotient speed of a sequence x = (%,,) ,ex iS co if 


lim VR = ow. 


Proposition 12.2 Let x € S. For all k € N we have: 


(a) If v,(x) = oo, then u,(x) = co for 1 <i<k. 
(b) If v(x) < oo, then u;(x) < 00 fori > k. 


Therefore, the class of sequences having finite quotient speed v, coincides 
with the class Tr(RV,) of translationally regularly varying sequences. 


Example 12.1 


(1) The sequence x defined by x, = 2”,n EN, satisfies v,(x) = 2. 

(2) The sequences x and y defined by x, =n" and y, =n!,n EN, have finite 
second quotient speed v(x) = v,(y) = 1 (while v,(x) = v,(y) = oo). 

(3) The sequence x,, = ii bse i! has finite third quotient speed v,(x) (equal 1), 
and v,(x) = oo. 

(4) For each k EN, the sequence x, = 2”, n EN, has finite quotient speed 
D,(X). 
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The previous consideration suggests to define the following classes related to 
the class Tr(RV,). 
Define 


Tr (RV,) = Tr(RV,) 
and for each k > 2 
Tr (RV) = {x ES : 0, (x) < 0}. 
Note that for each k € N the class Tr(RV,) is nonempty and it holds 
Tr(RV,) = Tr? (RV,) & Tr (RV,) & --- Te (RV,) E +++ (12.8) 


Observe that for each k EN, the sequence x, = a" nn EN, belongs to 
Tr) (RV,)\ Tr (RV,). 


12.2.3 The Class ORV, and Seneta Sequences 


Definition 12.3. [33] A function @ : [a,0o) > (0,0), a> 0, is said to be 
O-regularly varying if it is measurable and for each J > 0 satisfies the condition 


> : gp(At) 
k_ (A) :=lim su 


< 00. (12.9) 


The function k (A); A > 0, is called the index function of @. If this function is 
continuous we say that @ is O-regularly varying with a continuous index func- 
tion. 

The class of all these functions is denoted by ORV,. 


Definition 12.4 [33] A sequence x = (X,,),,cx is said to be O-regularly varying 


for each A > 0 satisfies the condition 

= ; Xan] 

k,(A) := lim sup— < o. (12.10) 
x 


Nw n 


The class of these sequences is denoted by ORV,. 
The classes ORV, and ORV, have been investigated in [14, 34—36]. 


Theorem 12.4 [14, Theorems 1 and 3] Let x = (7,,),,cj be a sequence of posi- 
tive real numbers. Then the following assertions are equivalent: 


(a) x © ORV,; 
(b) ~,(t) = x4 € ORV; on the interval [1, oo); 
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(c) xis represented in the form 


“6 
roo {mt DF > 
fet 


where (44,,) ,en and (6,,),,cn are bounded sequences. 


Theorem 12.5 [14, Theorem 4] If a sequence x is in the class ORV,, then the 
index function k, is in ORV;. 


Let 6 > 1. Denote by SO, ¢ the class of all positive sequences x = (%,,),en 
satisfying k,(A) < # for each A > 0. Sequences from the class SO, := U p>190s,p 
are called Seneta sequences. 

They form a proper subclass of the class ORV, of O-regularly varying 
sequences. 


Theorem 12.6 [37] Let x = (%,,),,cx be a sequence of positive real numbers. 
Then the following assertions are equivalent: 


(a) x is a Seneta sequence (from the class SO, ,); 

(b) the function ¢,(¢) = x;,,, ¢ > 0, is a Seneta function (from the class SO, ,); 

(c) there is a Seneta function @ on [a, oo), a > 0, such that y(n) = x, for each 
n> [a]+1; 

(d) x is represented in the form 


n 5x 
Xx, = exp ie i , MZ Np for some ny EN, 
k=1 


where (4,,),en is a bounded sequence, and (6,,),,cx is a Sequence converging 
to0asu > o; 


12.3 Rapid Variation 


Definition 12.5 [11] (see also [6]) A function @ : [a,0o) > (0, 0), a > 0, is 
said to be rapidly varying of index of variability oo if it is measurable and satisfies 
the asymptotic condition 


(qo as 


A> 1. 12.11 


The class of rapidly varying functions of index co we denote by RV,..... 
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12.3.1 Some Properties of Rapidly Varying Functions 


We give now a few results on rapidly varying functions obtained quite recently. 
In the following theorem, operator D is the lower Dini derivative defined by 


Dg(t) 


— g(t 
= jim ing $2 = 8 forg : ROR, CER. 
yot y-t 


Theorem 12.7 [22] For a function @ : (0,00) > (0, co) the following asser- 
tions are equivalent: 


(a) gE Re cos 
(b) there is a nondecreasing, absolutely continuous function g : R > R such 
that lim Dg(t) = oo and there is a measurable function j : (0, co) — (0, 0) 


t-0 
such that j(t) ~ t for t > oo, so that 
p(t) = exp(g(In(i(Z)))) 


for all t > 0; 
(c) there are measurable functions j : (0,00) > (0,00) and h: (0,00) > 
[0, co), such that lim h(t) = oo and j(t) ~ t for t > ov, for which 


j(t) 
g(t) = exp {¢ + / mane 
0 Uu 


for allt > O and for somec € R. 


Theorem 12.8 [22] Let g : (0,00) — (0, o) be a measurable function. Then 
gy € R,., ifand only if for all a > 0 there is a measurable function j, : (0, 00) > 
(0, co) such that j,(¢) ~ t, for t — oo, and there is a nondecreasing function k, : 
(0, co) — (0, co), so that 


g(t) =t*-k,G,(), for t> 0. 


Let F© be the set of all functions g : (0, co) > (0, 00), which are bounded 
on (0, a) for each a € (0, 00), and lim sup,_,,,@(f) = oo [2]. For any g € F™’, 
the (positive, nondecreasing, and unbounded) function g~ defined by 


gy (y) :=inf{fx>0: p> y} (12.12) 


on (b, co), where b = inf{g(z) : z € (0, 00)}, is the generalized inverse of ¢ [6]. 
Further, let 


F° ={peEF™ : lim inf, ,.. g(t) = oo}. 


For any g € F© we consider the next four positive and nondecreasing 
functions: 


1. °C) :=inf{t>0: e0>y}, y>b; 
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2. p“(y) = sup{t>0: lt) <y}, y>b; 
3. M(t) := sup{g(z):z<t}, t>0; 
4. ott) :=inf{g(z):z>t}, t>0. 


Theorem 12.9 [20] Let g € F™ be a measurable function. The following 
assertions are equivalent: 


(a) PE Re oo3 
(b) liminf 92 = 00 foreachL > 1; 


t>00 A>L o( ‘ ) 


(c lim a =oo foreachA> 1; 
(d) lim ge) =1 foreach/A> 1. 
too 9“ (t) 


Theorem 12.10 (38, Theorem 2.5) Let p.q € [0, 00) be such that + ; =1. 
Ifo E R,,, and y € RV;, are locally bounded on [0, oo), then 


yg y 1/p y 1/q 
i p(t)w(t) dt = 0 ( (/ pty tr) . (/ w(t)? tv) ) , yao, 
0 0 0 


Theorem 12.11 (38, Corollary 2.1) Ifg €R,,, andp > 1, then 


a re 


nN nN 


A function g : [a, 00) — (0, 00), a > 0, is said to be rapidly varying of index of 
variability —co [11] (see also [6]) if it is measurable and for each A > 1 satisfies 
fie? eG 

too p(t) 


Reo. denotes the class of rapidly varying functions of index —oo. 


(12.13) 


Definition 12.6 A sequence x = (%,,) cy € S is rapidly varying (of index of 
variability oo) if the following asymptotic condition is satisfied: 


lim —“=0, 0<A<1, (12.14) 
n> oo xy 
or equivalently 
. an] 
lim ——-=o0, A>1. (12.15) 
nN-w xX 


R,co denotes the class of rapidly varying sequences [16]. 
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A sequence x = (%,) cy © S is said to belong to the class R,_,, of rapidly vary- 
ing sequences of index of variability —oo if for each A > 1 the following condition 
is satisfied: 

.— *fan| 
lim —— =0. (12.16) 


noo xy 


It is easy to see that the following two facts hold: 


Fact 1. A function g belongs to the class R,,, if and only if the function y = : 
belongs to the class R,,.. 


Fact 2. A sequence (x,,) 
(1/%,,) nex is in the class R 


nen iS in the class R, ,. if and only if the sequence 


$,—00° 


The following theorem, which allowed a unified study of rapidly varying 
sequences and rapidly varying functions, was shown in [16]. 


Theorem 12.12 Forasequencex = (%,,),,cx in S the following are equivalent: 


(a) x belongs to the class R, ..; 
(b) The function ¢, defined by ¢,(¢) = x, f = 1, is in the class Ry... 


Then, we have the following results that are parallel to Theorem 12.13. 


Theorem 12.13 For asequencex = (%,,),,cx in S the following are equivalent: 


(a) x belongs to the class R, 3 
(b) the function g, defined by ¢,(4) = x, t = 1, is in the class Ry_,; 


(c) Lin jg =o, O0<A<1. 


then lim x, =0. 


n->ow""n 


Theorem 12.14 Ifa sequence (%,,),,cx, belongs to R 


nen S,—00? 


12.3.2 The Class ARV, 


Definition 12.7 ([17, 39] for functions) A sequence x = (%,,) ,cn € S is said to 
belong to the class ARV, if for each A > 1 the following condition is satisfied: 
x n 
k (A) := lim inf! > 1. (12.17) 
—x mmo Xx 


n 


Notice that (12.17) is equivalent to the statement: for each 4 > 1 there is 
Ny = H(A) such that for each n > ny 
x (k_(A) - 1) 
[An] > ox ay 


Cae 2 


(12.18) 
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and also to the statement: for each A > 1 there are 1) = m9(A) and c(A) > 1 such 
that 


Xtany 2 CA) + Xy, (12.19) 


for every 1 > No. 
Let x = (%,,) cn be a strictly increasing, unbounded sequence from S. The 
numerical function of x is the function 6, : [x,,00) > N defined by [8] 


6,(t) := max{n EN: x, < t}. 


The numerical function of a sequence is an important characteristic of diver- 
gent sequences [8]. 

A strictly increasing and unbounded sequence x = (%,,),,cy € S belongs to 
ARV, if and only if the numerical function 6, of x is an O-regularly varying 
function with a continuous index function [36]. 

Observe that we have 


RV, , & ARV, and R,,, & ARV,. 


The following two lemmas [17] describe important properties of the class 
ARV,. 


Lemma 12.1 Each sequence x = (%,,),enj € ARV, contains a subsequence 
belonging to ARV,. 


Proof: Let p bea fixed prime number. Since x € ARV, and p > 1, there are c = 
c(p) and my € N such that x,,, > c- x, for all 1 > no; without loss of generality 
one can suppose that 1) = 1. We prove that the subsequence (y,)xen $= (pe )cen 
of x belongs to the class ARV,; in fact, we show a little bit more: this subsequence 
is in the class R, ,, which is a subclass of ARV,. 

As p* > no, kK EN, by the above we have Xp.pyk 2C+%X px, that is, >c>1. 


k 
Therefore, 


Thus, for A > 1, we have 


lim p2Uk 
lim int JK 2 Tee, 
ko0@ ee oe 1 Vk 


and because on the right side of this equality there are [Ak] — k factors, and 
[Ak] — k > (A— 1)k — 1, one obtains 
lim inf! > Jim inf e@-D 


k>00 Ve k>0 


=H. 


This means that (y;)zen © Ry.7 C ARV,, which completes the proof. Oo 
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Lemma 12.2 Every sequence from the class ARV, contains a subsequence 
divergent to co. 


Proof: Let x = (%,)nen € ARV,. Consider its subsequence (%5.),,cnyjo}- For each 
A> 1 there are n = n,(A) and c(A) > 1 such that «;,,) = c(A) - x, for all 1 > ng; 
one can suppose “1, = 1 (otherwise we apply a similar procedure to the subse- 
quence (%y.,, nenu(o}): Lherefore, for 1 = Ng we have 


Bony  C(2) = Hyper Boe > (C(2))" wy 
and thus 


lim infx,, > lim inf@, - (c(2))”) = «, 


noo noo 


that is, (%)»),,cy is the required subsequence. Oo 


12.3.3 The Class KR, ,, 


In this section, we study an important subclass of the class R,, ,, that we denote 
by KR, ...- 
For a sequence x = (%,,) cx Of positive real numbers the lower Matuszewska 


index d(x) is defined as the supremum of all d € R such that for each A > 1 


00,5? 


“ts A400), (1 0) (12.20) 
n 

holds uniformly (with respect to A) on the segment [1, A] (compare with the 

definition of lower Matuszewska index for functions [6, p. 68]). The sequence 

x belongs to the class KR, ., if d(x) = oo. 

Let us mention that in a similar way one defines the lower Matuszewska index 
d(¢) of a measurable function g : [a, co) — (0, oo). The class of all measurable 
functions whose lower Matuszewska index is oo is denoted by KR,.,,. This class 
of functions has very important asymptotic properties (see [6] in this connec- 
tion). By a result from [6] we have KR; ,. & Ry... 

The importance of the class KR, ,. follows, among others, from the Seneta—de 
Haan theorem [6, Theorem 2.4.7] that gives nice relations between classes 
SV; and KR; ,, under the generalized inverse, and from the fact that there is a 
connection between rapidly varying functions and their cumulative maximum 
functions from the class KR, (see [6, p. 87], in particular Proposition 2.4.6). 


Theorem 12.15 For a sequence x = (%,,),cxy Of positive real numbers the 
following are equivalent: 


(a) x E KR, 3 
(b) for each d € R it holds lim inf,_, .inf,,, 


x 

Lan] “ 

“wt > 1; 
Xn 
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Proof: (a) > (b) From d(x) = oo, it follows that for every d € R, every A> 
1, and sufficiently large 1 we have wt > A4(1 + 0(1)), where 4 € [1, A] is an 
arbitrary fixed element. For the same d, 4, A, for sufficiently large n we have 
inf jer.a] = >1+ a In other words, for each € > 0 there is n, = n,(€) E N 
such that inf j<,), An ae > 1-e for each n > no. Because the last inequality is 


true 1 saad A > 1, it follows that (for the same d) for each 4 > 1 we have 
inf,,, >> 2 1 —«. As € was arbitrary (b) follows. 


(b) > (a ) Suppose that for an arbitrarily fixed d € R, lim inf,_, inf pin as 
is satisfied. se for the same d and each € > Othere exists ny) = iO EN ‘sich 
that inf,,,; 7 > 1— for each n > no. In other words, for the same d, €, 1, 


and for each A > 1, especially for A € [1, A], A > 1 an arbitrary real number, it 
holds = > A4(1 — €) for each n > ny. This means that for each A > 1 we have 


Au > rel + 0(1)) uniformly with respect to A € [1, A] for 1 > oo. Since d is 
arbitrary (a (a) follows. oO 


The next statement is a result of the Galambos—Bojani¢—Seneta type [6, 19, 
29, 30, 37, 40]. 


Theorem 12.16 For a sequence x = (%,,),cxy Of positive real numbers the 
following are equivalent: 


(a) x € KR, ,, 
(b) The function ¢,(t) = x,t > 1, Dolores: to the class KR, .. 


(c) For each n> 1, x, =exp4 p, +9, + zs a where (P,,),,cy is a nonde- 
k= 


creasing sequence of real numbers, Gi and (7,,) nen are real sequences 
with lim = 0, lim, _,..7,, = ©. 


n—004n = no n 


Proof: (a => (b) et X = (X,)nen © KR, einen by Theorem 12.15 we have 
lim inf,,_, ue Ay 


each € > 0 ae is S My = =n)(d,e) EN such that inf Sires >1-e for each 


t > Ny (= 1). Therefore, for the same d, €, Ny it is true 
Xt 
.. Set : Talal | Meeya 
ii — en St sie 
AV ASK) F2L AK AZ1 AM Ky 


that is, (for this d) 


Lo. Mt 
lim inf inf “a 
too A>1 4 Xr] 


> 1. 


By [6, Proposition 2.4.3(ii)], it follows that the function «;,, belongs to the class 
KR¢ oo: 
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(b) > (c) Let x = (%,,),cxj be a sequence satisfying (2), that is, the function 
@,(t) = x; € 2 1, is in the class KR,, -. By [6, Theorem 2.4.5], for each 1 we 
have 


4 = Ob | Pa tat Oat. 
1 


where (p,,),cy is a nondecreasing real sequence, (q,),,cy is a Sequence 
with lim, ,..g, =0, and a :[1l,co) > R is a measurable function with 
lim,_,,,@(£) = oo. Then 


ny ktl n-1 k+1 
c= ere | tant S(f “0 at) + », (/ 0 a) \. 
k=l \Wk kan,+1 \7K t 


where 7, € N is such that inf,,,, ,,a(£) 2 A > 0 for some given A. Define 


r, =0 for k= 1; nak a at for k > 2. 
kl 


For each k > n, + 2 (and k < n) the following is satisfied: 


nak 0 dt>k-ln n(4) dnt a(t) 
k-1 ze =m 


>k-n (Ao) -a>apr 
k-1 


So, lim,_,..7,, = co and (c) follows. 


(c) > (a) Let for each nEN, x, =e {r,+a+ 32} where 


(P,)nen iS a nondecreasing real sequence, and (q,),<cy and (7,),cen are real 
sequences with lim, _,..¢,, = 0 and lim, _,.,7,, = co, respectively. We prove that 


X = (nen © KR... Consider two cases: d < 0 andd > 0. 
d < 0: In this case we have 


OL ; A 
inf sal min ¢ 1, inf “tan ; 
A>1 Ax, 1 A4x,, 


Consider 
Xian] 
j>1 Ax, = inf {44 exp{ (Pian — Py) + (Gan) ~ Qn) + I(n, Ay} }, 
where 
0, ifA €(1,1+1/n), 
7 = (an) 
oy) DY 4, ifAe [1 +1/n,0). 
k=n+1 


It holds inf,,J(n,A)>0, inf,., pin —P,) 29, and inf,.,A-“ =1. Since 


lim, ..07, = 0 it follows that the sequence (q,,),,cj is a Cauchy sequence and 
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that for each € > 0 there is 1, = 1,(€) E N such that |¢;,,; — ¢,| < € for each 
A> 1andeach n > n,. This means that for each n > n, we have 


inf (A~* exp (Prin — Pn) + tant — In) + 1H, DY} 
>j -4 ij = j = 
2 inf A" inf exp {Pin — Pa} «inf exp{ dian — In} 
-inf exp{J(n, A)} >e* > 1l-e, 
a>1 
so that lim inf, ..oinf j4 > 1, that is, x € KR,,,. 
d > 0: Following the same arguments as in case d < 0, it is sufficient to con- 


sider only inf,,, { ape) 1, that is, because inf,,, a = min{1, inf 
exp{J(,A)} 
Aa 


, 


wae 9 


it suffices to consider only inf ait . For a given nm EN we have 


. 0 1 . 
inf je 141/n) 9a = Ga’ Since 
exp {I(n, A 
lim inf inf rf expli(, 4)} \ 
n>o A> Ad 


th Sosa exp{J(n, A)} exp{J(1, 4)} 
= lim inf min inf ————— },, inf ———— 
N00 AE(1,1+1/n) Ae A>14+1/n Ae 


and since 


liminf inf { 


n>o = €(1,14+1/n) 


exp{I(n, A)} \ Been 1 _ 
Ad noo (1 +1/n)4 


we have to consider only lim inf,,,.,inf js.141/, { a \ We have 


; exp{I(7,4)} \ Til "Uan\ 
an. { sees sme 9 pec exp 4 —d|InA+ ares aes a : 


and if we choose v, € N so that r, > 2d for all n > n,, then for the same n the 
following is true: 


inf ex . pelea 
asttijn | OP n+ i Tan] 


> uy {exp{—d1n A + 2d(In([An] + 1) — Inf + 1))}} 


> inf {exp {a(- A eS a y}} 


~ A>141/n +1 


; i 1 
= inf in l 
a (es a |) exp { din}. 


Therefore, we obtain 


I(n, A : 
lim inf inf SEH > lim exp, dln : =1 
n> =A>1+1/n Ae noo 1+ 1/n 


This completes the proof. Oo 
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Theorem 12.17 Ifx = (%,,),,cy is a nondecreasing sequence in R, ,,, then x € 


KR 


$,00? 


$,00° 


The following two theorems give interesting properties of sequences from the 
class KR, ... 

For a sequence x = (%,,) cj € S, the sequence X = (%,),cn is defined by 
x, =max{x,: 1<k<n},neEN. 
Theorem 12.18 If a sequence x = (%,,),,<j belongs to the class R, .,, then the 
sequence x belongs to the class KR, ... 


S$,00? 


Proof: The sequence x,, is a nondecreasing sequence of positive real numbers, 
and for each A > 1 satisfies 
x max{x,:1<k<[sn 
lim inf a = lim inf {% a > lim inf ; 


no Xi, noo =max{x,: 1<k <n} nce Keon) 


Xtanl 


where k*(7) is the index for which x, is maximal. It follows 


Xtan Xan] 


rear? ge © Lp hk (ntl 
) > lim inf lim inf —- -. «lim inf ~@ =o 


noo Xk=(n) noo xy noo Xy-1 noo Xk (n) 


XA 
lim inf taal > lim inf 
n-w Xn 


as the first factor here is equal to oo, and all other factors are > 1 (because x € 
R, 4): $0, x € R,,, and since it is nondecreasing, by Theorem 12.17, x € KR, ,,.0 


Theorem 12.19 If a sequence x = (%,),cx, belongs to the class KR, ,,, then 


xx. 


'S$,00? 


Proof: Since x € KR, .,, by Theorem 12.16 the function g(x) = x;,, £ > 1, is in 
the class KR; ,,. Define now the function 


« aft ift€ (0,0, 
WI len, if t € [1, 00). 


By a result in [6, p. 87] we have 
Cie > Crpqy Cape = SUPL Cy) | OS 
= max{C,y) ul 
so that fort =n EN 
x, Max{X;y) :l<y<n}, (n> oo). 
It follows that for 1 > co we have x,,— max{x, : 1<k <n}, thatis, x, x, for 


naw. oO 


The previous equivalence relation need not be true for sequences from 
Rea \RRe gs 

Let x ER, ,\KR,,,. Assume, by contradiction, that x,-.%, for n > oo. It 
follows x, = B(n)x, for n— oo, where lim,_,,,6(1) =1. Take B(n) = e®” 
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with lim,,,,.6(”) = 0. By Theorem 12.18 the sequence x belongs to KR, ,, so 


Hu 0o 
n 

that, by Theorem 12.16, x,, = exp {> +q,+ 2 a néN, where (—p,)nen 
k=1 

is a nondecreasing real sequence, lim, ,..g, = 0, lim,,,,.7, = co. Again by 

Theorem 12.16, one obtains x € KR, ,, and we have a contradiction. 


12.3.4 The Class Tr(R,...) 


Definition 12.8 [18, 19] A sequence x = (x,,),,<y © S is in the class Tr(R, .) of 
translationally rapidly varying sequences if for each A > 1, the following condi- 
tion holds: 

lim 


n->oo Xn 


x 
dors ee (12.21) 


Some important divergent sequences are translationally rapidly vary- 
ing. For example, the sequence (x,),cy, *, =!, 1 EN, belongs to the 
class Tr(R, ,..). 


Theorem 12.20 ‘The following hold: 


G8 5 ae Be 
(2) A sequence (%,,),,cx, belongs to Tr(R,,.,) if and only if 


lim Moy fl, ifO0<A<1, 
~ )0, ifa <0. 


noo xy 


Xng1 
Xn 
Hence there is 7) € N such that for each n > ny, x,,; > 2-%,. Since for A > 1 


st yA Faso X41 XA 
lim inf “@ = lim ing (2... 
n> oo x. n> oo xy Xi an|-1 


n 
> lim inf 2*"-!-” = 09, 


we have (X,) nen € Reoo+ SO, Tr(Ry 45) C Reco: Since Tr(RV, ») & R,.,. and Tr(RV, 1) N 
Tr(R, ..) = J, one concludes that (1) is true. 

(2) Let x = (,) new © Tr(R,,,)- The statement is obviously true for A € [0, 1). 
Suppose 4 < 0. Then 


Proof: (1) Let x = (*,),c~ be a sequence from Tr(R, ..). Then lim,,,,, + = oo. 


. Mnta . Xntfa . 1 : 1 
lim WAN jim 4! — jim —— = lim —— = 0, 


n->o Xn n->ow Xn n->o 


because for 4 < 0, —[A] > 1. 
The converse is easily shown. 


Theorem 12.21 The following hold: 
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(1) KR,,, ER 


S$,0c0 SE °"S,c0? 


(2) Tr(R, .o) s KR, .. 


Proof: (1) Assume x = (%,,),,c~ © KR,.... The for any given d € R we have 


Xtanl 


>1 


a+t> 


lim inf inf 
n>o Az>1 ) Xi, 
so that 
2 MA 
lim infinf ua 
n>oo A>1 24x, 


>1. 


It follows from here that for an arbitrarily fixed A, > 1 it is true 


oe 4 


lim inf 
n> oo 4 xy, 


and thus 


x 
eee [Aon] 
lim inf—2" > Ae 


noo 


n 
This means x € R, ,., as d was arbitrary. 

In [15] it was proved that there is a sequence in R, ,, \KR, ... 

(2) Let us prove Tr(R, ,.) & KR, .. Let x = (x,,),cn, be a sequence in Tr(R, ...). 
Then we have lim, so. = oo, that is, there is 4) € N such that x,,, > x, for 
all 7 > 1. Consider the sequence x* = (x) nen defined by 
»_ J%, ifn>no, 

m \1, ifl<n<n,-1. 
This sequence is nondecreasing, and by Theorem 12.17 it belongs to KR, ,, 
(because Tr(R, ..) & R,.. by Theorem 12.20). 


It follows that for any givend € R, lim inf, ,,inf,,, “a > 1holds. Therefore, 


% 
an) 
Aaxe 


x 
n 


for the same d anda givene > Othereis 1, = n,(€,d) € N such that inf,,, 


Xan\ 
Ax, 


1—e for each n > nj. This implies inf,,, 
that is, x € KR, .,. So, Tr(R, .) € KR, ... 


It is easy to check that the sequence x = (%,,),cn defined by x, = eV” is in 
KR, 49 \ TCR oo): oO 


> 1-e for all n > max{n, 74}, 


n 


12.3.5 Subclasses of Tr(R, ...) 


In Section 12.2.2, we defined kth quotient speed of divergence. We consider 
now subclasses of the class Tr(R, ,,) on the basis of this notion. 


Proposition 12.3. Let x = (%,) cj € S and let k EN. If v,,,(«) = 00, then 
U,(X) = oo. 
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Proof: If v,,,(«) = oo, then there is 7) € N such that Vine) > VHX) for each 
V(x) in R. This limit cannot be 
Vn Go) = 1. a 


nN > No. Therefore, there is the limit lim,,_,., 
finite, because otherwise we would have lim 


noo 


Corollary 12.1 


(1) If for a sequence x = (%,,) cx it holds v,(x) = oo, k € N, then there is) € N 
such that x,,,, > %,, form > n, and lim, ,,,%,, = co. 


n->o"r"n 


(2) Letx € S. For all k € N we have: if v,(x) = 0, then u,(x) = o forl <i<-k. 


Therefore, sequences having infinite quotient speed v, are in the class Tr(R, ,,) 
of translationally rapidly varying sequences. 

Note that translationally rapidly varying sequences can have both finite and 
infinite kth quotient speed (see Example 12.1). The second quotient speed v(x) 
of the translationally rapidly varying sequence x, = n!, 1 EN, is equal 1. The 
quotient speed v;(x) of the translationally rapidly varying sequence x, = 2”, 
n EN, is co for eachk EN. 

The previous facts suggests to define the following subclasses of the class 
Tr(R,, oo) 

Put 


Tr (Reg) = THRs.) 
and for each k > 2 
TW(R, .o) = {4 ES 1 v(x) = co}. 
Also let 
Te R= a THR: 
k=1 
Note that for each k € N U {co} the class Tee) is nonempty and it holds 
Tr) (Reg) Se = S TO (Re) STOR) S TR) S Roses 
(12.22) 
Example 12.2 


(1) For each kEN, the sequence x, = "on EN, belongs to 
DW (Roe Jute Tl Rees 

(2) The sequences x, = 2”, n EN, and y, =e”, n EN, belong to the class 
ee (Re); 


The following two theorems give exponential representations of sequences 
from the classes Tr?(R, ,.) and Tr (R,,.): 
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Theorem 12.22 A sequence x = (*,),cx € S belongs to the class Tr (R, ,.) if 
and only if 


n-1 
x, =X, exp (5 «) , n>2, (12.23) 
i=1 


for some real sequence (4,,),,cx With jim a, = co, and arbitrary x, > 0. 


Theorem 12.23 A sequence x = (*,,),c € S belongs to the class Tr”(R, ,.) if 
and only if 


n—-2 


n-2 
* 
Ky = Xp ° (2) sep ( Sonim). n > 3, (12.24) 
1 i=1 


for some real sequence (4,,),,e, With jim a, = ©, and arbitrary x,,x, > 0. 


Proof: (=) Ifx = (&%,,) nen is in WR: then 


yo (x) 
lim V(x) = lim _ = 00 
noo no Vi (x) 
which means that there is a sequence (c,,),,e, € S such that lim,,_,.c,, = oo and 


foreachn EN 


i 1 xy 
Vi w=, LC aE onee MeL ae cig hs xe) = 6, Cy peas 


mal 


where lim,,_,,, 4; = 00. So, for every n > 2 we have 


noo 


n—-1 
x. 
VOX) Se, exp a, |; 
aa i=1 


from here we get 
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Therefore, for each 1 > 3 we have 
x. n—-2 n—-2 
X= Xy° (=) “exp (Sorin) and lim a, = oo. 
xy j=l nw 


(<) From (12.24) it follows 


1) 
lim VO = _ = lim e* = 0, 
n>ow noo Vy (x) noo 
which means (x,,) cn € Tr (Ry. oo): Oo 


12.3.6 The ClassT, 


A function g : R > (0,00) belongs to the class I’; (see [41]; also [6]) if it is 
nondecreasing, continuous from the right, and if there is a measurable function 
g : R- (0,0), called the auxiliary function of g, such that for each A € R, 


pe + Ag) _ a 


12.25 
0 = p(t) 


Factl. If g eI, then for each A € (0, 00), the restriction of g on [A, oo) 
belongs to the class R; ,, of rapidly varying functions [6]. 


Fact 2. If wa , is the set of functions which are restrictions of functions from 
I, on some interval [A, oo), A > 0, then [6, Proposition 2.4.4] 


Ty & KR. & Reco: 


We define now an important class of sequences corresponding to the func- 
tion class I’;, contained in the class of rapidly varying sequences (see (12.27) for 
some clarifications concerning this definition). 


Definition 12.9 A sequence x = (%,,),cxy € S is in the class I, if it is nonde- 
creasing and there is a sequence (a,,),<x, of positive real numbers, called the 
auxiliary sequence of x, such that for each A € R, 


x 
. [n+Aa,,] 
lim = el), 


n> oo x 


(12.26) 


n 


Theorem 12.24 I, GR, . 


Proof: Let x = (%,),ex belong to the class I’, and let (a,,),,cy be the auxiliary 


sequence of x. Then the sequence (*,,),,<x is nondecreasing and lim,,_,,,%,, = 00; 


otherwise (12.26) would not be satisfied (say for 1 = 1). Therefore, for every 
AER, lim,.,,,(7 + Aa,,) = lim n(l+ A) = oO. 


noo Noo 
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. : @, 1: a, 
Claim. lim,,_,.. = lim sup,, ,.o “= ; 
Suppose, on the contrary, that lim sup,,,,, = H > 0. Consider two cases: 
1. H < oo, and 2. H = ow. 


1. There is an increasing mapping k : N > N such that lim “Ko — H, For 


n> oo k(n) 
Any 


sufficiently large n we have a > z. So, for A = =< and n sufficiently large we 


have that 1 + Aa, does not tend to oo as n — ov, which is a contradiction. 
2. Again, there is an increasing mapping k : N > N such that lim, _,,.“” = 


N-> k(n) aa 


H. For sufficiently large 1 we have a > 2. So, for A = —1 and n sufficiently 


large we have that 1+ Aa, does not tend to oo as m > oo, which is again a 
contradiction. 

This completes the proof of Claim. 

Therefore, for each A > 1 we have (A — 1): 4 > oo asn > ~w, so that 


a, 


x ii 
Hes [n+(-1) 4-4] Nptae] 
lim inf aa os lim inf —————— > lim inf ee el4l 
nN>oo Xn noo Xn noo Xn 
for each A > 0. If here A —> 0, we have 
XA J Ma 
lim inf Lee lim Lae 
noo Xn noo Xn 
By [16, Corollary 2.2] we conclude that x € R,,. Oo 


Example 12.3 The class I’, is a proper subclass of R, ... 


(1) The reader can easily check that the sequence x = (x,,) 


ie e"?, if n is odd, 
um e”, if 1 is even 


defined by 


nen 


belongs to R, ,.\I,,. 
(2) The sequence x = (%,,) nex defined by x, = e”/”, n € N belongs to R,.... 


We prove x € T,. Suppose x € T’,. There is a sequence (4,,),,cx, the auxiliary 
sequence of x, so that for each 4 € R it holds 


1 

+ (n+{a,A)) 

. e@2 

lim = ell, 
n>c el /2n 

that is, 

yh 


lim e2 


noo 


[a,a] _ ofA] 


The last equality is equivalent to the fact that for each A € R 


lim 4[e,4] = [4]. 


noo 
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Let A € [0,1). Then lim sla, 4] = 0, that is, for sufficiently large n we have 


0<a,-A<1.Inparticular, for 4 = : there is 1) = no(=) € Nsuch that for each 
n= MN; 


eee 
2 


1 
n> 9 


Let now A € [1, 2). Then the fact lim [a,,A] = [A] is equivalent to 


2[A] = lim [a,, - A], 
which implies 2[A] < [5A]. We get a contradiction, since the last inequality does 
not hold for A € [1, a 
By definitions of the classes I, and Tr(RV,) and Theorem 12.2 we directly have 
the following: 


Corollary 12.2 If x = (w,) 
thenx €T,. 


nen iS a nondecreasing sequence from Tr(RV, ,), 


Let us consider now a class of sequences which is closely related to the class 
rs 

For anondecreasing sequence x = (%,,),cx~ € S we say that belongs to the class 
I* if there is a sequence (@,,),cny © S (called the auxiliary sequence for x) such 
that for each A € R the following holds: 


x OL, 
eee (12.27) 


n->ow Xn 


The class I’ is nonempty. The sequence x = (X,,),cn defined by x,, = ev",ne€ 
N, is in this class. Indeed, if we take a, = 2./n, n EN, then for each A € R we 
have 


. *nta,A] 
lim mae, 


n->oo Xx. 


n 


Notice that, on the other hand, the sequence y = (y,,) ,en J, = e,1 € N, does 
not belong to the class It, but belongs to I’,. 

Let us note also that I'S C R, ... 

We do not know if it is true’, TF or P¥ ST,. 


12.4 Applications to Selection Principles 


In this section, we demonstrate interesting and nice relationships between 
theory of regular and rapid variations of sequences and selection principles 
theory (related also with game theory and Ramsey theory). This connections 
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were studied in the series of papers [15-19, 31, 42-44] (see also the survey 
paper [45]). 

The theory of selection principles has its roots in the works 1920s of [46-52], 
and others. A systematic study of this subject began in the paper [53]. For survey 
papers concerning selection principles and their interplay with game theory 
(and Ramsey theory) we refer the reader to [54—60] 

Let A and B be sets whose elements are families of subsets of an infinite set 
X. Then [53] S,(A, 8) denotes the selection principle: 


For each sequence (A,, : 1 € N) of elements of A there is a sequence 
(b, : 1 € N)suchthat foreachn,b, € A, and {b, : n € N}isan element 
of B. 


In this paper A and 4 will be certain subclasses of the class S. 

The symbol G, (A, 3) denotes the infinitely long game for two players, ONE 
and TWO, who play a round for each 1 € N. In the mth round ONE chooses a 
set A, € A, and TWO responds by choosing an element b,, € A,,. TWO wins 
a play (A,,b,;...5A,,,9,3...) if {b, : 1 © N} € B; otherwise, ONE wins. 

It is evident that if TWO has a winning strategy (or, more general, if ONE does 
not have a winning strategy) in the game G,(A, B), then the selection hypoth- 
esis S,(A, 8) is true. The converse implication is not always true. 

A strategy o for the player TWO is a coding strategy (see [61] where this con- 
cept was introduced) if TWO remembers only the most recent move by ONE 
and by TWO before deciding how to play the next move. More precisely the 
moves of TWO are: b, = 0(A,,9); b, = o(A,, b,_,), 1 = 2. 

In [62] new selection principles were introduced and studied (see also [63] 
for a detail exposition). A and B are as above. 


Definition 12.10 The symbol a,(A, 8), i= 1,2,3,4, denotes the following 
selection hypothesis. For each sequence (A,, : 1 € N) of infinite elements of A 
there is an element B € 8 such that: 


a, (A, B): for each n € N the set A,,\B is finite; 

a,(A, B): for each n € N the set A, 0 B is infinite; 

a,(A, 33): for infinitely many 1 € N the set A, | B is infinite; 
a,(A, 8): for infinitely many 1 € N the set A,, 1 B is nonempty. 


Evidently, 
a,(A,B) > a(A,B) > a,(A,B) > a,(A, B) < S,(A, B). 


Observe that all above selection principles are monotone in the second coor- 
dinate 6 and antimonotone in the first coordinate A. For this reason it is natural 
to find the widest collection A and the smallest collection 4 so that a selection 
principle is satisfied. 
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12.4.1 First Results 


The first results concerning applications of selection principles and games in 
asymptotic analysis of divergent processes were obtained in [16, 43]. 
In [16] we showed that the class R, ,, has nice selection properties. 


Theorem 12.25 The class R, .,, satisfies each of the following (equivalent) 
principles: 


Si(R, Rs 00) Ay (Rg aos Re.o0)5 a3 (Ry aos Rg o0)5 a4 (Ry aos Ry oo) 


In [17] this result was improved, changing the first coordinate R, ,, by a wider 
class ARV,. 
In fact, it was proved the following theorem: 


Theorem 12.26 ‘The player TWO has a winning coding strategy in the game 
G, (ARV,, R, ..)+ 


whose consequence is the following improvement of Theorem 12.25. 


Corollary 12.3 The (equivalent) selection principles $,(ARV,,R,...) 
a,(ARV,, R, ...), @3(ARV,, R,.,) and a,(ARV,, R, .,) are satisfied. 


12.4.2. Improvements 


The following two theorems and their corollaries give a significant improve- 
ment of the previous three results (because Tr(R, ,,) & R, ..). 


Theorem 12.27 ‘The player TWO has a winning coding strategy in the game 
G,(ARV,, Tr(R,..))- 


Proof: Astrategy o for TWO will be defined as follows. Assume that in the first 
round ONE plays the sequence xX; = (%1 ,,) en from ARV,. TWO responds by 
choosing o(x,, 8) = %,,,, = y, — any element in x. If in the second round ONE 
has played X_ = (% 44) men © ARV,, then TWO picks x,,,,, € x, such that x, > 
2 - y, (which is possible by Lemma 12.2) and responds by 6(X2, 91) = %2,m, = Jo- 
Let in the nth round ONE play X, = (%), 7) meni then TWO finds x,,,, € X, such 
that x4, > M+ ¥,-1 and plays o(Xq, Yn-1) = Xpm, = Yn. And so on. 

We claim that y = (y,,),,cx is translationally rapidly varying. Indeed, for each 
A > 1 we have 


y 
lim inf 2! > lim infin + 1)! = 00. 
noo Vn n->oo 


that is, y € Tr(R, .,). Oo 
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Corollary 12.4 ‘The selection principle S,(ARV,, Tr(R, .,)) is satisfied. 
Further significant improvement is given in the following theorem. 


Theorem 12.28 The following selection properties are equivalent (and all are 
satisfied): 


(1) S,(ARV,, Tr (R,...)); 
) a,(ARV,, Tr(R,,..)); 
(3) a3(ARV,, Tr(R, ..))s 
) a,(ARV,, Tr(R,,,.)). 


Proof: Because (2) => (3) and (3) => (4) are obvious, we should prove only 
(1) > (2) and (4) => (1). 

(1) > (2): Let (x, : 7 EN) be a sequence of elements of ARV,. By using 
Lemma 12.1 applied to the sequence p, <p,<---p,<-:: of prime 
numbers, for each 1 EN consider a sequence (x,,, : m€N) of pairwise 
disjoint subsequences of x, each belonging to ARV,. Apply (1) to the 
sequence (x,,,,, | 1,m € N); there is a sequence (J, )) nen Such that for each 
(n,m) EN XN, Yan © Xnyn AY 2= Yom) nymen © (Ryo) It is understood 
that for each n € N the set x, Ny is infinite. In other words, y is a selector for 
the sequence (x,, : 1 € N) witnessing that a,(ARV,, Tr(R, ,,)) holds. 

(4) = (1): Suppose that a,(ARV,, Tr(R,,,.)) is satisfied and let (x, : 1 € N) 
be a sequence of elements of ARV,. Suppose that for every 1, X= (yy) men: 
By (4) there is an increasing sequence n, < n, <--- in N and a sequence y = 
(Xn, mien € Tt(R,,,.) such that for eachi € N, x,, ,,, © X,,- By Lemma 12.1 and 
Corollary 12.1 one may suppose that for each i > 1, x,, ,,,, is large enough so 
that for each k with n,_, < k < n;, we can pick an element x,,,,, € x; in such a 


Kha mg Y 


k-2,mp_9 
vINj-1 


way, 1; — 1;_, new elements between x, and x, ,,-) The elements cho- 
sen in this way (together with elements x,, ,,,) witness that selection principle 
S,(ARV,, Tr(R, ,.)) is true. The proof of this fact is obtained by a direct calcu- 
lation. oO 


way that xj, > . In other words, we can insert, in an appropriate 


Because by (12.22), T=) & Tr(R,.,,), and Tr(R,.,) & KR... (Theorem 12.21), 
we have the following corollary. 


Corollary 12.5 The following (equivalent) selection properties are satisfied: 


(1) S;(ARV, 5+ KRs,0)5 
ay(ARV, .., KR, ..)s 
ar,(ARV, .., KR, ..)s 
a,(ARV, .,, KR, ..): 


$,00? 


$,00? 


—_~—~ 
w 
Vera 
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At the end of this section we prove that under additional assumptions the 
player TWO has a winning strategy in a modified game of the G,-type. In 
what follows f Tr(RV, ) denotes the class of strictly increasing sequences from 
Tr(RV,,), and u f Tr(RV,) denotes the class of unbounded sequences from 
t TH(RV, 0). 

For two sequences x = (%,,) nen andy = (y,,) ,cx in S we write x < y if and only 
ifx, <y, for each u € N. The relation < is an order relation on S. 

Further, for x = (%,,),,cx © S we define the sequence of singularity of x in the 
sense of dAlembert, denoted by K(x) = (K,,(X)),en, by 


K,(«) = Snel _ 1, neEN. 
Xn 

The importance of the sequence K(x) for asymptotic behavior of the sequence 
x is well known in the literature [6, 29]. 

Fact A. If a sequence x is strictly increasing, then K(x) € S. 

Fact B. A sequence x belongs to the class Tr(RV,,) if and only if 
lim, K(x) = 0. 

For A and B infinite subclasses of S, the symbol G? (A,B) denotes a 
modification of the game G,(A, 8): in the nth round ONE chooses a sequence 
x,, € Aso that 


(i) x, < X13 
(ii) K(x,,) < Kx,_,), 


while the other rules are the same as in G,(A, 8). 


Theorem 12.29 TWO has a winning strategy in the game G (u fT Tr(RV, 9), 
fT Tr(RV, 9). 


Proof: Fixe > 0. 
Round I: Let the first move of ONE be a sequence X; = (%1y)men © 
u ft Tr(RV, 9). Set 


m, =m(e) = min{fm EN: K,,(x,) < é}. 
TWO picks 
V1 = % 1m, = * mi: 


Round 2: ONE chooses a sequence Xy = (%7_) men in Uf Tr(RV, 9) such that 
xX, < x, and K(x,) < K(x,). Let 


m, =m,(€)=min{m EN: K,(x,) < €}. 


Then m,(€) < m,(€). There is m3 € N such that mr —1 SI, < Xam Otherwise, 
we have the following two possibilities: 


1. for each MEN, y, > x,,; it is impossible because the sequence x, is 
unbounded. 
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2. foreach m EN, y, < %,,. However, we have x9, S Xn, =I 
_ * * 
TWO chooses y, = % 5,4; © Xy. Note m, > m}. 


Round 3: ONE chooses a sequence X3 = (%3,) men € U T Tr(RV, 9) satisfying 
X3 < x, and K(x;) < K(x,). Denote 


m;=m,(€) = min{m EN: K,, (x3) < €}. 


Then m,(€) < m,(€). There is m3 > m3 such that x3») << #3... TWO 
chooses 3 = %3.,.. € X3. 

And so on. 

During the play 


X15V13 Xo. V3 X35 35 +++ 


one obtains the sequence of elements chosen by TWO 


V1» V2 V3> ++ 


This sequence is obviously strictly increasing. It remains to show that it belongs 
to Tr(RV, 9). 

Let kK >2. Then m,(€) < m(e/k) and A\(kK) = m,(e/k) — my(e) +1 is a 
(finite) natural number. Also 


VA (k)+1 
< ees 


1 <1+ 


z 
a, k 
Since the sequence y = (y,,),,cx, has the property that for some h € NU {0} and 
every j € {A,(A),--- ,A (KA) +h = A,(k+1)} it holds Ky) < . we conclude 


fn ey, 
noo y 
that is, y € Tr(RV, 9). oO 


Corollary 12.6 ‘The selection principle s (u ft Tr(RV, 4), T Tr(RV,9)) corre- 
sponding to the game Gi(u tT Tr(RV, 9), T Tr(RV, 9) is true. 


Example 12.4 Conditions (i) and (ii) in the definition of the game are 
essential. A counterexample is the sequence (x, :1€N) of sequences 
Xn = On m)men from u fT Tr(RV,9) defined by 


Xnm =e" In(m+1), n,meN. 


Now we give an application of the class of rapidly varying sequences of index 
of variability — oo in selection principles theory. 


Definition 12.11 [17] Let A € [0, 00). A sequence x = (%,,) ,cn © S converg- 
ing to A is said to converge rapidly to A if the Landau—Hurwicz sequence 
(w,,(X)) nen Of x defined by 


w,(x) = sup{|x,, -—x,| : m>n,k>n}, nen 
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belongs to de Haan’s class R,_,, of rapidly varying sequences of index of vari- 
ability —oo. 


For example, if A €[0,oo), then each sequence x, defined by x, = 
(ce™ +A) nen 4 € N, converges rapidly to A. 
For A € [0, oo) let 


[Alp = {X = (nen € S ! x converges rapidly to A}. 
Theorem 12.30 LetA € [0, 00). Then S\(IA]a_ > [A], _.) is satisfied. 
Proof: Let (X, = nm)men | 1 €N), be a sequence of elements of [A], _ 


Construct a sequence y = (y,,),cx in the following way: 


(a) y; =*,,,, where m € N is arbitrary (and fixed) such that x, ,,, # A; 
(b) for > 2,n EN, y, =x,» Where m is chosen in such a way that 


m> mm, = min(m EN : |x, ,_—Al < obit Alen PAN 


From the construction of y it is easy to see that y € S, x Nx,, = y,, for every 
n €N, and that y converges to A. 

Claim 1. The sequence (|y,, — A|) ex belongs to R 

Since 


S,—00° 


1 1 
Yn — Al — 71, — Al S WyCY) 5 I, — Al t+ Gn — Al, neN, 
we have 
3 5 
“ly -Al< < =|y,—Al. 
qn Al SH.) S Fn Al 
This means that for 1 € N it holds 


w,(y) = 9,17, — Al, 


where = <6,< * forn € N. 

For every 1 EN, there is no my, EN, such that x,,,,=A, for m> mo, 
because of the assumption (w,,(,,)) € R,_... 

The sequence (|y,, — Al),,cx belongs to S and for every 1 € N it holds |y,,,, — 


Al < +ly, —Al. 
Therefore, for each A > 1 we have 
| ‘i —A| [An]-n (a-I)n 
ea ea eG) 


This just means (|y,, — Al) en € R 
Claim 2. (w,(y)) © Re oo 


$,—00° 
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By the above for each 4 > 1, we have 


lim sup unl) = lim sup (= : Dim = Al se ) 

n>oo a noo 6, Vn = Al 
0 nA 
< lim sup oli sup Dan | 
n>o n noo Vn a A| 

A 
< Pita Dam | = 2 -0=0, 
3 poo (WY, -Al 3 
and thus (w,,(y)) € Ry oo: 
So,y € [Al], dz and the theorem is shown. oO 


Remark 12.2 ‘The proof of the previous theorem actually says that the player 
TWO has a winning strategy in the game GiIAl, > [Alp ) 


12.4.3. When ONE has a Winning Strategy? 


In the previous section, we considered mainly the classes of sequences for 
which the player TWO has a winning strategy in a game. It is natural to ask for 
which classes of sequences the player ONE has a winning strategy. 


Theorem 12.31 For any p > 0 the player ONE has a winning strategy in the 
game G,(Tr(RV, ,), Tr(RV,)). 


Proof: Let o be a strategy for ONE. Suppose that the first move of ONE is 
the sequence o() = X, = (1 1) men belonging to Tr(RV, ,). Let TWO’s response 
be y, =%1,, © X;- Then ONE looks at x,,,,, and picks a new sequence x, = 
(2, m)men © Tr(RV,,,) such that all its elements are bigger than 2 - y,. (This is pos- 
sible, passing if necessary to subsequences, because x, € Tr(RV,,) G R, .., and 
thus x, is unbounded.) Let y. = x,,,, € X, be the choice of TWO. In the nth 
round ONE looks at y,_,, TW0O?’s choice in the (” — 1)th round, and chooses 
a sequence X,, = (Xm )men © Tr(RV,,) such that all its elements are bigger than 
n-y,_,-And so on. 
The sequence (y,,),,cx, obtained during the play 


X1513 X90 Vo3 ee Xp Myr eee 
for each A > 1 satisfies 


lim jp = lim inf 224 = lim inf = oo Zeta ) 


aks Vn ene Vn Heo Vn Vntal-1 


> lim inf(n + 1)! = 0. 
n-w 


Therefore, for A > 1, limysace = oo and thus (y,,) ey € TH(RV,). Oo 


n 
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Corollary 12.7 For any p > 0 and 6 € R ONE has a winning strategy in the 
game G,(Tr(RV, ,), Tr(RV, 5). 


Corollary 12.8 ONE has a winning strategy in the game G,(ARV,, Tr(RV,)) 
(and thus also in G,(R, ,,, Tr(RV,)) and G,(I’,, Tr(RV,))). 


Similarly to the proof of Theorem 12.31 one proves the following statement. 


Theorem 12.32 For any p > 0 the player ONE has a winning strategy in the 
game G,(RV, ,, RV). 

Proof: Let o be a strategy for ONE. Let in the first round ONE choose 
a sequence o(9) =X = (%y,)men from RV,,, and let TWO’s response be 
I =%1m, € X,- Then ONE chooses a new sequence X2 = (%) 1)men © RV;, 
such that all its elements are bigger than 2-y,. (Note that for any p> 0, 
RV, , & ARV, [17], which implies that sequences from RV, ,, p>O, are 
unbounded.) Let y, = x,,,, © Xz be the choice of TWO. In the nth round ONE 
looks at y,,_;, chosen by TWO in the (7 — 1)th round, and chooses a sequence 
Xn = (im)men € RV,, such that all its elements are bigger than 2 - y,_,. And 
so on. 

For each J > 1, we have 


. Dany : Van) Vn+1 
lim = lim | —— --- 
n->oo Yn no Vn 


Vtan|-1 
Slim, 28? >, fina, 2 aa 
No now > 
and therefore (y,,)nen © Reo that is, Vy)nen & RV. oO 


Corollary 12.9 ONE has a winning strategy in the games G,(ARV,, RV.) 
(in particular, in G,(ARV,,SV,)), G,(R,..RV,), G,(T,,RV,), and for p>O in 
G, (Tr(RV, ,), RV,). 


In [31, Theorem 3.14] it was shown. 


Theorem 12.33 For any p > 0 the player ONE has a winning strategy in the 
game G,(Tr(RV, ,), Tr(RV,)). 


In contrast to this result, we show now the following game-theoretic result for 
the case p = 0. The two-person game we consider is denoted by GinlA, 3), and 
the rules are the following: in the mth round, n > 2, ONE chooses an element 
A, € Aand TWO responds by choosinga finite set B, C A,_, UA,,. TWO wins 
a play A,,B,;...;A,,B,;... if U,cyB, € B; otherwise ONE wins [17]. 
Theorem 12.34 TWO has a winning strategy in the game G;,,(u f Tr(RV,.9), 
u fT Tr(RV,9)). 
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Proof: Let € > 0 be arbitrary and fixed. 
Round I: Let the first move of ONE be a sequence xX) = (%)yn)men © 
u f¢ Tr(RV, 9). There is m, € N such that for each m > m, 


%1 mt 


1< <lite. 


Xm 
Two picks 
Fy = {%,}- 


Round 2: ONE chooses a sequence X, = (%y,))men in UT Tr(RV,,). There are 
m;,m, © N such that: 


1. m>m,,m,>m; 
2. 1< 2 <1+4¢/2 for each m > m,; 


‘2m 
3. 2%) im, < Xm S %2m, S “imi si- 


Note that from here we have 


Xm, *lm*+1 
—< 


1< < <lte. 
* 1m’ Xm’ 
TWO takes 
Fy = (Xam pte e+ Ky} U (2m, b+ 


Round 3: ONE chooses a sequence X3 = (%3 m)men € UT Tr(RV,9). There are 
m3,m3 & N such that: 


1. mM) > Mm, M3 > My, 

21< a <1+6/3, for each m > mz, 
‘3m 

3. 2% m, < Xo mi S354, S Xo.m341" 

Notice that 


3,3 X2.mi+1 


1< 
% 2m’ 2m’ 


TWO chooses 


<1l+e/2. 


Ps = {Xo m4. -- 1X2, me} U {%3,m, }- 


And so on. 
During the play 


X1,F 13 Xo, Fy; X3, Fs; see 
one obtains the sequence (of elements chosen by TWO) 


Hy ny Et tye 228 EL ts ©) Xdmy bl ++ Xm» %3,ngd oo (12.28) 
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This sequence is obviously increasing and, by construction, it is in Tr(RV,,). On 
the other hand, we have 


F 2 ‘ ‘ k-1 : 
Xam, > 2% m,3% 3m, > om, > 2X1 n3° °° Xm, > 2 Mims > 


so that x; ,,, > 00 as k > oo, and as the sequence (11) is increasing it also 
diverges to oo. Oo 


12.5 Applications to Differential Equations 


The objective of this section is to make a detailed survey of the recent progress 
in the study of the existence and the asymptotic behavior of positive solutions 
of the Thomas—Fermi differential equation 


(A) x" = q(t)x", 
and next the more general equation of the form 
(B) (pO)x')Y = q(t)x", 


where p, q are continuous regularly varying function on [a, o0),a > Oandy > 0. 
Equation (A) (or (B)) is called sublinear or superlinear according as y < 1 or 
y > 1. Our aim is to provide comprehensive overview of our present knowl- 
edge of the asymptotic analysis of positive solutions of these equation in both 
sublinear and superlinear case, placing emphasis on some new results giving a 
complete answer to the three important questions: Are all solutions of regularly 
varying? What are necessary and sufficient conditions for the existence of such 
solutions? Is it possible to determine the precise asymptotic formulas for such 
solutions? 

Investigation of the equation of type (A) was inspired by the classical 
Thomas—Fermi atomic model described by the following nonlinear singular 
boundary value problem 


x= gd a) x(0) = 1, x(co) = 0, 


[64, 65]. 

The study of equation (A) (in fact of differential equations in general) in the 
framework of regular variation is initiated by V.G. Avakumovic in [66]. For 
some physical reasons only solutions decreasing to zero of superlinear equation 
(A) were of interest in [66]. Later on, results on the decreasing solutions of (A) 
for the superlinear case were further developed in [67-69], while increasing 
solutions were studied recently in [70]. Sublinear case of (A) has been consid- 
ered in [71-78]. This section is designed to present a survey of the main results 
developed in the papers listed above. 
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A comprehensive survey of results on the asymptotic analysis of ordinary 
differential equations in the framework of regular variation up to 2000 can be 
found in the monograph [24]. 

Emden—Fowler type of differential equation (A) (with g(t) < 0) in the frame- 
work of regular variation is treated, for example, in [79-84], and high-order 
nonlinear differential equations, for example, in [85-88]. For the use of the dis- 
crete Karamata theory in difference equations, see [89]. 


12.5.1 The Existence of all Solutions of (A) 


If a solution x of (A) exists on an interval of the form [t,, 00), ¢, > a, and is 
eventually nontrivial, then it is called proper. A nontrivial solution which is not 
proper is called singular. Further, a singular solution is classified into two types. 


Definition 12.12 (i) A solution x of (A) defined on [tp, co) is said to be extinct 
at a finite time f, (type (S,)) if there exists t, > f) such that 
x(t) #0 on [fo,¢,) and x(t) =0 on [f,, co). 


(ii) A solution x of (A) defined on [Z,, co) is said to blow up at a finite time ¢, 
(type (S,)) if there exists t, > £, such that 


x(t) #0 on [fp,t,) and iim, |x(t)| = im, |x'(£)| = 0. 


For the existence of singular solutions we have the following result: 


Theorem 12.35 (i) Superlinear equation (A) has solutions of type (S,), but 
has no solutions of type (S,). 

(ii) Sublinear equation (A) has solutions of type (S,), but has no solutions of 
type (S,). 


Proof: Claim (i) follows from [90, Theorems 2.1, 2.9]. Claim (ii) follows from 
[90, Theorems 3.1 and 3.9]. Oo 


It is known that all proper solutions of (A) are nonoscillatory and eventually 
strictly monotone [91]. If x satisfies (A), then so does —x, and so considering 
the equation (A) in the framework of regular variation, we focus our attention 
on positive proper solutions of (A). Each positive proper solution satisfies one 
of four different features: 


e all possible positive decreasing solutions fall into following two types 


(1) lim x(t) = 0, lim x'(t) =0 


(II) lim x(t) = const > 0, lim x(t) =0 
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e all possible positive increasing solutions fall into following two types 


(III) lim x(t) = co, lim a = const > 0, 
t 

(IV) Hires: ee es 
t t t 


A solution of type (1), (ID), (II), or (IV) is called respectively strongly decreasing, 
asymptotically constant, asymptotically linear and strongly increasing solution 
of (A). 

The existence in the above four classes is described by the convergence or 
divergence of the two integrals 


I= 7 ig(t) dt, J= ; t’ q(t) dt. 


It is known that the existence of solutions of types (II) and (III) can be fully 
characterized in both superlinear and sublinear case. 


Proposition 12.4 (i) Equation (A) either superlinear or sublinear, possesses 
a positive solution x satisfying (ID) if and only if I < oo. 

(ii) Equation (A) either superlinear or sublinear, possesses a positive solution x 
satisfying (III) if and only if J < oo. 


Proof: Claim (i) follows from [90, Theorems 2.3 and 3.6] and claim (ii) follows 
from [90, Theorems 2.4 and 3.7]. Oo 


As regards the existence of strongly decreasing and strongly increasing solu- 
tions, the problem of establishing necessary and sufficient conditions turns 
out to be extremely difficult to solve in some cases. In fact, the existence of 
strongly decreasing solutions in superlinear case and strongly increasing solu- 
tions in sublinear case is completely characterized, while for the existence of 
strongly decreasing solutions in sublinear case and strongly increasing solu- 
tions in superlinear case, only necessary or sufficient conditions are known. 


Proposition 12.5 


(i) Superlinear equation (A) possesses a positive solution of type (I) ifand only 
iff =o. 
(ii) Superlinear equation (A) possesses a positive solution of type (IV) if] < oo. 
(iii) Superlinear equation (A) does not possess positive solutions of type (IV) 
if 
lim inf t’*!g(t) > 0. 
tw 


(iv) Sublinear equation (A) possesses a positive solution of type (I) if I < oo. 
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(v) Sublinear equation (A) does not possess positive solutions of type (I) if 
lim inf t?q(t) > 0. 
to 


(vi) Sublinear equation (A) possesses a positive solution of type (IV) if and only 
if] =o. 


Proof: Claim (i)—(vi) follow, respectively, from [90, Theorems 2.2, 2.5, 2.6, 3.2, 
3.3, 3.8]. Oo 


While the asymptotic behavior (as t > oo) of asymptotically constant and 
asymptotically linear solutions is reasonably clear, this is not the case of the 
other two types of solutions for which determination of precise asymptotic 
formula is not an easy problem. At the beginning of the research in this area, 
assuming that coefficients q(t) ~ t°, t > co, Kamo and Naito [92, 93] showed 
that, under some specific assumptions on o, strongly increasing and strongly 
decreasing solutions have the form x(t) ~ k t’, where p is constant depending 
ono andy. 

Considering regularly varying functions as a (nontrivial) extension of func- 
tions asymptotically equivalent to power ones, natural question arises: How 
about an extension in the sense that the coefficient in the equation (A) is a reg- 
ularly varying function? Such study of asymptotic of solutions of differential 
equations via regular variation was initiated in the seminal paper of V.G. Avaku- 
movi¢ [66] and about 30 years later extended and developed in [67]. Avaku- 
movi¢ showed that assuming that coefficient g is regularly varying of certain 
index all decreasing solutions of (A) are regularly varying with precise asymp- 
totic behavior as t — oo. Initiated by Avakumovic’s paper asymptotic analysis 
of differential equations in the framework of regularly varying functions (or 
Karamata functions) means considering equation (A) with regularly varying 
coefficient g and also more generally nonlinear equation with regularly varying 
function f(x) instead of x’. 


12.5.2 Superlinear Thomas-Fermi Equation (A) 


The first paper connecting regular variation and differential equations was 
Avakumovic¢ [66] in 1947. 


Theorem 12.36 (Avakumovic [66]) Let q : [a,0o) > R be regularly vary- 
ing function of index o > —2, then any positive solutions x of superlinear 
equation (A) tending to zero is regularly varying and satisfies 


22 GA. pe be. 
ao) (5 a0) pws 
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His method of proof is rather involved and make use, in addition to several 
artifices, of an elementary Tauberian theorem. In 1991, Geluk [94] presented a 
simple and elegant proof of Theorem 12.36 using results on smoothly varying 
functions proved meanwile by Balkema, Haan, and himself (for the proof of 
Theorem 12.36 see also [24, Theorem 3.2]). 

However, Avakumovi¢’s paper did not attract much attention and regularly 
varying functions were totally distant from the theory of DE at that time, until 
the investigation of Mari¢ and Tomic¢ [67] in 1976. Neither Avakumovi¢ nor 
Geluk consider the border case o = —2 when the solutions tending to zero may 
still exists. Therefore, Mari¢ and Tomi¢ [67-69] considering in fact the more 
general equation 


x” = q(t)o(a), 


with ¢ bea regularly varying function at zero of index y > 1 proved the follow- 
ing (for the proof see also [24, Theorems 3.4 and 3.5]): 


Theorem 12.37 Let q be regularly varying function of index o > —2. For 
every positive solution x tending to zero as t > oo of superlinear equation (A) 
there holds: 


1. If o > —2 solution x is regularly varying of index p= = <0. All such 


decreasing solutions of (A) have one and the same asymptotic behavior 
q(t) 
p(p — 1) 
2. If o = —2 solution « is slowly varying. All such decreasing solutions of (A) 
have one and the same asymptotic behavior 


1/l-y 
x(t) ~ | as t7> ow. (12.29) 


t 1/l-y 
x(t) ~ G — »[ sq(s) &s) , tro. (12.30) 


Now, we will give an answer to the question which naturally arises: Is the 
requirement o > —2 necessary for the superlinear equation (A) to have a regu- 
larly varying solution of negative index or a slowly varying solution? The answer 
is the affirmative as the following lemma shows. 


Lemma 12.3 Let q € RV;,, q(t) = t° (0), 0 © SV; 


(i) Ifequation (A) has a regularly varying solution of index p < 0,theno > —2. 
(ii) If equation (A) has a nontrivial slowly varying solution, then 


o=-2, and sq(s) ds = co. (12.31) 
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Proof: (i) Let x € RV; ,, x(t) = t?&(t), € € SV;, with p < 0, bea solution of (A) on 
[T’, co). Since x’(t) > 0, t > oo, integrating (A) from ft to oo, we have 


—x'(t) = a q(s)x(s)’ ds = [stor ds, t>T. (12.32) 


The convergence of the last integral implies o + py < —1. However, the possi- 
bility o + py = —1 is excluded. If fact, if this is the case, then (12.32) reduces 
to 


—x'(t) = [sissy ds € SV, 


which is impossible, because taking that lim,_,,,.x(£) = c € [0, oo) the left-hand 
side is integrable on [T, co), while the right side is a slowly varying function 
and thus it is not integrable on any neighborhood of infinity. Thus, we have 
o + py < —1. Then, by Karamata’s integration theorem [6, Proposition 1.5.10], 
from (12.32) we get 


eter) (DEE) 
—(o+py+1)’ 
From the integrability of the left-hand side of (12.33) on [T, oo) we have o + 
py+1<-l.Ifo+ py = —2, then (12.33) reduces to 


—x'(t) ~ ETE DE)’, tt > &w. 


—x'(t) ~ (12.33) 


Integration of the last relation on [f, co) yields 
xo~ | CORO as pastes 
t 


which implies that x € SV,, that is, p = 0, an impossibility. Therefore, we must 
have o + py < —2, in which case, integrating (12.33) from f to oo with applica- 
tion of Karamata’s integration theorem shows that 


Ltr tL (EEL)! 7 tC (t)x(t)" 


x(t) ~ (o+py+ID(ot+pyt+2) (otpyt+(o+ py +2) 


t- ow, 
or 
at) ~ (ot py+Dlot prt DVO Ae A, to. 


This shows that x is regularly varying of index p = —(o + 2)/(y — 1) < 0. Using 
this value of p, we see from o + py < —2 that o > —2. Moreover, since (o + py + 
1)(o + py + 2) = (p — 1)p, the asymptotic behavior of x is given by (12.29). 

(ii) Let x € ntr — SV; bea solution of (A) on [tp, 00). Then x(t) > 0 and x’(f) > 
0 as t > oo. From (A) we have 


—x'(t) = - q(s)x(s)’ ds = [fo vtowy ds, t2> fo, (12.34) 


t 
implying that o < —1. If o = -1, the right side of (12.34) is a slowly varying 
function, which is not integrable on [tf), co). This contradicts the integrability 
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of the left side of (12.34) and accordingly, it must be o < —1. In this case from 
(12.34) by application of Karamata’s integration theorem it follows that 
Pe Oat 
—(o + 1) 
which by integration on [¢, co) yields 
© sot1](s) 
t)~ —— ds, t : 
me) / “(6 +1) =e 
This means that o + 1 < —1. We claim that the possibility that o < —2 is not 
allowed. In fact, we rewrite (12.35) as 
t?*! Z(t) 
—x(t)'x"(t) ~ ———,, tt : 12.36 
x(t) 'x'(t) pane (12.36) 
Thus, if o < —2 the right-hand side of (12.36) is integrable on [fp, oo), implying 
that x(t)!"’ tends to a finite limit as t > co, which is contradiction. Therefore, 
it must be o = —2 and (12.36) becomes 


—x'(t) ~ , to, (12.35) 


—x(t)'x'(t) ~ t q(t) = tq(t), t > &. (12.37) 


Since x(t)!” > 00, t > oo the right-hand side of (12.37) is not integrable on 
[t, co) implying /,~ tq(t) dt = oo. If we integrate (12.37) on [t), ¢] we get 


t 
x(t) ~ (y - » [ sq(s)ds, to, 
ty 
which yields (12.30). Oo 
Combining Theorem 12.37 with Lemma 12.3 we have the following result. 


Theorem 12.38 Letg€RV,,, o ER. 


1. All strongly decreasing solutions x of superlinear equation (A) are regularly 
varying of index p < 0, with p = = ,ifand only ifo > —2. All such solutions 
have the exact asymptotic behavior given by (12.29). 

2. All strongly decreasing solutions x of superlinear equation (A) are nontrivial 
slowly varying if and only if (12.31) is satisfied. For all such solutions (12.30) 
holds. 


Results of the same type for all increasing solutions of superlinear equation 
(A) have been obtained by Kusano et al. [70]. 


Theorem 12.39 Let gE RV;,, o ER. Then, all increasing solutions x of 
superlinear equation (A) such that x(t)/t — oo as t > oo are: 


1. Regularly varying of index p > 1 with p = = ,ifand only ifo < —y —1,and 


all such solutions have the exact asymptotic behavior given by (12.29). 
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2. Nontrivial regularly varying of index 1 if and only if 


o=-y-1, and / s’q(s) ds < oo, 


in which case any such solution the exact asymptotic behavior given by 


[ee] 1/1-y 
x(t) ~ IC — »/ s’q(s) &s) , tow. 


Proof: See [70, Theorem 2.2]. Oo 


12.5.3 Sublinear Thomas—Fermi Equation (A) 


Sublinear Thomas—Fermi equation (A) has been considered first by Kusano 
et al. [74, 75] and later on in [71—73, 76-78] by other authors. Considering 
equation (A) with regularly varying coefficient necessary and sufficient con- 
ditions for the existence of two types of strongly increasing regularly varying 
solutions and two types of strongly decreasing regularly varying solutions have 
been obtained and precise asymptotic formulas have been derived for such 
solutions. 


Theorem 12.40 Suppose that q € RV,,. 


(i) Sublinear equation (A) possesses strongly decreasing regularly varying 
solutions of index p < 0 if and only if o < —2, in which case p is given by 


o+2 


p= (12.38) 
ay 
All such solutions have one and the same asymptotic behavior 
g(t) 7 
x(t) ~ | ce as f > o. (12.39) 
p(p — 1) 
(ii) Sublinear equation (A) possesses a nontrivial slowly varying solution if and 
only if 
o=-2 and / tq(t) < o, (12.40) 


in which case any such solution has one and the same asymptotic behavior 


[ee] 1/1-y 
x(t) ~ la - » | sq(s) a| , tow. (12.41) 


(iii) Sublinear equation (A) possesses strongly increasing regularly varying 
solutions of index p > 1 if and only if o > —y — 1, in which case p is given 
by (12.38) and any such solution x has one and the same asymptotic 
behavior given by (12.39). 
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(iv) Sublinear equation (A) possesses a nontrivial regularly varying solution of 
index 1 if and only if 


o=-y-1 and / t’q(t) dt = ow. (12.42) 


a 


in which case any such solution has one and the same asymptotic behavior 


t 1/l-y 
x(t) ~ (a — n | s’q(s) &s) , tow. (12.43) 


Proof: Claim (i) follows from [76, Theorem 2.1] and [72, Theorem 5.1]. 
Claim (ii) follows from [76, Theorem 2.3] and [75, Theorem 2.4]. 
Claim (iii) follows from [76, Theorem 2.1] and [72, Theorem 5.2]. 
Claim (iv) follows from [73, Theorem 3.2] and [75, Theorem 3.4]. Oo 


In comparison with superlinear case, the answer to the question of whether 
all solutions are regularly varying assuming that q is regularly varying has not 
been given in these papers. However, Matucci and Rehak [77] and Rehak [78] 
partially solve this problem recently. They proved more general results for pos- 
itive decreasing solutions of a system of two coupled nonlinear second-order 
equations of Thomas—Fermi type in [77] and for positive increasing solutions of 
a cyclic system of 7 nonlinear differential equations of Thomas—Fermi type in 
[90]. The above-mentioned systems includes, as special cases, nonlinear scalar 
differential equation of type (A) and so applications of results from [77, 78] 
gives improvement of Theorem 12.40 by giving a positive answer to the above 
question in the case o < —2 and o > —y — 1. To complete the story, we will 
adapt proofs in [77, 78] and presented them in Theorems 12.41 and 12.43. How- 
ever, we note that in neither one of these two papers border cases o = —2 and 
o = —y — 1 have not been treated, so the answer to the above question in these 
cases is still an open problem, which we will work out here in Theorems 12.42 
and 12.44. 

Throughout proofs all minimizing constants will be denoted by the same let- 
ter m and all majorizing ones by M. 


Theorem 12.41 Suppose that ge RV;,, o < —2. All strongly decreasing 
solutions x of sublinear equation (A) are regularly varying of index p given by 
(12.38). 


Proof: Let qERV;,, gt)=t°C(t), @ ESV, o < —2. First, we show that 
for each strongly decreasing solution x there exist positive constants m,M 
such that 


meen <xt) <M eco”. (12.44) 
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Since x’(0o) = x(co) = 0, integrating (A) twice first from f to co we have 


—x'(t) = / Gono ds, x(t)= / * / * qr)x(ry’ drds, t> T, 


which using that x is decreasing implies 


—x!(t) < x(t)’ [ ds, x(t) < x(t)” - i qr) drds, t>T. 
ani (12.45) 


Because o < —2, application of Karamata’s integration theorem to the both 
integrals in (12.45) yields that there exists M > 0 such that 


— (th <M x(t)'t CD), = x(t) < M x(t)’ t°P? 20). (12.46) 


Second inequality in (12.46) implies directly the right-hand side inequality in 
(12.44). 
Next, we prove the left-hand side inequality in (12.44). Setting w(t) = 
x(t)|x’(£)| and 
pe. Gch, Gees (12.47) 
y+3 y¥+3 y¥+3 


an application of Young’s inequality gives 


Rat q(t)x(tyY | Ol) — wt) (ax \" (I OL)" 
ee ( wool? xO ) ( WO ) ( AO) ) 
w(t) 


2 
= (ty xl) go". 
pee 


Since, yw —V =v — pt = —K, we get 

—w' (t) > m w(t) *q(t)". (12.48) 
After dividing (12.48) with w(t)!*, using x > 0 and w(co) = 0, by integration 
on [t, co] we obtain 


w(t)* > m | q(s)" ds =m if s¥C(s)/' ds for m>O0. (12.49) 
t t 


Since = > —2, assumption o < —2 implies on + 1 < 0. Thus, application of 
Karamata’s integration theorem on the right-hand side of the previous inequal- 
ity together with the first inequality in (12.46) gives 

x(t)® > m (—x' (E)* tL (1)! > mm x(t tHE e(Eyr®, (12.50) 
Using (12.47), we have 

H-kK 1 

Ky+l1) 1-y 
so that from (12.50) we get the left-hand side inequality in (12.44). 


out+1—(o4+1)k = pk(y +1), (12.51) 
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It remains to prove that solutions satisfying (12.44) are regularly varying of 
index p = ,; We define the function 
X(t) = eee ir! Le SV (12.52) 


It is a matter of straightforward computation, with application of Karamata’s 
integration theorem, to verify that X satisfies integral asymptotic relation 


i ° 7 ° q(r)X(r)’ dr ds ~ X(t), tc (12.53) 
k= lim inf = 3. K= ee a (12.54) 


and 


I= a ie qr)xX(ry drds, t= T, 


In view of (12.44) it is clear that 0 < k < K < ow. Application of generalized 

L’Hospital’s rule [95] two times gives 

x(t) x(t) Gee J as)x(s)" ds 
= lim inf 


= lim inf —— > lim 


> Hie aa 
X(t) t+ f(t) cy I") aie A HOXtsy ds 
Y 
sehinintOO™ 24 fone.) eee 
too X(t)’ ates X( t) 

It follows that k > k’, implying that k > 1 because y < 1. Similarly, we are led 
to the inequality K < K”’, which implies that K < 1. Thus we conclude that 
k =K =1, that is, x(t) ~ X(£), t > 00, which yields that x is a regularly varying 
function of index p. Oo 


k= lim inf —— 


Theorem 12.42 Suppose that q € RV,,, satisfies (12.40). All strongly decreas- 
ing solutions x of sublinear equation (A) are slowly varying. 


Proof: Let q € RV;_», q(t) =t-C(t), ¢ € SV;. First, we show that for each 
strongly decreasing solution x there exist positive constants m,M such that 


© 1/l-y io) 1/1-y 
m ( i s1¢(s) &s) < x(t) <m( / s1¢(s) ’s) . (12.55) 


Integrating (A) twice first from f to co, applying Karamata’s integration theorem 
and using that x is decreasing gives 


—x'(t) < x(t)’t 120, (12.56) 
and 


x(t) < x(t)’ [ 94) ds, t>T, 


implying the right-hand side inequality in (12.55). 
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To prove the left-hand side inequality in (12.55), first, note that in view of 
Proposition 12.1 (vi), there exist numbers p, r, (r < —o < p) such that 
t?q(t) almost increases and ¢’q(t) almost decreases. (12.57) 


Bearing in mind x decreases, by integrating on both sides of (A) over (¢, kt) with 
an arbitrary fixed k > 1, in view of (12.57), one obtains for t > T, 


kt 
—x'(t) > mt?q(t)«(kt)’ / s? ds, 
t 


which leads to 
—x'(t) > mtq(t)x(kt)’", t> T. (12.58) 


On the other hand, by multiplying on both sides of (A) by —x’(0), integrating 
over (t, kt) and using (12.57), one obtains for any fixed k > 1 andt > T 


kt 
x'(t)? > mt?q(t) i, sx(s)” (—x'(s)) ds, 


implying that 
1/2 
j y+l1 
—x«! (t) > m (q(t)x(t)’*!)/? | 1 — AD) ; (12.59) 
x(t) 
From (12.58) and (12.59) we shall derive the following inequality, holding for 
alt > T 


—x'(t) > mtq(t)x(t)’. (12.60) 
Obviously, the behavior of the quotient 0 < x(kt)/x(t) < 1 is essential in 
that. For, if, for example, lim sup,_,.,«(kt)/x(t) = 1, inequality (12.59) is useless. 
Therefore consider the following alternative: 
Take a fixed k > 1, and an arbitrary fixed a such that 0 < a < 1. There holds: 
Either 
x(kt) 
—> 12.61 
xD =" (12.61) 
for all t belonging to some intervals J,, 1 > 1 which might be all ultimately 
neighboring when (J I, = [T, co) for some T > a, or 
n=1 
x(kt) 
x(t) 


for all to belonging to some intervals J, 1 > 1, which again might be all ulti- 


(12.62) 


mately neighboring when [J J, = [T, 00) for some T > a. 
n=1 


Regular and Rapid Variations and Some Applications 


In general, due to the continuity of x, one has 


Ux, UI,) =[T, 0). (12.63) 
n>1 

Now, if (12.61) holds, inequality (12.58) gives (12.60) for all t € 7, 

However, if all 7, are ultimately neighboring then J ,, d0 not exist and so (12.60) 
holds for all ¢ > T. 

If, on the other hand, (12.62) holds, choose a sequence {t,,}, 1 > 1 of arbitrary 
points ¢,, € I, so that (12.62) holds for ¢ = ¢,,. But then, because of [24, Lemma 
3.1], there exist numbers 0 < uw < 1and0O < a’ < 1 such that x(kt)/x(t) < a’ for 
allt € [ut,,, t,,]. Hence, from (12.59) and the preceding inequality, one obtains 


—x'(t) > m(q(t)x(t)'""1)/?, tt € [ut,,t,], (12.64) 


so after dividing by x(t)’t!/? and integrating over [yt,,, t,], since y < 1, we get 
g by g g wen g 


t, 
x(ut,) 1 > m / (Pq Per? dt > m (hq (ut,))? 
Ht,, 


t, 
x i tP? dt > mt,q(ut,)”, (12.65) 
u 


t, 
which multiplying by q(ut,,)!/2x(ut,,)’ gives 
(qut,)x(ut, 7 > mt,q(ut,)x(ut,)’. (12.66) 
Since ¢, is arbitrary in J, inequalities (12.64) and (12.66) together give (12.60) 
foralltel. 


Again, if all, are ultimately neighboring, then I, do not exist, ¢,, is arbitrary 
in [T,, oo) and (12.60) holds for allt > T. Finally, if both sequences of considered 
intervals exist, then again (12.60) holds for all t > T due to (12.63). 

To conclude the proof divide (12.60) by x(kt)’, integrate over (t/k, 00) to 
obtain for t > T 


x(t)? > m | sa) ds = m [49 ds, 


which because 1 — y > O is the same as the left-hand side of inequality (12.55). 
It remains to prove that solutions satisfying (12.55) are slowly varying. There- 
fore, in view of (12.56) and (12.55) we have 


—x'(t) 
OSt= © 


Since, by Karamata’s integration theorem, 


-1 


< Mx(t)’12(t) < meo( / * 48) as) (12.67) 


-1 


lim C(t) (fs ts) = 0, 
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we conclude that 


/ 
t 
fin 26 
too x(£) 
Thus, x € SV; by Karamata’s integration theorem. Oo 


Theorem 12.43 Suppose that qe RV;,, o > —y —1. All strongly increas- 
ing solutions x of sublinear equation (A) are regularly varying of index p 
given by (12.38). 


Proof: Let q € RV;,,, q(t) = t°(t), 2 € SV;, 0 > —y — 1. First, we show that for 
each strongly increasing solution x there exist positive constants m,M such 
that 


meC(ty 7 <x«t) <M vet)”. (12.68) 


for all large t. Using that x(t) — oo, t > co we have 


é 
x(t) ~ | x'(s)ds, t>T, 
T 


which since x’ is increasing gives 
a) <tx'(), t2T. (12.69) 


Integration of (A) from T to t, since x(t) > 00, tf > oo, in view of (12.69), gives 


t 


is 
x(t) ~ i, q(s)x(s)" ds < x(t)’ i q(s)s’ ds. 
T T 
Using o + y > —1 application of Karamata’s integration theorem to the above 
integral yields that there exists M > 0 such that 
x (th? <M tgp) =M te 208) (12.70) 


which together with (12.69) implies the right-hand side inequality in (12.68). 
Next, we prove the left-hand side inequality in (12.68). Setting w(t) = 
x(t)x'(t) and v, uv, K as in (12.47), application of Young’s inequality gives 


qx” =O) Oh (see "(8) 


w(t) = w(t) ( 


x'(t) w(t) J ~ phy x'(t) x(t) 
= BO corral (Og OH = AL. win*g(o" 
phy py 


and integration on [T, ¢] implies 


w(t)< > m [ q(s)* ds. (12.71) 
T 
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Since = < —y — 1, assumption o > —y — 1 implies ou + 1 > 0. Thus, appli- 
cation of Karamata’s integration theorem on the right-hand side of the previous 
inequality together with (12.70) gives 


ao(t)® > m x(t* te (t)" > m tO" Cayo, (12.72) 
for some m > 0. Using (12.47) we have 
ytot+l o+2 K 1 
ou+1-—-K——— = =K~p, “W-— =— 
l-y y¥+3 l-y yt+3 


so that from (12.72) we get the left-hand side inequality in (12.68). 


To prove that solutions satisfying (12.55) are regularly varying of index p = 


= we define the function X(¢) with (12.52) and with application of Karamata’s 


integration theorem verify that X satisfies the integral asymptotic relation 


| F q(r)X(r)' drds~ X(t), to. (12.73) 
Tt IT 


Put k,K as in (12.54) and in view of (12.55) it is clear thatO<k<K <o. 
Application of L’Hospital’s rule gives k > k” and K < K’, implying that k > 1 
and K < 1. Thus we conclude that k = K = 1, that is, x(t) ~ X(6), t > 00, which 
yields that x is a regularly varying function of index p. Oo 


Theorem 12.44 Suppose that q € RV,,, satisfies (12.42). All strongly increas- 
ing solutions x of sublinear equation (A) are regularly varying of index 1. 


Proof: Let q € RV;_,_1, q(t) = t1¢(t), 2 € SV;. First, we show that for each 
strongly increasing solution x there exist positive constants m, M such that 


t 1/l-y t 1/l-y 
m ( s}¢(s) es) < x(t) < me( s}¢(s) es) . (12.74) 
£ T 


Integration of (A) from T to t, since x’(t) > 00, ft > oo, in view of (12.69), gives 
t 
x(trr< m | s'¢(s) ds € SV, 
T 


which together with (12.69) and application of Karamata’s integration theorem, 
implies the right-hand side inequality in (12.74). 

To prove the left-hand side inequality in (12.74) we perform the substitution 
x(t) = ty(t) in (A) and obtain the following differential equation for y: 


(C) (eyo =e qo” 


Obviously, y increases and y(t) > oo, as t > oo. Clearly, in order to prove the 
left-hand side inequality in (12.74) it suffices to prove that y satisfies inequalities 


t 1/1-y 
y(t) > m( | s'¢(s) es) a ge el (12.75) 
T 
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Bearing in mind y increases, by integrating on both sides of (C) over (¢, kt) with 
an arbitrary fixed k > 1, in view of (12.57), one obtains for t > T, 


kt 
y' (kt) > mt" qlkt)y(t)” i siti ds, 
A 


which leads to 
yl (kt) > mt’ qkkHy(t)’, t> T. (12.76) 


On the other hand, by multiplying on both sides of (C) by ¢?y/(o), integrating 
over (¢, kt) and using that the function s’*’*3g(s) is almost decreasing for some 
r, one obtains for any fixed k > landt > T 


kt 
y' (kt)? > mt "g(kot" / s-"y(s)’y'(s) ds, 
t 


implying that 


y+1 1/2 
7k = m wrtanotcoreyi" 1 ~ (20) \ (12.77) 


From (12.76) and (12.77) we shall derive the following inequality, holding for 
alt > T 


y! (kt) > mt" q(kt)y(kt)’. (12.78) 


Obviously, the behavior of the quotient 0 < y(t)/y(kt) < 1 is essential in 
that. For, if, for example, lim sup,_,.y(t)/y(kt) = 1, inequality (12.77) is useless. 
Therefore consider the following alternative: 

Take a fixed k > 1 and an arbitrary fixed a such that 0 < a@ < 1. There holds: 

Either 

WO, 
(kt) 


for all t belonging to some intervals J,,, 1 > 1 which might be all ultimately 


(12.79) 


neighboring when [J J, = [T, co) for some T > a, or 
n=1 


y(t) 
y(kt) 
for all to belonging to some intervals J, m = 1, which again might be all ulti- 


(12.80) 


mately neighboring when J J, = [T, 00) for some T > a. 
n=1 
In general, due to the continuity of y, one has 


Ud, vt) = IT, 0). (12.81) 


n>1 


Now, if (12.79) holds, inequality (12.76) gives (12.78) for allt € oh 
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However, if all 7, are ultimately neighboring then J ,, d0 not exist and so (12.78) 
holds for all ¢ > T. 

If, on the other hand, (12.80) holds, choose a sequence {t,,}, 7 > 1 of arbitrary 
points ¢,, € I, so that (12.80) holds for ¢ = ¢,,. But then, because of Lemma [70, 
Lemma 1.1, Remark 1.1], there exists 0 < a’ < 1 such that y(t)/y(kt) < a’ for all 
t & [t,, kt,,]. Hence, from (12.77) and the preceding inequality, one obtains 


yl (kt) > m(t?"q(kt)y(kt)")/?,-t € [t,, kt, |, (12.82) 


so after dividing by y(kt)’*+'/? and integrating over [t,,, kt,], since y > 1, we get 


kt 


n 


y(kt,)'"/? > m / (t’1q(kt))/? dt. (12.83) 


t, 


Using (12.57) for the integral on the right-hand side of (12.65) we have 


kt, Kt, 
/ (71 q(kt))/? dt > m (tg(kt,)) / go Pde 
t, b, 


> m(tq(kt,))'”, 
which together with (12.83) gives 
(t7"g(kt, y(t," )/? > th q(kt,)y(kt,)". (12.84) 


Since ¢,, is arbitrary in J, inequalities (12.82) and (12.84) together give (12.78) 
forallt EJ. 

Again, if all Z, are ultimately neighboring, then I, do not exist, t,, is arbitrary 
in [T,, oo) and (12.78) holds for all t > T. Finally, if both sequences of considered 
intervals exist, then again (12.78) holds for all t > T due to (12.81). 

At this point we observe that one could not use such a procedure with the 
intervals J, instead of [t;, kt;], since the former may tend to 0 when n = oo. 

To conclude the proof divide (12.78) by y(kt)’, integrate over [T/k, t/k] to 
obtain for t > T 


y(t) > m | s’q(s) ds = m | s¢(s) ds, 
T T 


which because 1 — y > Ois the same as the right-hand side of inequality (12.75) 
implying the left-hand side inequality in (12.74) for x. 

It remains to prove that solutions satisfying (12.74) are RV;,. Therefore, in 
view of (12.69) and (12.55) we have 


x(t) 
UE eres 


t -1 
< P g(t)" = th (x(t) < MCL) ue s'¢(s) ts) ; 
T 
(12.85) 
which by Karamata’s integration theorem yields 


x(t) 
im £—— = 
too x(t) 
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Thus, x’ € SV; and by application of Karamata’s integration theorem we get 


t 
x(t) ~ | x'(s) ds ~ tx"(t) E RV;;, b> 00 
T 


implying that « € RV;,. Oo 


Combining Theorem 12.40 with Theorems 12.41—12.44, we have the follow- 


ing results for sublinear equation (A). 


Theorem 12.45 Let q € RV;,,0 € R. Then, all increasing solutions x of sub- 
linear equation (A) such that x(t)/t > co as t > oo are: 


1. 


Regularly varying of index p > 1 with p= a , if and only if o > —y — 1, 
in which case any such solution has one and the same asymptotic behavior 


given by (12.39). 


. Nontrivial regularly varying of index 1 if and only if (12.42) holds, in which 


case any such solution has one and the same asymptotic behavior given by 
(12.43). 


Theorem 12.46 Let q € RV;,,0 € R. Then, all decreasing solutions x of sub- 
linear equation (A) such that x(t) > 0 as t > oo are: 


1. 


Regularly varying of index p < O with p = = ,ifand only ifo < —2,in which 


case any such solution has one and the same asymptotic behavior given by 
(12.39). 


. Nontrivial slowly varying if and only if (12.40) holds, in which case any such 


solution has one and the same asymptotic behavior given by (12.41). 


12.5.4 A Generalization 


This section is devoted to the asymptotic analysis of positive solutions of the 
more general equation (B), where p, g are continuous on [a, oo). Any positive 
solution x of (B), continuable and eventually different from zero, belong to one 
of the classes: 


M* = {x solution of (B) : «’(¢) > 0 for large ft}, 
M~ = {x solution of (B) : x’(é) <0 for large f}. 


The class M* can be further divided into mutually disjoint subclasses: 


Mz = {x € M* : lim x(t) = d,, 0<d, < oo}, 
Mr o={xeM*: lim x(t) = , lim p(¢)x'(t) =c,, 0<c,< oc}, 
Meo = {x EMF : lim x(t) = 00, lim p(¢)x'(t) = oo}, 
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while the class M~ is divided into the next three disjoint subclasses: 
a= {xeM : lim x(t) = d,, 0<d, < w}, 
Moc={xeM’: lim x(¢) = 0, lim p(t)2'(0) =-c, O<c,<o}, 
Moo = {x EM: lim x(t) = 0, lim p(t)2 (t) = 0}, 


It is known that the following two cases 


” dt © dt 
£, = — =o, i; = — <o, 
a pt) a Pt) 


give a different aspect on the existence and asymptotic behavior of pos- 
itive solutions of (B). The behavior of solutions x belonging in classes 
Mz, Mt MM, is obvious (for the existence of such solutions see [91, 96, 


00,C’ 
97, 98]), sides it ig eaty to see that if x € My, cq then 
: * ds 
x(t)~c, a(t), to, with z(t) = — 
t Ps) 
while if x € Mio then 
"ds 
x(t) ~ c, P(t), t > oo with P(t) = —. 
a PAS) 


Therefore, we shall consider increasing solutions in the class Mz, ,, and decreas- 
ing solutions in the class Mj, which are usually called seronly i increasing solu- 
tions and strongly decreasing solutions of (B). In order to derive the precise 
asymptotic behavior of these solutions of equation (B) we assume in addition 
that 


pe RV; > qe RV; WVER. 


Observe that J, = oo [I,, < oo], may hold for » < 1 [y > 1], respectively. Since 
regularly varying function p with = 1 may either satisfies 1, = 00 or I, < 00, 
our attention is focused on the cases where either wy < 1 or p> 1. 

Case I, = oo. We make the change of variables (t¢, x) <= (7, X) 


t = P(t) with P(@) = i SS X(t) = x(t). (12.86) 
a P(s) 
Thus, Equation (B) is transformed into 
X = Q(t)X’, with Q(z) = p(t(z))q(t(z)), (12.87) 


with use of X = dX/dzt. 
ager 12.5, in view of (12.86), ensures the existence of solution in 
classes Mt depending on the convergence or divergence of integrals: 


00,00? Moo 


Z,= [Pood du, W,= [Pera du. 
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Proposition 12.6 Ify > 1: 
(i) Moo # 9 if and only if Z, = oo. 
(ii) If W, < oo, then Md, ,, #9. 
Ify <1: 
(iii) If Z, < 00, then Mp, # 9. 
(ii) ME, # 9 if and only if W, = o. 


An application of Karamata’s integration theorem to (12.86) with 
p(t) = t* L(t), L € SV, gives for t > co 
L(y _ poy 

l-y T= H 
and so, by Proposition 12.1(iv), P € RV;,_,. Thus, since 1 — p > 0, by Propo- 
sition 12.1 (vii) one has t~ P7\(r),  P7' © RV;q_,)1 (here P7’ denotes the 
asymptotic inverse of P). Hence, by Proposition 12.1 (iii) 


peP'ERV 2, gePTERV 2, QE RV, x. 


t= P(t) ~ (12.88) 


Thus, an application of Theorems 12.38 and 12.39 and Theorems 12.45 and 
12.46 to (12.87) with o = a and then by substitution (12.86), with use of 


(12.88), to return to the original variable ¢ one obtains: 


Theorem 12.47 Suppose that p € RV; ,, with w < Landg € RV,,. All strongly 
decreasing solutions x of superlinear equation (B) are: 
(i) Regularly varying of index p < 0 with p given by 
ey29 
Pe ones (12.89) 
y-1 
if and only if v >  — 2, and the asymptotic behavior of any such solution 
is determined by 


p(t) q(t) 
p(p-1+ 4) 
(ii) Nontrivial slowly varying if and only if 


x(t) ~ | |. to ow. (12.90) 


v=p-—2 and [Pod ds = o, 


a 


and all such solutions satisfy 


t 1/1-y 
x(t) ~ (« = »/ P(u)q(u) au) , too. 


Theorem 12.48 Suppose that p € RV;,, with w < Landg € R\V,,. All strongly 
increasing solutions x of superlinear equation (B) are: 
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(i) Regularly varying of index p > 1 — y, with p given by (12.89), if and only if 
v < y(“ — 1) — Land the asymptotic behavior of any such solution is deter- 
mined by (12.90). 

(ii) Nontrivial RV; ,_, if and only if 


v=y(u-—1)-1 and [ Povas) ds < a, 


a 


and all such solutions satisfy 


ee) 1/1-y 
x(t) ~ P(t) (u - »/ P(u)’ qu) au) », tow. 


Theorem 12.49 Let p € RV;,, with «<1 and qe RV;,. Then, all strongly 
decreasing solutions x of sublinear equation (B) are: 


(i) Regularly varying of index p < 0, with p given by (12.89), if and only if v < 
ft — 2, in which case any such solution has one and the same asymptotic 
behavior given by (12.90). 

(ii) Nontrivial slowly varying if and only if 


v=yu-—2 and J Posts) ds < oo, 


a 
in which case any such solution has one and the same asymptotic behavior 
given by 


ee) 1/l-y 
x(t) ~ (a - n | P(u)q(u) au) », tro. 


Theorem 12.50 Let p € RV;, with «<1 and qe RV;,. Then, all strongly 
increasing solutions x of sublinear equation (B) are: 


(i) Regularly varying of index p > 1 — y, with p given by (12.89), if and only 
if v > y(u — 1) — 1, in which case any such solution has one and the same 
asymptotic behavior given by (12.90). 

(ii) Nontrivial RV; ,_, if and only if 


v=y(u-—1)-1 and [ Povas) ds = o, 


a 
in which case any such solution has one and the same asymptotic behavior 
given by 


t 1/1-y 
x(t) ~ P(t) («a _ n | P(s)’q(s) &s) , trou. 
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Case I, < co. We make the change of variables (t,x) < (r,X) 


a oD with z(t) = ye rol X(t) = tx(t). (12.91) 
Thus equation (B) is transformed into 
p(t(t))q((z)) 


X = Q(t)X’, with Q(t) = ; (12.92) 


Tyt+3 
with the use of X = dX /dcr. 
The existence of solution in classes Mt. 


0,00? Mig g» in this case, depends on the 
convergence or divergence of integrals: 


Z, = [ n(u)q(u) du, W,= a a(u)' qu) du. 


a 


Proposition 12.7. Ify > 1: 


(i) Mo # @ if and only if W, = oo. 
(ii) If Z, < 00, thenMZ,, # 9. 
Ify <1: 
(iii) If W < oo, then Mp, # 9. 
(ii) M3. # 9 if and only if Z, = oo. 


Similarly as in the previous case one gets: 


1 w= Dp) 
(ft) t 


? > ©, 


implying that 1/z € RV; ,_,, and 
Qe RV; 2 y_- 


Then, an application of Theorems 12.38 and 12.39 and Theorems 12.45 and 
12.46 to the equation (12.92), witho = ra — y — 3and returning to the original 


variable ¢ as in the previous case, leads to the following: 


Theorem 12.51 Suppose that p € RV;,, with y > landq € RV,,. All strongly 
decreasing solutions x of superlinear equation (B) are: 


(i) Regularly varying of index p < 0, with p given by (12.89), if and only if v > 
y(u — 1) —1, and the asymptotic behavior of any such solution is deter- 
mined by (12.90). 

(ii) Nontrivial slowly varying if and only if 


v=y(u-—1)-1 and [ roras) ds = ov, 
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and all such solutions satisfy 


t 1/l-y 
x(t) ~ (« — »/ m(u)'q(u) au) , tr2o. 


Theorem 12.52 Suppose that p € RV;,, with y > landq € RV,,. All strongly 
increasing solutions of superlinear equation (B) are: 


(i) Regularly varying of index p > yw — lLifand only if v <  — 2, in which case 
p is given by (12.89) and the asymptotic behavior of any such solution is 
determined by the formula (12.90). 

(ii) Nontrivial RV; ,_, if and only if 


v=yu-—2 and [200009 88 <0. 


and all such solutions ~ satisfy 


co 1/l-y 
x(t) ~ a(t)" G = » / n(s)q(s) ts) » Eo. 


Theorem 12.53 Let p € RV;, with > 1 and qe RV,,. Then, all strongly 
decreasing solutions x of sublinear equation (B) are: 


(i) Regularly varying of index p < 0, with p given by (12.89), if and only if 
v < y(“ —1)-1, in which case any such solution has one and the same 
asymptotic behavior given by (12.90). 

(ii) Nontrivial slowly varying if and only if 


v=y(u-—1)-1 and [ roras) ds < ©, 


in which case any such solution has one and the same asymptotic behavior 
given by 


ee) 1/l-y 
x(t) ~ (a — n | m(u)’q(u) au) , too. 


Theorem 12.54 Let p € RV;, with «> 1 and qe RV;,. Then, all strongly 
increasing solutions x of sublinear equation (B) are: 


(i) Regularly varying of index p > yu — 1, with p given by (12.89), if and only if 
v > w — 2, in which case any such solution has one and the same asymp- 
totic behavior given by (12.90). 
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(ii) Nontrivial regularly varying of index » — 1 if and only if 


v=p-—2 and J A006) 85 = 0, 


in which case any such solution has one and the same asymptotic behavior 
given by 


t 1/1-y 
x(t) ~ a(t)! (a - n | m(s)q(s) &s) , tro. 
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13.1 Introduction 


Assuming that the reader is familiar with the notion of inner products and 
norms, that are usually defined on a vector space, we begin our discussion with 
the definitions of 2-inner products and 2-norms, which have attracted many 
researchers in the area of functional analysis around three decades ago. For 
simplicity, we assume that our vector space is real. 

Let X be a real vector space of dimension d > 2. A 2-inner product on X isa 
function (-,-|-) : X x X x X —> R satisfying the following properties: 


(1) (x, x|y) > 0 for all x, y © X; (x, x|y) = 0 iff x and y are linearly dependent; 
(2) (x, x|y) = (y, y|x) for all x,y € X; 

(3) (x, y|z) = (y, x|z) for all x,y,z © X; 

(4) (ax + Bx’, y|z) = atx, y|z) + B(x’, y|z) for all x, x’, y,z EX anda, fp ER. 


The pair (X, (-, -|-)) is called a 2-inner product space [8, 9]. 
Meanwhile, a 2-norm on X is a function ||-,-|| : X x X > R satisfying the 
following properties: 


(1) |lx, || = 0 iff x and y are linearly dependent; 
(2) |lx, yll = lly, ll for all x, y € X; 

(3) |lx, ay|| = |a| ||x, y|| for all x,y € X anda € R; 
(4) |lx, y+ zl] < Ilx, yl] + Ilex, zl| for all x,y,z € X. 


The pair (X, ||-, -||) is called a 2-normed space [10]. 
If X is equipped with an inner product (-,-), we know that we can define a 
norm || - || on X by ||x|| := («,)2. One of its properties is that it satisfies the 
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triangle inequality: 
lle + yll S [lll + lly. 


which is easy to prove once we establish the Cauchy—Schwarz inequality: 


(x.y)” S llecll?Ilyl?. 


There are several ways to prove the Cauchy—Schwarz inequality. We may 
rewrite it as a determinantal inequality involving a 2 x 2 Gram matrix 


(we, 20) (ey) 
(yx) Quy} = 


and conclude that the Cauchy—Schwarz inequality holds since the matrix is 
positive semidefinite (see [11, pp. 407-408] for Gram matrices). We also note 
that the equality holds if and only if x and y are linearly dependent. 

On an inner product space (X, (-,-)), we can also define a 2-inner product 
(-,-[-) on X by 


._ | y) 2) 
x,y|zZ) 1= 
IT) = Vee yy (z,2) 
and an induced 2-norm ||-, -|| on X given by ||x, y|] := (x,a]y)2, that is 
(xx) (ey) |? 
x, y|| = ; 
Hea Vo a) Oy) 


Let us verify that the above formula defines a 2-norm on X. As usual, the 
properties (N1), (N2) and (N3) are easy to check. To verify the property (N4) 
or the triangle inequality, it suffices to prove the Cauchy—Schwarz inequality 


(x, ylz)? < Ile, zl? lly, ZI’. 
But, again, we may rewrite the inequality as 


(x, x1z) (x, y1z) 
(y,x1z) (y.91Z) 

We note that the matrix is positive semidefinite: that is, for any a, 6B € R, we 
have 


> 0. 


(x,«|z) (x, y1z)} Jo} _ 
[a p| eee ead A = (ax + Py, ax + Py|z) > 0. 
This tells us that the Cauchy—Schwarz inequality holds. 
Alternatively, one may observe that, under the assumption that x 4 0, the 
Cauchy—Schwarz inequality 
2 
< 


(YI) (WZ) 
(Z,9) (ZZ) 


(x, x) (x, Z) 


(z,x) (Zz, Z) 


(x,y) (x2) 
(2,9) (2,2) 
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is equivalent to 


(x,x) (x,y) (x, Z) 
(y,x) (y¥) (y,Z)| = 0. 
(z,x) (z,y) (2,2) 


Since the matrix is positive semidefinite, the inequality holds. Moreover, 
we also see that the equality holds iff the three vectors x, y, and z are linearly 
dependent. 

The above observation on inner product spaces and 2-inner product spaces 
suggests how the concept of inner products and 2-inner products, as well 
as norms and 2-norms, can be generalized to that of n-inner products and 
n-norms for any € N. We shall discuss some results on n-inner product spaces 
and n-normed spaces, including the topology and the notion of orthogonality 
in m-normed spaces. Related to an n-inner product and its induced m-norm, 
we have the Cauchy—Schwarz inequality which is closely related to the angle 
between two n-dimensional subspaces intersecting on an (m7 — 1)-dimensional 
subspace. In the last part of this note, we shall also discuss the notion of angles 
between two subspaces of an inner product space in general. 


13.2 n-Inner Product Spaces and n-Normed Spaces 


Let n EN and X be a real vector space of dimension d > n. The mapping 


(-,+|+,...,°) | X"t+ > R which satisfies the following five properties: 
(11) (x 1,4 |%,...,%,) 20; (41,4) |, ...,%,) = Oiffx,, x, ...,x, are linearly 
dependent, 
(12) (x1, %y[%q,...%y) = (%j, 5%), |x;,,---.%;,) for any permutation (i, ...,i,) of 
(1, Bisrehig n), 
(13) (x,y |%o,-0-%,) = (H1,Xg|Xo,-0- Xs 
(14) (ax, %1|%q, .-. X_) = A(X, XH |%q, ... %,)> 
(15) (%q FXG. ¥y [Has 0+ Hp) = (Kye Hl o0 006 3% _) HAG Has Hy )s 
is called an n-inner product on X [1, 12]. 
Along with the n-inner product, we can also define ||-, ..., -|| on X” by 
ePeerr eM (ce Core err oe 


This mapping is called an n-norm on X [2-4]. It satisfies the following four 
properties: 


(N1) |lx,,...,,|| = Oiffx,,...,«, are linearly dependent, 


(N2) ||x,,...,,,|| is invariant under permutation, 
(N3) |]axy,%,-.. 5% yl] = la] []1,%,---% yl, 
(N4) I|Xo +X), %, cee Xyll < \|x9,%o5 see Xy(l + ||%1,%>, see Xl. 
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As usual, the first three properties are easy to see. To prove the last property 
or the triangle inequality, we need to establish the Cauchy—Schwarz inequality. 


Proposition 13.1 (The Cauchy—Schwarz Inequality) For all x9,%,,..., 
x, © X, we have 
Grae omer ot eee | Oe omnes | es Sere me | fa (13.1) 


and the equality holds iff xo, x,,...,%,, are linearly dependent. 


Proof: First observe that the inequality may be rewritten as 
q 'y 


(Xo, Xo lo, «++ sXy) (Ky, %y [X95 --- .%,) 


>0 
(1, Xl, «62s Xy_) (Hy, %y|Xo,--- %,,) 


=a“ 


which obviously holds since the matrix is positive semidefinite. Next suppose 
that we have the equality 


(qs Ky |%y5 ++ Hy) (Ko, % [05 +++ Hyd] F 
(315 glo. 00 9%) Kyo lon «rs 9%, : 
If (Xo, Xo |X... .%,) = 0 or (x1, %)|%,...,%,) = 0, then x9, x), ...,%, are linearly 


dependent. Otherwise, there exists a 6 # 0 such that 
(Xo,%1 |X, --- -X,) = P(Xq,Xq|X,--.,.%,) and 
(€1,%|%, -...%,) = B(X,,Xy|%,...,%,,)- 
Hence 


(Xo, BXq — X1|%q,-.-,%,) =O and (x1, Pxy —X,|%,...,%,) = 0, 


and so 
(Pxq — X15 PX — %1 |X, ---,%,) = 0. 
But this implies that Px — x,,%5,...,%*, are linearly dependent, and so are 
My Eos sae hy. 
Conversely, suppose that x9, ),%,...,*, are linearly dependent. If x,,...,x,, 
are linearly dependent, then the right-hand side of (13.1) is equal to zero and 
so is the left-hand side. Now suppose that x, ... ,, are linearly independent. 


Since the equation 
AX) + Px, + YX +++ +7,%X, =O 


has a non-trivial solution, we must have a or 6 # 0. Without loss of generality, 
assume that a # 0, so that 


Xo = A,X, + ayxX, +--+ +4,x, 


for some 4,, d,...,4, ER. 
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Next we note that, for each k = 2,...,, we have (x,,%;|%, ...,%,) = 0 and 
consequently 
CoH icin > Sg la lie = 0; 


implying that (x9, «;,|*>, ...,”,) = 0. The same is true when x, is replaced by x. 
Hence 


(iy Walgreen a) Saha w i aussi = A i ai 
and 
(X93 |X, 026% ,) = (HX), 1 |H, -0. H,) = AY (X1, 44 |Hq,...,%,,), 
and therefore the equality follows. Oo 


If (X, (-, -)) isa real inner product space of dimension d > n, we may define the 
standard n-inner product and the standard n-norm to be the following map- 


pings: 


(%9,%1) (Kg, Xp) +++ (Xq5 %y) 
: (%2,% 1)  (%q,%Q) ++ (2 Q,%q) 
(Xq.%1|%q.0.- 5%, )g I= : : i 
(Xp, 1) (Xp2%2) ices (%p2%q) 
and 
|x... Halls = CA ee 
(x p,%y) c+ Cy %,)]? 
(Xp>%) ote (Xq>%Xn) 
Accordingly we call (X, (-,-|-,...,-)s) and (X, ||-,...,-[l;) the standard n-inner 
product space and the standard n-normed space [13]. 
Note that (-,-|-,...,-)s is a mapping on X"*! while ||-, ...,-||; is a mapping 
on X”. For n = 1, we know that || - ||, is a norm, and ||x,||, is the length of x,. 
For n = 2, ||-, -||; defines a 2-norm, and ||x,,x,||, gives us the area of the paral- 


lelogram spanned by x, and x,. For 1 = 3, one may apply the Gram—Schmidt 
process to observe that ||x,,%,,%3||; is nothing but the volume of the paral- 
lelepiped spanned by x,, x, and x3. In general, ||x,,...,%,|l, represents the 
volume of the n-dimensional parallelepiped spanned by x,,...,x,, in X. We find 
this geometric interpretation useful not only for the standard n-normed spaces 
but also for arbitrary n-normed spaces. In any n-normed space (X, ||-, ..., -ll), 
one may observe that 


\|%1,%9, vee | = Il, + AgX Tere t AX n> %2> sieht x, l 
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for every %1,%5,...,%, € X and a,,...,a, € R. Geometrically, this means that 
the volume of the parallelepiped is unchanged if we alter one of the vectors by 
a linear combination of the other vectors. 

As indicated in our introductory observation, we have the following result 
for standard n-inner product spaces. 


Proposition 13.2 In the standard sz-inner product space, the 
Cauchy—Schwarz inequality (13.1) is equivalent to 


(Xq.%q) (Xt) ---  (Xq %,) 
Gro) Sm) vee G1 %) >0 (13.2) 
(XxX) (XyrXz) vee (gs Hy) 


Remark 13.1 (1) The determinant on the left hand side of (13.2) is clearly 
nonnegative since it is the volume of the (7 + 1)-dimensional parallelepiped 
spanned by x, x,,...,%,,. Moreover, we also see that the equality holds if and 
only if xo, x,,...,%,, are linearly dependent (see [14, 15]). 

(2) The proof employs some facts about symmetric matrices. For 2 x 2 
matrices A = [a,], we have |A| = 4,4) — a1 45). Particularly, when a), = a),, 
we have |A| = 41,4) — a{,, and so |A| > 0 is equivalent to a}, < 4,4). Now 
let A = [a,;] be an N XN matrix (N 2 3) such that the determinants of the 
sub-matrices A, = [dj]; j=. (kK = 3, ...,N) are all non-zero. Then one may 
observe that 


IAs] IA] = IMy 9] Mail — Moi) IM ol 


where M ij denotes the (N — 1) x (N — 1) matrix obtained from A by deleting 
the i-th row and j-th column (i.e., M, is the minor corresponding to a;). In 
particular, if A is symmetric, then 


|A3| |A| = IM, »| IM, | = [M5,17- 
See [5] for the details. 


In an m-normed space (X, ||-, ..., -|]), we have the following fact: 


Fact1. Let (X,||-,...,-|]) be an m-normed space. If the dimension of X is 
equal to n, then for every %9,%,,...,x, € X one of the following equalities 
holds: 


[oq ys Ho, ses 0% ll = [ge %q0. 2 Kall + lle Hy, Hyll 
or 


|Xq = Hs HX yy 006 Kyl] = log. %y, 00 Kyl + [lp Hg, Kyl. 
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Proof: Since the dimension of X is n, the vectors %9,%,,%, ...,«, must be lin- 
early dependent. As usual, we may assume that %) = a,x, + dox.+---+4,%, 
for some 4, d>,...,4, € R. Ifa, > 0, then we have 
|[%q +1, %, --- Hy, |] = [](@, + Day, Ho, ..-.Xyll 
= (4, +1) |[x,, 4%, ...,%,Il 
re |4,%,%5, sec) XI + x1, Xp, ree | 
— Ix, %55 oe 2 »x,| ctr |*1,%, aye X,(I- 


If a, < 0, then we have 


[XQ = %y, Hg, ++ Xyll = IG — Dory, Xo, -.-  %y ll 
=(1—4)) ||x,,%,...,%,|l 
= ||x1,%5,...,%,,| + |]a 1x1, x, ....%,l| 
= |x 1,45, -.- Xl + []% 0. %o5 ---  Xyll- 


Therefore one of the two equalities must hold. Oo 


13.2.1 Topology in n-Normed Spaces 


A sequence (x(k)) in an n-normed space (X, ||-, ... , -||) is said to be convergent to 
anx EX iff lim \|x(k) — x, %,...,%,,|| = 0 for all x,, ...,, € X. In such a case, 
—0o 


we write iim x(k) = x and call x a limit of (x(k)). 
Fact 2. If jim x(k) exists, it is unique. 


Proof: Suppose that we have a sequence (x(k)) that converges to x and y, 
with x # y. Choose x ,...,%,, such that ||x —y,x,,...,%,,|| #0. Now, letting 
e= Alege re there exists K EN such that for k>K we have 
I|x(k) = x, %5,-..,%, |] <e€ and ||x(k) —y,%,...,%,|| <¢. But then, by the 
triangle inequality, we get 


I|x — y, 9, Siete Xall < ||x(k) —%, Xo, ed Xyll + ||x(k) — I, Xo, 28 Xyll 


<2e = |lx-—y,x5,...,%,|l, 


which is impossible. Oo 


Although the above definition of the convergence of a sequence works fine, 
we find that the condition requiring the limit must be 0 for all x, ...,«,, € X is 
rather too much. Some researchers weaken the condition by requiring that the 
limit is 0 for some (fixed vectors) x5, ...,%,, € X. However, this might be “too 
loose.” For instance, using this requirement, the sequence (x(k)) that has terms 
Xo, 2%, X, 3X,,, Xp, 4X, ..., is convergent to 0, because ||x(k), x5, ...,x,,|| = 0 for 
every k € N. We do not want this to happen. So the problem is to find the sets 
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of vectors x, ...,x, that we can use to define that a sequence is convergent to 
a limit such that, when X is also equipped with a norm, the limit coincides 
with the limit in norm. The problem is solved, in many cases, by choosing 


any linearly independent set {a,,...,a,,} of m vectors in X and requiring that 
jim ||a(k) — %, iy. 4; || = 0 for all {i,,...,i,} C {1,..., a}. Thus, instead of 


checking infinitely many limits, we only need to verify 7 limits only [13]. 
We observe that the uniqueness of the limit of a convergent sequence still 
holds because of the following fact: 


Fact 3. Let (X,||-,...,-||) be an m-normed space and {a,,...,a,} be a set 
of n linearly independent vectors in X. Then ||x,a,,,...,4; || =0 for every 
{i,,...,4,} C {1,...,} ifand only ifx = 0. 


Many results in normed spaces, such as fixed point theorems, have analogs 
in n-normed spaces. Many researchers proved fixed point theorems and many 
other results in an m-normed space by imitating the proof in normed spaces 
(see for instance [16—18]). We found that we could obtain the same results 
differently. Using a set of 1 linearly independent vectors, we realize that the 
n-normed space can actually be equipped with a norm derived from the 
n-norm. 


Fact 4. Let (X, ||-, ...,-||) be an 7-normed space and {a,,...,a,,} be aset ofn 
linearly independent vectors in X. Then 


al ee a Sm [ec foe | 
(in, ed, }C{1,...0} 


defines a norm on X. 
Using the above fact, we could prove fixed point theorems and many 


other results by exploiting our knowledge of normed spaces (see for instance 
[13, 19, 20, 21]). 


13.3. Orthogonality in n-Normed Spaces 


Several notions of orthogonality in a normed space have been developed by 
many authors. For example, the following definitions of Pythagorean, isosce- 
les, and the Birkhoff-James orthogonality in a (real) normed space (X, || - ||) are 
known: 


P-orthogonality: x is P-orthogonal to y (denoted by xp ) if only if 


loc + yll? = [lal]? + Ilyll?. 
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I-orthogonality: x is I-orthogonal to y (denoted by x L, y) if only if 
Ilx + yl] = lle — gIl- 
BJ-orthogonality: x is BJ-orthogonal to y (denoted by x Lg, y) if only if 
ll“ + ay|| = |lx|| for everya ER. 


If X is equipped with an inner product (-,-), then one may observe that 
xtlpy, x«x1,y, and x Lg, y are all equivalent to the condition that (x,y) = 0, 
for which we have the usual orthogonality x 1 y. However, in a normed space 
which is not an inner product space, one does not imply another. For further 
properties of these notions of orthogonality, see, for example, [22]. Related 
results may be found in [23-28]. 

Many researchers have extended these notions of orthogonality to 2-normed 
spaces (see, for example, [29, 30, 31]). As the notions of orthogonality in normed 
spaces are inspired by that in inner product spaces, the notions of orthogonal- 
ity in 2-normed spaces are also connected to that in 2-inner product spaces. 
In [32], it is shown that the “standard” definition of orthogonality in a 2-inner 
product space (X, (-, -|-)), where dim(X) > 3, is the following: 


G-orthogonality (in 2-normed spaces): x is G-orthogonal to y, denoted byx 1, y, 
if and only if there exists a subspace V of X with codim(V) = 1 such that 
(x, y|z) = 0 for all z € V. 


We say that this definition is “standard” because when X is a standard 2-inner 
product space, that is, when X is actually equipped with an inner product (-, -) 
and the 2-inner product 


(x,y) (%, 2) 
(2,9) (22) 


we have x Ly if and only if «1 y (see [32]). The above definition of 
G-orthogonality also improves the one proposed by Cho and Kim [29]. (As 
shown in [32], Cho and Kim’s definition of orthogonality in 2-inner product 
spaces are void.) 

Accordingly, we define P-, J-, and BJ-orthogonality in a 2-normed space 
(X, ||-, -||) of dimension 3 or higher as follows: 


(%I1Z)s 3= 


r) 


Definition A (P-, /-, and BJ-orthogonality in 2-normed spaces) 

(a) « Lp y if only if there exists a subspace V of X with codim(V) = 1 such that 
Il + y,21l? = IIx, zIl + Ily,zll? for every z € V; 

(b) x 1, vif only if there exists a subspace V of X with codim(V) = 1 such that 


lx +y,zI| = lle -y, zl] for every ze V; 
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(c) x L,, y if only if there exists a subspace V of X with codim(V) = 1 such that 


|x + ay, z|| = ||x,z|| for every ze Vanda eR. 


These notions of orthogonality are extended to n-normed spaces in [6]. We 
note that in an m-inner product space (X, (-,-|-, ...,-)), which is also equipped 
with the induced m-normed ||-, ..., -||, we have the parallelogram law: 


lx + Y,%p, tee el + || —IV,Xq, ++. all 
= Dl |, May a2 aAgll” F Q[L¥, Map 040%, ll?s 
and the polarization identity: 
MX, Y|Xq5 006 5%_) = [lO +, Xo5 00. Kyl? — [le — Y, Hoy. oH, I?- 


The theorem below shows that in the standard n-inner product space we can- 
not define G-orthogonality between x and y by the condition that 


(x, V|Xo,-..,%,)¢ =O for all x,,...,%, ¢ span{x, y} 
as suggested by [29] and [33]. 
Theorem 13.1 Let (X, (-,:|:,...,:)s) be a standard n-inner product space of 


dimension 7 + 1 or higher. Then, the condition that (x, y|x,,...,%,,)5 = 0 for all 
Xy,...,x, & span{x, y} is satisfied only by x = 0 ory =0. 


Proof: We shall prove the theorem through its contraposition. Suppose that 
x # Oandy # 0. Our task is to show that there exist x,,...,«, ¢ span{x, y} such 
that (x, y|x,, ...,%,,)s # 0. To do so, we consider several cases. 


Case 1. If x and y are linearly dependent, that is, y = kx for k # 0, then 
(Ga sive 5 = ROAM es se ye — FI gcse alle. 


Now choose x,,...,%, ¢ span{x} such that {x, x.,...,,,} is linearly 
independent. Then, we have 


CoH = Kets alee 0. 


Case 2. If x and y are linearly independent, then we consider the following 
two subcases. 
Case 2a. If x+y or (x,y) #0, then we may choose an orthonormal sequence 
Xy, +H, © {x, y}+, so that 


(2, Y]Q5 0+ nds = (Hy) leaII? -- + Iloepll? = (ey) # 0. 


Case 2b. If x L y or (x,y) = 0, then we may choose a nonzero vector x, = «+ 
y+u ¢ span{x,y} where u is a fixed nonzero vector perpendicular 
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to span{x, y}, and nonzero vectors x3, ...,«,,  span{x, y} where x, L 
span{x, y} and x, L span{x,y,x5,...,%,_,} fori =4,...,”. Hence, we 
have 
0 (x, X>) 0 awe 0 
(%o,Y) (Xap) (X,H3) we (Hy, Hy) 
(X, Y|%, 0-H, dg =] 0 arto) “CtgsX_) aes 0 
0 (Xys%>) 0 cee. “Ot %,) 


= —(%,%))(%2, 9) loegll? «+ lloeull? 
= [loll Uy? llxsil? «- lloeall? # 0. 


Thus, in any case, we can always find x,,...,«, ¢ span{x, y} such that 
(x, y|x5,...,%,)s # 0. The proof is therefore complete. Oo 


13.3.1 G-, P-,I-, and BJ- Orthogonality 


As in 2-inner product spaces and 2-normed spaces, we define the notions of 
G-orthogonality in m-inner product spaces and P-, J-, and BJ-orthogonality in 
n-normed spaces as follows. For the rest of this section, we assume that X is a 
vector space of dimension n + 1 or higher. 


Definition B= (G-orthogonality in n-normed spaces) Let (X, (-,-|-,...,-)) be 
an m-inner product space. For x, y € X, we say that x is G-orthogonal to y and 
write x L, y if and only if there exists a subspace V of X with codim(V) = 1 
such that 


(x, y|%q,...,%,) =O for every x,...,%, € V. 
Definition C (P-, I-, and BJ-orthogonality in n-normed spaces) Let 
(X, ||-, ...,-||) be an z-normed space. For x, y € X, we define 


(a) x Lp y if only if there exists a subspace V of X with codim(V) = 1 such that 
[loo HI Hay ve yll? = [oes Hey5 0 ll? + My, Ha, ++ ull? 
for every %5,...,%, € V; 
(b) x L, vif only if there exists a subspace V of X with codim(V) = 1 such that 
|x +9,%,---,%, I] = lle —y,%>,...,%, |] for every x,...,%, € V; 
(c) x Lg, y if only if there exists a subspace V of X with codim(V) = 1 such that 
|e + ay, x, ...,%, |] > lx, x... ,%,I| 


for every x),...,%, € Vand ae€ER. 
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Theorem 13.2. In an v-inner product space (X,(-,-|-,...,-)), P-, I-, and 
BJ-orthogonality are equivalent to G-orthogonality. 


Proof: The proof follows from the properties of the n-inner product. For 
instance, to prove that « 1, y implies x Lg y, we take a subspace V of X with 
codim(V) = 1 such that 


|| + ay, Xo, yee. Xyll 2 |x, Xo, oes x, 


for every x,,...,«, € V and a ER. Now fix x,...,x, € V for the moment. 
Then, squaring both sides, we get 


2a(x, y|x,...,%,) + a |ly, x5, Stes Ai >0 


for every a€R. This forces us to have (x,y|x2,...,%,)? <0 or 
(x, y|%,...,%,) =O. Since this is true for every %,...,%,, we conclude 
thatx Loy. Oo 
Theorem 13.3 Let (X, (-,-|-,...,-)) be an m-inner product space. Then, 


(a) x Ll, « if and only if x = 0; 
(b) x Loy if and only if yl <x; 
(c) ifx ly, then ax 1, py for every a, f ER. 


Proof: The proof follows directly from the definition of G-orthogonality and 
the properties of the n-inner product. For instance, to prove the “only if” part 
of (a), we suppose that xL,~x and x #0. Then, there exists a subspace V of 


X with codim(V) = 1 such that (x, x|%», ...,%,,) = |x, %5,...,%,[|? = 0 for every 
Xy,...,%, © V. But, since dim(V) > n, we can choose x, ...,x,, € V such that 
{x,X,...,%,} is linearly independent. Hence ||x, x, ... ,x,,|| > 0, which is a con- 
tradiction. Oo 


The next theorem states that in a standard n-inner product space, 
G-orthogonality is equivalent to the usual orthogonality (with respect to 
the inner product). 


Theorem 13.4 Let (X,(-,-|-,...,°);) be a standard -inner product space. 
Then, « Lo yifand only ifx 1 y. 


Proof: First we prove the necessary condition. Suppose that x 1 y, that is, 
(x,y) =0, and that x,y #0. Then we can choose V = {x}+. Clearly V is a 
subspace of X with codim(V) = 1. Now, for every x», *3,...,%, € V, we have 


(X, Y|Xq, --. .H,)5 = 0. 


(Alternatively, one may choose V = {y}+ and obtain the same result.) This 
shows that x Lc y. 
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For the sufficient condition, suppose that x /y, that is, (x,y) # 0. Clearly 
x and y are nonzero vectors. To show that «4. ¥y, let V be an arbitrary 
subspace of X with codim(V) = 1. Since dim(V n {x}+) > —1, there must 
exist an orthonormal sequence x5, ...,x,, € V such that (x,x;) = 0 for every 
i= 2,...,n. Accordingly, we have 


(x, log, 0+ yds = (HI) Mlevgll? +++ lle all? = ay) # 0. 
This completes the proof of the theorem. Oo 


13.3.2. Remarks on the n-Dimensional Case 


Let (X,||-,.-.,-Ils) be a standard n-normed space of dimension v. With 
respect to the G-orthogonality defined earlier, we find that two arbitrary 
vectors x and y are G-orthogonal to each other. Given x,y 4 0, just take V 
to be an m — 1-dimensional subspace of X such that x € V. Now, for every 


Xy,...,%, € V, the set {x,x,,...,%,} is linearly dependent. Then, supposing 
that x,, is a linear combination of x, x, ...,x,,_1, we get 
(X,Y) (Hyp) aes (Hy) 
_ (%2,Y) — (Hy,%y) we (HQ, Hy) 
(x, Y|%q, 00. Hyg = : ; 
(Kyo y) Co) re (Kyo %q) 
(%Y) (Hy) vse (Hy) 
= (x3, 9) (%y,%5) Pare (X95%,) =0 
0 0 ee 0 


(The same also happens if we take V to be ann — 1-dimensional subspace of X 
such that y € V.) This fact is of course undesirable. 

To define orthogonality in m-normed spaces of dimension u in general, it 
seems that we have to use a different way. In light of [13], we can actually derive 
a norm from the 7-norm and then define P-, J-, and BJ-orthogonality using this 
norm. In the standard case, the derived norm can be obtained from the n-norm 
in such a way that it coincides with the existing one (see [34]). Therefore, P-, I-, 
and BJ-orthogonality defined by using the derived norm will coincide with the 
usual orthogonality (with respect to the existing inner product). 


13.4 Angles Between Two Subspaces 
Given two subspaces of a vector space, how can we define the angle between 


them? In statistics, the angle is used as a measure of dependency of one set of 
random variables on another [35]. The notion of angles between two subspaces 
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of the Euclidean space R? has been studied by many researchers since the 1950s 
or even earlier [36]. Research results on angles between subspaces and related 
topics can be found in, for examples, [37-41]. Particularly, in [40], Risteski 
and Trenéevski introduced a more geometrical definition of angle between two 
subspaces of R? and explained its connection with the so-called canonical (or 
principal) angles. Their definition of the angle is refined in [7], which we shall 
discuss here. 

Let (X,(-,-)) be a real inner product space. Given two nonzero, finite- 
dimensional, subspaces U/ and V of X with dim(U) < dim(V), we wish to have 
a formula for the angle between U and V that can be viewed, in some sense, 
as a natural generalization of the “usual” definition of the angle at least in 
two cases, namely (a) between a 1-dimensional subspace and a q-dimensional 
subspace of X, and (b) between two p-dimensional subspaces intersecting on 
a common (p — 1)-dimensional subspace of X. 

Before we go further, let us elaborate what we mean by the “usual” definition 
of the angle in the above two cases. 


(a) If U =span{u} is a 1-dimensional subspace and V = span{v,,...,v,} 
is a q-dimensional subspace of X, then the angle 0 between U and V is 
defined by 


2 
Uu, u 
cos’ = mie (13.3) 
Ileell* Izy Il 
where 1, denotes the (orthogonal) projection of u on V and || - || = ¢-, Aa 


denotes the induced norm on X. (Throughout this note, we shall always take 
6 to be in the interval [0, 51) 

(b) IfU/ = span{u, w,,..., w,} and V = span{v, W,,..., w,} are p-dimensional 
subspaces of X that intersects on (p-—1)-dimensional subspace 
W = span{wwy,..., w,} with p > 2, then the angle 6 between U and 
V may be defined by 


(ut ; vt \2 
cos’6 = a (13.4) 
ly IP low ll 
where uy, and vy, are the orthogonal complement of u and », respectively, 
on W. 


We observe the common property among these two formulas. In (a), if we 
write u = uy + uy, where uj, is the orthogonal complement of u on V, then 
(13.3) amounts to 


fall’ 
which tells us that the value of cos 6 is equal to the ratio between the length of 
the projection of u on V and the length of u. 


cos@ 
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Similarly, in (b), the reader may verify that the value of cos 6 in (13.4) is equal 
to the ratio between the volume of the p-dimensional parallelepiped spanned 


by the projection of u, wy,..., w, on V and the volume of the p-dimensional 
parallelepiped spanned by u, w5, ..., w,, namely 
||, W), a) Ww II 
6 =— (13.5) 
||u, W), osey W,|| 
where u, is the projection of u on V. (Here ||-, ..., -||, without the subscript S, 
denotes the standard m-norm: 
1 
| X1,%, see Xl = (%1,%)|%9, cee si)? 
where (-, -|-, ...,-) is the standard n-inner product on X. We assume that n > 2. 


Ifm = 1, the standard 1-inner product is understood as the given inner product, 
while the standard 1-norm is the induced norm.) 
To verify (13.5), we first observe that 0 satisfies 


; (u, V|W, adele 
a 1 eames 1 SRIEMEETET TC 
||u, W, oe W,|| lv, W, de It w,|| 
Indeed, writing uv = wy + uy, and v = vy +04, (where uy, and vy, are the 
projection of u and v, respectively, on W = span{w,, ...,w,}), we obtain 
(U, |W, ..., Wy)” i (Uap tig) lita 3 tO, |l” 
I], W., -.y Wpll?0, Wy... pI fwd, [204 [2 llw., -.. » w,ll4 
(Uy Vy)” 


zara lb exrallo 


which we have defined in (13.4) as the value of cos?6. 
Next suppose that uy = av + 7, f,w,. In particular, the scalar a is given 


llv, W), wee ,w,||? 


Hence we have 


|| Uy, Wo, ..., Woll? = (U4, wy |W, ..., W,) = au, V|Wy, ..., Wy) 
(U, V|W, ..., Wy)? 
9 Wo, -++5 , 
lo, w,, 00, IP 
Therefore, we obtain 
||, W, ---, wll? Z (4, V|W., ..., Wy)? eee 
||u, W, «+, Wel? I|z, Wo, ..., Wy ll? IV, Wo, ..., W,ll? : 


as claimed. 
Motivated by the above observations, we may define the angle between a 
p-dimensional subspace U = span{u,...,u,} and a q-dimensional subspace 
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V =span{v,,...,v,} (with p < q) such that the value of its cosine is equal to 
the ratio between the volume of the p-dimensional parallelepiped spanned by 
the projection of 4, ..., 4, on V and the p-dimensional parallelepiped spanned 
by u, ...,4,- As we shall see later, the ratio is a number in [0, 1] and is invariant 
under any change of basis for U and V, so that our definition of the angle makes 
sense. 

Remember that (x,,%,|%,...,%,) = det[(x;,«;)] is nothing but the Gram’s 
determinant generated by %,,%,...,x,. Geometrically, being the square 
root of the Gram’s determinant, ||x,,...,%,|| represents the volume of the 
n-dimensional parallelepiped spanned by x,,...,%,, where ||x,,...,%,,|| =0 
if and only if x,,...,«, are linearly dependent. Besides the Cauchy—Schwarz 
inequality for the m-inner product (which we have discussed in the previous 
section), we also have Hadamard’s inequality which states that 


[lays +++ ll S [all> - > Ileal 
for every x),...,%, EX. 
Next we recall that (x9, «, + x/|%, ....%,) = (Xo. %,[%, ...,«,,) for any linear 
combination x' of x,...,x,. Thus, for instance, for i = 0 and 1, one may write 


x, = x* +, where x* is the projection of x; on span{%», ...,«,,} and x; is its 
orthogonal complement, to get 


(gs Haina: OG as est = a) ect 


(Here ||x,,...,,|| represents the volume of the (m7 — 1)-parallelepiped 
spanned by x5, ...,%,,.) 

Using the standard v-inner product and n-norm, we can derive an explicit 
formula for the projection of a vector x on the subspace spanned by «),... ,x,,. 
Let x* = )7_, a, be the projection of x on span{x,, ...,%,,}. Taking the inner 
products of x* and x,, we get the following system of linear equations: 


>; Oy (Xp5%1) = (x*,H,) = (x, x), L=l,...,n. 
k=1 


By Cramer’s rule together with properties of inner products and determi- 
nants, we obtain 

(x, X41%i,(69» oo +X; &) 
a= ——_-_ 

eee Lee 
where {i,(k), ...,i,(K)} = {1,2,...,a}\{k}, &=1,2,...,. 

We are now ready to define the angle between two subspaces. Let 
U = span{u,,...,u,} and V = span{vj, ...,v,}, both are subspaces of X with 
p <q. Using the standard n-norm (with n = p), we define the angle 0 between 
U and V by 


__ Iiprojyin,...  projyupll 


; (13.6) 
I], ---  %pll 
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where proj,u;’s denote the projection of u,’s on V. 
The following proposition convinces us that our definition makes sense. 


Proposition 13.3 The ratio on the right hand side of (13.6) is a number in 
[0, 1] and is independent of the choice of bases for LU and V. 


Proof: First note that the projection of u;’s on V is independent of the choice 
of basis for V. Further, the ratio is invariant under any change of basis for U, 
because projections are linear transformations. Indeed, the ratio is unchanged 
if we (a) swap u; and u,, (b) replace u; by u; + au, or (c) replace u; by au; with 
a #0. Next, assuming particularly that {u,,...,u,} is orthonormal, we have 
||,,...,4,|] = 1 and, by Hadamard’s inequality, 


Pp Pp 
IIprojyu,.-..projyupll < | | liproiymill < | | laill = 1. 


i=1 i=1 


This convinces us that the ratio is a number in [0, 1], and the proof is complete. 


O 
13.4.1. An Explicit Formula 
From (13.6), we can derive a explicit formula for the cosine in terms of #,,...,u, 
and v),..., Up assuming for the moment that {v,,...,u,} is orthonormal. For 


each i = 1,...,p, the projection of wu; on V is given by 
Proj yu; = (Uj, 0,)V, +++ + + (Uj, Vg)U;. 


So, for i,j = 1,...,p, we have 


q 


{Proj y4;, Proj U;) = DCA Uy) (js Dg) 
k=1 


Hence, we obtain 


q 
||projyu,,... , projyu,|| = det bx Ug) (Uj, 7) = det(MM") 
k=l 


where M := [(u;,v,)] is ap X q matrix and M? is its transpose (so that MM? 
is ap X p matrix). The cosine of the angle 0 between U and V is therefore given 
by the formula 

2, . det(MM") 


cos*@ = deti(u,,u)1 (13.7) 


If {u,,...,u,} happens to be orthonormal, then the formula (13.7) reduces to 


cos’@ = det(MM"). 
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Further, if p = q, then det(MM") = det M. det M™ = det”M. Hence, from the 
last formula, we get cos 0 = | det M|. 

The reader might think that the angle defined by (13.6) coincides with the one 
formulated by Risteski and Trenéevski ([40, Equation 1.2]). However, it is not 
the case. Risteski and Trencevski defined the angle 6 between two subspaces 
U = span{u,,...,u,} and V = span{v,,...,v,} with p < q by 

det(MM") 


20 -— 
nee det[(u;, u;)]. det[(vg, v)) 1 ee) 


by first “proving” the following inequality ([40, Theorem 1.1]): 
det(MM") < det[(u,, u,)]. det[(v,, ;)], (13.9) 


where M := [(u,, V;)]. However, the inequality (13.9) is only true in the case (a) 
where p = q (for which the inequality reduces to Kurepa’s generalization of the 
Cauchy—Schwarz inequality, see [42]) or (b) where {v,, ...,u,} is orthonormal. 
Accordingly, (13.8) makes sense only in these two cases. In other cases, the 
value of the expression on the right hand side of (13.8) may be greater than 1. 

To show that the inequality (13.9) is false in general, we may just take for 
example X = R? (equipped with the usual inner product), U = span{u} where 
u=(1,0,0), and V = span{v,,v,} where v, = G 50) and v, = G —;, 3). 
According to (13.9), we should have 


(u, 01)? + (u, v2)” $ llul|*llo,, voll’. 


But we can compute that the left hand side of the inequality is equal to 


while the right hand side is equal to 2, so that + < 7 which cannot be true. 


This example shows that (13.9) is false even in the case where {u,,...,u,} is 
orthonormal and {v,,...,v,} is orthogonal (which is close to being orthonor- 
mal). 


Let us consider the case where p = 1 and q = 2 more closely. For a unit vector 
u and an orthonormal set {v,,v,} in X, it follows from our definition of the 
angle 0 between LU/ = span{u} and V = span{vj, v,} that 


cos*@ = (u,v,)? + (u, v5)? <1. 


Hence, for a nonzero vector u and an orthogonal set {v,, v,} in X, we have 


te Dae Me 

u u 

cost = ( * ) (oe 2 »: 
lll ez II zl Ileolh 


Thus, for this case, we have 


(u, 01)" ||va|l? + (4, 09)" loll? < [leell? Moy, vall?, 


where ||v,, V9||? = ||v;||7llvy|I? is the area of the parallelogram spanned by v, 
and vy. 

More generally, let u be a nonzero vector and {v,,v,} be a linearly inde- 
pendent set in X. To have an explicit formula for the cosine of the angle 0 
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between U = span{u} and V = span{v,,v,} in terms of u,v, and v,, we do 
the following (avoiding the Gram—Schmidt process). Let u,, be the projection 
of u on V. Then u,, may be expressed as 


_ (u, Vi |V,) (u, V2|V;) 
Vv 1 Thee ae ee 
I|¥,, L9Il? I]Yy, VI? 
where (-,-|-) is the standard 2-inner product introduced earlier. Now write 
u = uy + uy, where uj, is the orthogonal complement of u on V. Then 


oe = Izy Il? = (u, Uy) = (uU, V1){U, Vy |Vz) + (U, Vy ){U, V|01) 
I|2«1|? I|2«1|? III? oy. Coll? 


(13.10) 


Consequently, for any nonzero vector u and linearly independent set {v,, v,}, 
we have the following inequality 


(U, V1 ){U, V{|0_) + (U, Vz){U, Vy|V,) < Ilu\I7 lo,, v9 ||’. (13.11) 


Here (13.10) and (13.11) serve as corrections for (13.8) and (13.9) for p=1 
and q = 2. 

The inequality (13.11) may be viewed as a generalized Cauchy—Schwarz 
inequality. The difference between our approach and Risteski and Trenéevski’s 
is that we derive the inequality as a consequence of the definition of the angle 
between two subspaces, while Risteski and Trenéevski use the “inequality” 
to define the angle between two subspaces. As long as p = q or, otherwise, 
{U,,...,U,} is orthonormal, their definition makes sense and of course agrees 
with ours. 


13.4.2. A More General Formula 


A more general formula for the cosine of the angle 9 between a p-dimensional 
subspace UW = span{u,,...,4,} and a q-dimensional subspace V = span 
{v,,...,U,} of X for arbitrary p < qg can be obtained as follows. 

For each i = 1,...,p, the projection of u; on V may be expressed as 


q 
Projyu; = » Hix VK 


k=1 
where 
_ (Uj, Ug, (K> tees Vik) 
Tet OI 


with {i,(k), ... ,1,(k)} = {1,2,...,q}\{k}, k=1,2,...,q. Next observe that 


q 
(Proj ,U4;, ProjyU;) = (U;, Projy uj) = > Oi (Uj» Ug) 
k=l 
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for i,j = 1,...,p. Hence we have 
q q 
Yay) « DY Ap (Uy, Ug) 
|| projyu;,...,projyu,|l? = 
q q 
D2 (Uy, Uz) Soe p> Aye Uy» Uz) 
_ det(MM") 
lWipsssees |? 
where 
M :=[(u;,0,)] and M := [(u;, 0¢l¥j,09 + Yi, (13.12) 
with i,(k), ...,i,(k) as above. (Note that MM? is ap X p matrix.) Dividing both 
sides by ||u,,..., Uyll?, we get the following formula for the cosine: 
det(MM" 
cos? = a (13.13) 
det[(u;, u;)].det[(v,, ¥,)] 
which serves as a correction for the formula (13.8). 
Remark 13.2 Note that if {v,,..., vq} is orthonormal, we get the formula 
(13.7) obtained earlier. As shown in [43], one may observe that the value of 
cos @ is equal to the product of all critical value of f(u) := max M4 v), 
veV,|loll= 


u € U, ||u|| = 1. 


As aconsequence of our formula, we have the following generalization of the 
Cauchy—Schwarz inequality, which can be considered as a correction for (13.8). 


Theorem 13.5 For two linearly independent sets {u,,...,u,} and {v,,...,U,} 
in X with p < q, we have the following inequality 


det(MM") < det[(u,, u;)] - det” [(v,, v))], 


where M and M are p Xx q matrices given by (13.12). Moreover, the equality 
holds if and only if the subspace spanned by {u,,...,u4,} is contained in the 
subspace spanned by {vj, ...,U,}. 


Proof: The inequality follows immediately since the ratio of the left hand side 
to the right hand side is equal to the square of the cosine of the angle between 
U :=span{u,,...,u,} and V := span{v,,...,u,}. Next, if U is contained in 
V, then the projection of u,’s on V are the u,’s themselves. Hence the equality 
holds since the cosine is equal to 1. If at least one of u;’s, say uv, , is not in V, 
then, assuming that {u,,...,u,} and {v,,...,v,} are orthonormal, the length 
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of the projection of u; on V will be strictly less than 1. In this case the cosine 
will be less than 1, and accordingly we have a strict inequality. Oo 


Remark 13.3 As the reader might have realized, the formula (13.6) may also 
be used to define the angle between a finite p-dimensional subspace U and an 
infinite dimensional subspace V of X, assuming that the ambient space X is infi- 
nite dimensional and complete (i.e., X is an infinite dimensional Hilbert space). 
See [7] for an example. 
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14.1. Brief Introduction 


This chapter reflects recent work on proximity spaces [1-3], Edeslbrunner— 
Harer nerve complexes [2, 4, 5], fiber bundles in physical geometry [6], and 
related work in computational topology [1, 7, 8]. Classes of all half-lines with the 
same endpoint are called bundles in space geometry [9, Section 4]. In a descrip- 
tive proximal physical geometry, the focus shifts from a spatial to a descriptive 
source of bundles. In physical geometry, the focus shifts from a spatial to a 
descriptive source of fibre bundles. In general, a continuous mapping z : E — 
B is called a projection by Zisman [10] (also called a fibre bundle by Chern [11, 
Section 6, p. 683]), where E is the total space, and B is the base space. Luke and 
Mishchenko [12] call E the fibre space. For any x € B,z71(x) = e € Eisa fiber of 
the map a. The triple (E, z, B) is a fiber space, provided E and B are topological 
spaces and z is surjective and continuous [13]. 
The arrow diagram 


| 


B 


in Figure 14.1 represents a spatial fiber space (E,a,B) in which E,B are 
topological spaces and az : E —> B is surjective and continuous. BreMiller 
and Sloyer [13] define (E, z, B) to be a sheaf, provided x : E — B is a local 
surjective homeomorphism, that is, z : E —> Bis a continuous, 1-1 mapping 
on E onto B. For x € B,a~'(x) = e € E isa fiber over x and z~|(B) = E isa fiber 
bundle over B. 
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fi . f Figure 14.1 Two forms of fiber 
* £ zee HreA bundles: spatial: z : F —+ Band 
|- |e descriptive: ® : B,., —> 
BCR’. 
B BCR” 


Let ReA be a set of regions reA, &,,,, a class of regions, B C R”, a subset in an 
n-dimensional feature space. In addition, let f : ReA — &,.4, 2: Brey — 
IR” be continuous mappings such that 


RAS Bi, Ho BCR". 
For region reA € &,,4; let Bre, > BR" is defined by 
m(reA) = (pg, (reA), ...,p,(reA), ...,@,(reA)) : g{reA) € R. 


The projection z(reA) (also written ®(reA) in the sequel) is a feature vector 
that provides a description of region reA. In a descriptive proximal physical 
geometry, f maps a collection of regions ReA to a class of regions &,,.,, which 
is projected onto B C R” by ©. In effect, B( f(ReA)) € R”. 

Let reX € &,,, and let B(reX) be a feature vector that describes region reX 
in the class of regions #,.,. The continuous mapping ® : &,., —> Bis a pro- 
jection on the class of regions &,,, onto B such that (%,,4, P, B) is a descriptive 
fiber space and the set of feature vectors B C R” is the descriptive base space. 
For x in B, ®-!(x) € &,,, isa fiber over x. The leads to a descriptive fiber bundle 
which is a BreMiller—Sloyer sheaf for a class of regions. In particular, we con- 
sider reA to be a collection of filled triangles (called a Vietoris—Rips complex) 
that covers a planar region. Subsets of reA that have a vertex in common are 
called nerve complexes. In the sequel, we consider fiber bundles that are pro- 
jection mappings on nerve complexes (fibers) onto a stitched-together set of 
nerves called nervous system complexes. Because of our interest in the close- 
ness of nerve complexes, such fiber bundles are considered in the context of 
proximity spaces. 


14.2. Preliminaries 


This section briefly introduces nerve complexes, proximities, and region 
sewing. 


14.2.1 Nerve Complexes and Nerve Spokes 


Borsuk [14] was one of the first to suggest studying sequences of plane shapes 
in his theory of shapes. 
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Borsuk also observed that every polytope can be decomposed X into a finite 
sum of elementary simplexes, which he called brics. A polytope is the intersec- 
tion of finitely many closed half spaces [15]. This leads to a simplicial complex 
K covered by simplexes A,,...,A,, (filled triangles) such that the nerve of the 
decomposition is the same as K [16]. Briefly, a geometric simplicial complex 
(denoted by A(S) or simply by A) is the convex hull of a set of points S, that 
is, the smallest convex set containing S. Geometric simplexes in this paper are 
restricted to vertices (0-simplexes), line segments (1-simplexes), and filled tri- 
angles (2-simplexes) in the Euclidean plane, since our main interest is in the 
extraction of features of simplexes superimposed on planar digital images. In 
this paper, we consider only what is known as a Vietoris—Rips complex, which is 
a collection of 2-simplices determined by subsets of 3 points in a set of points in 
the Euclidean plane [7]. An important form of simplicial complex is a collection 
of simplexes called a nerve. 

A planar simplicial complex K is a Alexandroff—Borsuk nerve, provided the 
simplexes in K have nonempty intersection (called the nucleus of the nerve). 
A nerve of a simplicial complex K (denoted by NrvX) in the triangulation of a 
plane region is defined by NrvK = {A CK: (\AF g} (Nerve complex). In 
other words, the simplexes in a nerve have proximity to each other, since they 
share the nucleus. The mucleus of a nerve complex is a vertex common to the 
2-simplexes in a nerve. Triangulation of point clouds in the plane provides a 
straightforward basis for the study of nerve complexes. A spoke A (denoted by 
skA) ona nerve complex is a 2-simplex in the nerve. 


Example 14.1 Let X be a planar triangulated region containing a nerve 
complex NrvK. Each filled triangle in NrvK is a spoke. For example, skA in 
Figure 14.2 is a spoke in NrvK. 


The study of nerves was introduced by Alexandroff [17], elaborated by 
Borsuk [16], Leray [18], and a number of others such as Adamaszek et al. [19], 
de Verdiére et al. [20], Edelsbrunner and Harer [21], and more recently by 
Adamaszek et al. [22]. 


Figure 14.2 NrvKk. 
wk 


519 


520 


Mathematical Analysis and Applications 


2-skB 
Sl 2-spoke 
2-spoke 2-skA 2-skC 


a) Edge 2-spoke (b) Edges 2-spokes_ (c) Vertex 2-spoke (d) Vertex 2-spokes 


Figure 14.3 Two forms of nerve 2-spokes. 


Ann -nerve spoke (denoted by 1 — skH, n > 1) is a collection of connected 
2-simplexes that includes a 2-simplex contained in nerve complex. Each 
nerve spoke extends outward from the nucleus of a nerve NrvK, giving 
rise to 1-spokes (2-simplexes within a nerve NrvK), 2-spokes (a 2-simlex 
that has either a vertex or an edge in common with a 1-spoke in Nrvk), 
3-spokes (a 2-simlex that has either a vertex or an edge in common with a 
2-spoke in NrvX),..., and n-spokes (a 2-simlex that has either a vertex or 
an edge in common with an (m — 1)-spoke in NrvK). The focus here is on 
2-spokes. 


Example 14.2 (Nerve complex 2-spokes) Two forms of 2-spokes are 
shown in Figure 14.3. Let NrvK be a planar nerve. An edge-based 2-spoke 
consists of anerve NrvK 1-spoke that has an edge in common with a nonnerve 
1-spoke (see, e.g., Figure 14.3(a) a). A complete collection of edge-based 
2-spokes on NrvK is shown in Figure 14.3(b)b. 

An vertex-based 2-spoke consists of a nerve NrvK 1-spoke that has a vertex 
in common with a nonnerve 1-spoke (see, e.g., Figure 14.3(c)a). A complete 
collection of vertex-based 2-spokes on NrvK is shown in Figure 14.3(d)b. 


A nervous system complex K (denoted by NrvsysX) is collection of nerves 
that share a k-spoke. 


Example 14.3. (Nervous system complex) Nerve complexes NrvA and 
NrvB in Figure 14.4 have a 2-spoke in common. Hence, 
NrvsysK = NrvA U NrvB 


is an example of a nervous system complex. In the case, the 2-spoke skH defined 
by 


skH = AAU AB, 


which is formed by the pair 1-complexes AA, AB shown in Figure 14.5. Oo 
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Figure 14.4 Nrvsysk. 


Figure 14.5 Strongly near filled 
triangles. 


14.2.2. Descriptions and Proximities 


This section briefly introduces two basic types of proximities, namely, 
traditional spatial proximity and the more recent descriptive proximity in 
the study of computational proximity [2]. Nonempty sets that have spatial 
proximity are close to each other, either asymptotically or with common 
points. Sets with points in common are strongly proximal. Nonempty sets 
that have descriptive proximity are close, provided the sets contain one or 
more elements that have matching descriptions. A commonplace example of 
descriptive proximity is a pair of paintings that have matching parts such as 
matching facial characteristics, matching eye, hair, skin color, or matching 
nose, mouth, ear shape. Each of these proximities has a strong form. A strong 
proximity embodies a special form of tightly twisted nextness of nonempty 
sets. In simple terms, this means sets that share elements, have strong 
proximity. 
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Example 14.4 From Figure 14.4, the pair of nerves NrvA, NrvB exhibit strong 
proximity, since there is a 2-spoke that overlaps the nerves. To see this, con- 
sider triangles AA and AB in Figure 14.5 and let skE be a 2-spoke in NrvA 
defined by skE = AA U AB. Similarly, NrvB has a 2-spoke skH, also defined 
by skH = AA UAB. In other words, nerves NrvA, NrvB overlap due to their 
2-spokes skE, skH, respectively. In effect, AA, AB are strongly near, since these 
triangles belong to overlapping 2-spokes. 


Proximities are nearness relations. In other words, a proximity between 
nonempty sets is a mathematical expression that specifies the closeness of 
the sets. A proximity space results from endowing a nonempty set with one 
or more proximities. Typically, a proximity space is endowed with a common 
proximity such as the proximities from Cech [23], Efremovié [24], Lodato [25], 
and Wallman [26], or the more recent descriptive proximity [27-29]. 

A pair of nonempty sets in a proximity space are near (close to each other), 
provided the sets have one or more points in common or each set contains one 
or more points that are sufficiently close to each other. Let X be anonempty set, 
A,B, C C X.E. Cech [23] introduced axioms for the simplest form of proximity 
5c, which satisfies 


Cech Proximity Axioms [23, Section 2.5, p. 439] 


(P1) @5A,VA CX. 

(P2) ASB => BéA. 

(P3) AN B#G => ASB. 

(P4) A6(BUC) & AdB or A6C. 


The Lodato proximity 6, satisfies the Cech proximity axioms and axiom (P5). 


Lodato Proximity Axiom [25] 
(P5) A6é, Band {b}6,C foreachb € B > A6,C. 


We can associate a topology with the space (X, 6) by considering as closed 
sets those sets that coincide with their own closure. 
Nonempty sets A and B ina topological space X equipped with the proximity 


5 are strongly near [strongly contacted] (denoted A 5 B), provided the sets have 


at least one point in common. The strong contact relation 6 was introduced 
in [30] and axiomatized in [31], [32, Section 6 Appendix]. 


Strong Proximity [33, Section 1.2] (see, also, [2, Section 1.5], [30, 34]). 


Let X be a topological space, A,B,C C X and x € X. The relation 6 on the 
family of subsets 2* is a strong proximity, provided it satisfies the following 
axioms: 
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(snNO) 03 A,VACX,andX5 A,VACX. 

(snN1) A5 B@ BOA. 

(snN2) A 5B implies A nN BZ Q. 

(snN3) If {B;},<; is an arbitrary family of subsets of X and A 5 B,. for some 
i* € I such that int(B,.) # 9, then Ad (Uj</B,) 

(snN4) intAn intB#B>A ee 


WhenwewriteA 5 B, we read A is strongly near B (A strongly contacts B). The 
notation A 3 B reads A is not strongly near B (A does not strongly contact B). 
For each strong proximity (strong contact), we assume the following relations: 


(snN5) x € int(A) > e A 
(snN6) {x} 5 {fy} @x=y 
For strong proximity of the nonempty intersection of interiors, we have that. A 


SBS int A n int B ¥ @ or either A or B is equal to X, provided A and B are not 
singletons; if A = {x}, then x € int(B), and if B too is a singleton, then x = y. 
It turns out that if A C X is an open set, then each point that belongs to A is 
strongly near A. The bottom line is that strongly near sets always share points, 
which is another way of saying that sets with strong contact have nonempty 
intersection. Let 6 denote a traditional proximity relation [35]. 


Proposition 14.1 Let NrvA, NrvB be nerve complexes in a triangulated space 


X.NrvA 6 NrvB, if and only if 2-spoke skE € NrvA N NrvB for some 2-spoke 
common to the pair of nerves. 


Corollary 14.1 Let NrvA and NrvB be nerve complexes in a triangulated 
space X. A 3-spoke skH € NrvA U NrvB for some 3-spoke common to the 
pair of nerves. 


Proof: Immediate from Proposition 14.1 and the definition of a 3-spoke. oO 


14.2.3 Descriptive Proximities 


In the run-up to a close look at extracting features of triangulated image 
objects, we first consider descriptive proximities, fully covered in [36] 
and briefly introduced, here. There are two basic types of object features, 
namely, object characteristic, and object location. For example, an object 
characteristic of a picture point is color. Descriptive proximities resulted 
from the introduction of the descriptive intersection pairs of nonempty 
sets. 
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Descriptive intersection [29] and [37, Section 4.3, p. 84]. 


(®) D(A) = {®(x) € R” : x € A}, set of feature vectors. 
(9) A A B={xE AUB: B(x) € D(A)& € D(x) € D(B)}. 


The descriptive proximity 5g was introduced in [27-29]. Let B(x) be a fea- 
ture vector for x € X, a nonempty set of nonabstract points such as picture 
points. Ady 8B reads A is descriptively near B, provided B(x) = ®(y) for at least 
one pair of points, x € A,y € B. The proximity 6 in the Cech, Efremovié, and 
Wallman proximities is replaced by 6g. Then swapping out 6 with 6g in each 
of the Lodato axioms defines a descriptive Lodato proximity that satisfies the 
following axioms. 


Descriptive Lodato Axioms [1, Section 4.15.2] 


(APO) @ 64 A,VA CX. 
(AP1) Ad,B & Bo, A. 
(dP2) AN B#D> AdgB. 


(dP3) A 69 (BUC) @ AbgB or AbgC. 
(dP4) Adég Band {b}6gC for each hb € B > AbgC. 


Nonempty sets A,B in a proximity space X are strongly near (denoted A 


5 B), provided the sets share points. Strong proximity 6 was introduced 
in [33, Section 2] and completely axiomatized in [31] (see, also, [32, Section 6 
Appendix]). 


Proposition 14.2 Let (X,6g) be a descriptive proximity space, A,B C X. 
Then A6,B>A 0 BEY. 


Proof: AégB > there is at least one x € A, y € Bsuch that B(x) = @(y) (by def- 
inition of Adg B). Hence, A A BEY. Oo 


Next, consider a proximal form of a Szaz relator [38]. A proximal relator 
& is a set of relations on a nonempty set X [39]. The pair (X, &) is a proxi- 


mal relator space. The connection between 6 and 6 is summarized in Proposi- 
tion 14.1. 
Lemma 14.1 Let (X, {6, dg, é }) be a proximal relator space, A, B C X. Then 


1° A 6 BS ASB. 
2° Ad BS AbgB. 
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Figure 14.6 skA bo skB. xX NevK 
TV. 


Proof: 
1°: From Axiom (snN2), A 6 Bimplies A n B ¥ %, which implies A 6B (from 
Lodato Axiom (P2)). 
2°: From 1°, there are x € A, y € B common to A and B. Hence, P(x) = ®(y), 
which implies A 0 B # @. Then, from the descriptive Lodato Axiom (dP2), 


A n B+# => AdgB. This gives the desired result. Oo 


Theorem 14.1 Let (X, {6g, : }) be a proximal relator triangulated space, 
NrvA, NrvB Cc 2*. Then 


1° NrvA 5 NrvB implies NrvA 6g NrvB. 
2° A 2-spoke skA € NrvA N NrvB implies if skA € NrvA n NrvB. 
3° A 2-spoke skA € NrvA N NrvB implies NrvA 64 NrvB. 


Proof: 
1°: Immediate from part 2° in Lemma 14.1. 
2°: From Proposition 14.1, skA © NrvANNrvB, if and only if NrvA 


5 NrvB. Consequently, there are members of the 2-spoke skA 
common to NrvA,NrvB, which have the same description. Hence, 
skA € NrvA Q NrvB. 


3°: Immediate from 2° and Lemma 14.1. 


Example 14.5 Let X be a topological space endowed with the strong prox- 
imity5 and A = {(x,0) : 01<x<1),B= {G, 1 sin(13/x)) 1 0.1 <x < 1}.In 


this case, A,B represented by Figure 14.7 are strongly near sets with many 
points in common. 


mM 
The descriptive strong proximity 6g is the descriptive counterpart of 6. 
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fs 


Figure 14.7 Strongly near. 


Definition 14.1 Let X be a topological space, A,B,C C X and x € X. The 
relation 6g on the family of subsets 2* is a descriptive strong Lodato proximity, 
provided it satisfies the following axioms. 


Descriptive Strong Lodato proximity [1, Section 4.15.2] 


(dsnNO) 0% A,VA CX, and X 6g A,WA CX 

(dsnN1) A 596 BS BSG A 

(dsnN2) A 59 B> AN B#G 

(dsnN3) If {B;},<; is an arbitrary family of subsets of X andA 5g B;. for some 
i* € I such that int(B;.) #9, then A 5g (Uj-; Bi) 

(dsnN4) int.A n intB4O>A 56 B 


When we write A 5g B, we read A is descriptively strongly near B. The nota- 
tion A B B reads A is not descriptively strongly near B. For each descriptive 
strong proximity, we assume the following relations: 

(dsnN5) (x) € O(int(A)) > x 5g A 
(dsnN6) {x} 5g {y} & ®(@) = OG) 

So, for example, if we take the strong proximity related to nonempty inter- 

section of interiors, we have that A 5g B< intA Q int B # G or either A or 


B is equal to X, provided A and B are not singletons; if A = {x}, then B(x) € 
®@(int(B)), and if B is also a singleton, then ®(x) = ®(y). 


Proximal Fiber Bundles on Nerve Complexes 


Example 14.6 [Descriptive strong proximity] Let X be a triangulated 
space of picture points represented in Figure 14.5 and let ® : X —> R” bea 
description of X representing the color of a picture point, where 0 stands for 
red (r), 1 for brown (b), and 2 for yellow (y). Suppose the range is endowed 
with the topology given by t = {9, {r,b}, {r,b,y}}. Then, AA 50 AB, since 
intAA Q intB # J, that is, points in the interior of simplexes AA, AB have 


matching colors. 


Example 14.7 Nerve spokes with descriptive strong proximity Let X 
be a planar triangulated region containing a nerve complex NrvK, equipped 
with 5g. A pair of spokes skA and skB in a nerve complex NrvK is shown in 


Figure 14.6. skA 5 skB, since skA, skB have common wiring represented by an 
overlapping coil. Hence, from Lemma 14.1, skA 6g skB. From Axiom (dsnN4), 
skA dq skB, since int skA QintskB. 


14.3 Sewing Regions Together 


This section introduces a sewing operation. The basic idea is to introduce an 
edge L between a pair of parallel regions reA, reB so that reA, reB are connected 
and a simplicial complex is constructed. That is, reA g reB (the regions do not 
overlap, even if they are extended indefinitely). Let L have vertices p,q so that 


L = p,qandlet reA 5 p (region reA and p overlap). Further, let reA 5 q (region 
reA and q overlap). Then 
reA ais and reB é i. 


forming a simplicial complex. In general, nonoverlapping regions are sewn 
together by joining the regions by one or more edges. Let k € N be a natural 
number. Let 2”’ be a collection of plane regions. From this, the planar mapping 


saw 2 2o* xa” ye NO 


is defined by 


sew(reA, reB,k) = {reA, reB} 
k Mm mM 
UL{a,¢ reA, be reB.{p,g}e L: a, 5 p&b, dq} 
i=1 


By sewing a pair of plane regions together with sew(reA, reB, 1), reA 5 p,teB 


5 q, we mean an edge is added between a subregion rea € reA and vertex p in 
line p, g and a subregion reb € reB and vertex q in line p, q. 
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Figure 14.8 Sewing 
disconnected regions 
together. 


Example 14.8 (Stitching Regions Together) Let regions reA, reB contain 
subregions re a,re b, respectively, as shown in Figure 14.8. Assume that 
reA,reB are disconnected, that is, there is no path between reA,reB. The 
sew(reA, reB, k = 1) operation transforms reA, reB into connected regions by 
introducing at least one edge p, q so that vertex p is connected to a subregion 
re aand vertex q is connected to a subregion re b as shown in Figure 14.8. 


Lemma 14.2 sew(reA, reB) constructs a simplicial complex. 


Proof: sew(reA, reB, k) is defined bya set of edges {p,q} such that each the ver- 
tices of edge are connected to subregions in reA, reB. Without loss of generality, 
let vertex p in edge p, gq be connected to subregion re a € reA and let vertex q 


in edge p, q be connected to subregionre b € reB. By definition, reA 5 pk&reA 


5 q. Hence, reA U p, g U reB is a simplicial complex. If regions reA, reB are con- 
nected to k > 0 edges as a result of sew(reA, reB, k), then sew(reA, reB, k) con- 
structs a simplicial complex with multiple connecting edges. This gives the 
desired result. Oo 


Lemma 14.3 Let reA, reB be simplicial complexes. If sew(reA, reB, k), then 
the resulting region is a simplicial complex. 


Proof: From Lemma 14.2, sew(reA,reB,k) is a simplicial complex. Let 


mM ~*~ 
sew(reA, reB, k) contain a line p,q so that reA 5 p&reA 6 gq, that is, vertex p is 
connected to a subregion re a € reA and vertex q is connected to a subregion 
re b € reB. This gives the desired result. Oo 


Theorem 14.2 Let reX € &,,, and let P(reX) be a feature vector for region 
reX in the class of regions &,,,, x € IR”. Assume that every reX in &,,., has a 
unique feature, ® : Z,., —> B C R” is a local surjective homeomorphism in 
which &,,4,B are topological spaces and ®1(x) € &,,, for x € B. Then 


1° (%,.4,®, B) is a BreMiller—Sloyer sheaf. 
2° ©71(B) is a descriptive fiber bundle over B. 


Proof: 
1°: (Bye4, P, B) is, by definition, a BreMiller—Sloyer sheaf. 
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2°: LetreX € &,,, and letx € R” bea feature vector that describes rex. With- 
out loss of generality, assume each reX has a unique shape. ®~1(x) = reX, 
since every reX has a unique shape in the class of regions &,,,. Hence, 
®1(B) = &,,, is a descriptive fiber bundle over B. Oo 


Example 14.9 Let sew(reA,reB,k) be a_ simplicial complex (from 
Lemma 14.2) derived from a pair of disjoint regions reA, reB, Bowes, reB, k) 
the class of all planar shapes that are similar to sew(reA, reB, k), and B is a set 
of descriptions of planar shapes. The arrow diagram 


sew 
{reA, reB} ——> 4esow(reA, reB, k) 


|e 


Bc R"” 


represents a descriptive fiber space (2 owired, rez, k)» PB) in Which B owed, reB, b> 
B are topological spaces and ® } Rowe, rez, ) —? B is a homeomorphism. 
From Theorem 14.2, (Bowed, res, )? ©» B) is a BreMiller—Sloyer sheaf and 
@~'(B) is a descriptive fiber bundle over B. 


14.3.1 Sewing Nerves Together with Spokes to Construct a Nervous 
System Complex 


This section introduces a specialized spoke-based sewing operation that results 
in nervous system complexes. The basic approach is to stitch a pair of neigh- 
boring nerve complexes with either one or two 2-spokes. For simplicity, we 
consider only the union of nerve complexes with an intermediate 2-spoke. By 
definition, every nerve complex is a collection of 1-spokes. Hence, the union of 
any 1-spoke adjacent to a nerve 1-spoke is a 2-spoke. This means that adjacent 
nerve complexes are the union of 2-spokes. In 2D simplicial complex covering 
a planar region, a 1-spoke between a pair of neighboring nerve complexes (i.e., 
a pair of nerves separated by a 1-spoke) provide a basis for the construction 
of a nervous system complex. Let X be a triangulation of a planer region, that 
is, a Vietoris—Rips complex. Also, 2* denotes a collection of subsets of X. A 
nervous system complex sewing map (denoted by sewNrv) 


sewNrv : 2* x 2% —> 2* (nerve sewing mapping) 


is defined by 


sewNrv (Neva, NrvB =NrvAUNrvBU 


{2skH, IskJ €2*: NrvA db 2skH & 2skJ b NrvB}, 
2skH O 2sk/, i.e., 2skH, 2sk/ overlap. 
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Definition 14.2 [Nervous System Complex] Let 2* be a collection of 
2-simplexes in a planar Vietoris—Rips complex. The quartet that contains 
nerve complexes NrvA, NrvB € 2* and 2-spokes 2skH, 2skJ € 2* is a nervous 
system complex (denoted by Nrvsysk), provided 


NrvsysK = sewNrv(NrvA, NrvB), 


that is, NrvA overlaps a simplex 2skH that is strongly near a 2-simplex 2sk/ that 
overlaps NrvB. Oo 


Example 14.10 [Nervous System Complex] A sample simplicial com- 
plex NrvsysK is shown in Figure 14.9. The pair of 2-spokes 2skH, 2sk/ are 


strongly near, that is, 2skH 5 2skJ, since these 2-spokes have a common 
edge. Also observe that 2skH contains a 2-simplex, namely, lskh € 2skH 


and Iskh € NrvA. Hence, NrvA 5 QskH. Similarly, there is a 2-simplex 1skj 


€ 2skJ and 1Iskj € NrvB. Consequently, NrvB . QskJ. As a result, NrvsysK = 
sewNrv(NrvA, NrvB). By definition, NrvsysK is a nervous system complex. 


14.4 Some Results for Fiber Bundles 
This section presents some results for fiber bundles. 


Lemma 14.4 sewNrv(NrvA, NrvB) constructs a Vietoris—Rips complex. 


Figure 14.9 Sewing nerve complexes 
together. 


NrvB 


Proximal Fiber Bundles on Nerve Complexes 


Proof: Recall that a planar Vietoris—Rips complex is a collection of 2-simplexes. 
Hence, from Definition 14.2, sewNrv(NrvA, NrvB) is a Vietoris—Rips complex. 
Oo 


Lemma 14.5 If NrvsysK is a nervous system complex, then the collection of 
2-simplexes in NrvsysK is a Vietoris—Rips complex. 


Proof: From Lemma 14.4, sewNrv(NrvA, NrvB) is a Vietoris—Rips complex. 
By definition, NrvsysK = sewNrv(NrvA, NrvB) for a pair of nerve complexes 
NrvA, NrvB € NrvsysK. Hence, we have the desired result, namely, NrvsysK is 
a Vietoris—Rips complex. Oo 


Theorem 14.3. Let sewNrv(NrvA,NrvB) be homeomorphism on a 
Vietoris—Rips complex E onto a subregion BCE with never complexes 
NrvA, NrvB € 2%. Then (E,sewNrv(NrvA, NrvB),B) is a BreMiller—Sloyer 
sheaf on a Vietoris—Rips complex. 


Proof: From Lemma 14.5, the nervous system constructed by sewNrv(NrvA, 
NrvB) is Vietoris—Rips complex. By definition, sewNrv(NrvA, NrvB) on E maps 
onto a subregion B C E, which is a nervous system complex. Hence, the fiber 
bundle (E, sewNrv(NrvA, NrvB), B) is a BreMiller—Sloyer sheaf. Oo 


Observe that A 5 B does not imply A 4 B. In fact, this is the case when the 
proximity 6 is not an EF-proximity. 

This gives rise to a view of parallelism that does not depend on the parallel 
lines being straight and does not depend on the lines being cut by a straight line 
whose interior angles are both right angles. 


PG.12 Proximal Parallel Axiom 
If lines A, B are extended indefinitely and A g B, then A and B are par- 
allel. That is, no part of line A overlaps line B. 


Lemma 14.6 Let reA, reB be nonempty regions. If reA and reB are expanded 
indefinitely and reA g reB, then reA and reB are parallel. 


Proof: Partition regions reA and reB into lines that are open sets, that is, each 
line does not include into border points. Since region is extended indefinitely, 
each regional line is extended indefinitely. Let line L, € reA, line Lg € reB. Ly 
& Lz, since reA g reB. Consequently, from the PG.12 Proximal Parallel Axiom, 
L,||L,. Since this holds true for all pairs of regional lines, reA ||reB. Oo 


Let Z,.4, Are, be a pair of classes of regions. In addition, let X € Z,., (a 
region in class Z,.4), Y € Brea (a region in class R,.4,). Assume X % Y 
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(X and Y are strongly far apart) for each pair of regions in &,.4, Breas 
respectively. Then, from Lemma 14.6, 2.4, Are4: are parallel classes. That is, 
ResllArea ave parallel, if and only if X||Y for all X € B,.4,Y € Byegs 


Theorem 14.4 Let B,H C R” be sets of feature vectors that describe regions 
in the classes of regions &,.4, y.4:, respectively. Assume that every region 
reX € R,.4,teY € R,,4, has a unique feature and that reX % reY. Also, let 
®,: R.4 — BCR",®, : Z,.4, —> H C R” be homeomorphisms and let 
@~!(B), ®-1(H) be descriptive fiber bundles. Classes Z,.4, Brag: are parallel if 
and only if 1(B)||®1(A). 


Proof: Since each feature vector in X is unique in its description of a region 
in Z,.4, we have ®7'(B) = Z,,,. Similarly, ®]'\(#) = Z,,4,. From the fact 
that &71(d) g ®7'(h),b € B,h € H for each pair of regions, by Lemma 14.6, 
classes Z,.4, Rye are parallel. Hence, R,.4|| Brea & P'(B)||O-1(A). Oo 


Axiom d.1.4:; Descriptively Parallel Regions. 
reA ||, reB, if and only if strA g strB and reA dgreB. 


The result from Theorem 14.4 is similar to the result for descriptively parallel 
classes in Theorem 14.5. 


Theorem 14.5 Let X,Y CR” be sets of feature vectors that describe 
regions in the classes of regions &,.,,2%,.3, respectively. Assume that 
every region reX € &,,,, reY € &,,, has a unique feature and that rex 
g reY. Let ®, : &,.4 —> R”’, ®, : Z,~~, —> R” be continuous mappings. 
Classes &,.4, Aye, are descriptively parallel fiber bundles, if and only if 
O*(X) [lo OY). 


Proof: The result follows from Axiom d.14.4 with the proof symmetric with the 
proof of Theorem 14.4. Oo 


The diagram in Figure 14.10 includes fiber bundles for the derivation of pairs 
of nerve complexes, nerve complex systems, and their descriptions. 


NrvA x NrvB oy, Nrvsysk 


|r | 


®(NrvA) x ®(NrvB) —2> ©(NrvsysK) 


Figure 14.10 Two fiber bundles containing projections z,, on a pair of nerve complexes to a 
pair of descriptions of the nerves and zj,, on a nervous system NrvsysK to a description of 
the nervous system. 


Proximal Fiber Bundles on Nerve Complexes 


Theorem 14.6 Let NrvA, NrvB be a pair of strongly near nerve complexes in 
a Vietoris—Rips complex and let sewNrv(NrvA, NrvB) = NrvsysK. Then 


1° The diagram in Figure 14.10 is commutative. 

2° (NrvA, NrvB) describes a Vietoris—Rips complex. 

3° %,(NrvsysK) describes a Vietoris—Rips complex. 

4° g(NrvA, NrvB) describes the nervous system NrvsysK. 

5° An additional mapping h is needed to guarantee that ®(NrvsysK) includes 
a description of the 2-spokes used to stitch together the nerve complexes 
in Nrvsysk. 


Proof: 

1°: Immediate from the fact that 7 ° g = 1, e sewNrv. 

2°: Since NrvA 5 NrvB (by assumption), then either NrvA, NrvB have a 
common edge or a common 2-spoke. By definition, NrvA, NrvB is a 
Vietoris—Rips complex. Hence, the result follows. 

3°: From Lemma 14.5, NrvsysK is a Vietoris-Rips complex. Hence, 
Ty (NrvsysK) describes a Vietoris—Rips complex. 

4°: Since g(®(NrvA), B(NrvB)) = ®(Nrvsysk), the result follows. 

5°: There is no guarantee that g(P(NrvA), ®(NrvB)) includes a description 
of the 2-spokes used to stitch NrvA, NrvB together. Let 2skH, 2sk/ be 
2-spokes in NrvsysK. Then let the mapping: 


h : NrvsysK > (Nrvsys K ) x (2skH 5 NrvAe Nrvsys K ) 
x (2sk J5 NrvBe Nrvsys K ) 


in Figure 14.11 be defined by 


h (Nrvsys K = ® (Nrvsys K ) U®D (2sk# 5NrvAe Nrvsys K ) 
U (2sk J6 NrvB € Nrvsys K), 


This gives the desired result. Oo 
Figure 14.11 Two fiber bundles Nrvsysk 
containing projections z,, on a pair 
of nerve complexes to a pair of |r 


descriptions of the nerves and z/ Zi 
P To ®(NrvsysIx) 

on a nervous system NrvsysK to a ; 

description of the nervous system. |: 


® (NrvsysK )> @(2skH 5 NrvAc Nrvsys K ) 
x @(2sk J 6 NrvB € Nrvsys K 
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14.5 Concluding Remarks 


A number of forms of fiber bundles have been introduced in this paper. Planar 
Vietoris—Rips complexes provide a setting for this study. The fulcrum in this 
study is the introduction of a sewing mapping that makes it possible to stitch 
Alexandroff—Borsuk nerve complexes together to form nervous system com- 
plexes. This is important, since nerve complexes are closed related to the study 
of shape [40] and have a number of applications such as recent work in descrip- 
tive proximity [36], strong proximities in Voronoi tessellations of surfaces [34] 
and in the detection and classification of shapes in computer vision (see, e.g., [5, 
Section 1.23]). 
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15.1 Introduction 


Concerning the convergence of a sequence of linear positive operators, many 
methods have been considered, but the basic concept which guarantees the 
convergence of a sequence of linear positive operators is the well-known 
Korovkin theorem. In addition, the starting theorem concerning the conver- 
gence of linear positive operators is the well-known Weierstrass approximation 
theorem. The one of the most common proofs of the Weierstrass approxima- 
tion is based on the Bernstein polynomials, which is the basic operators in 
approximation theory and for f € C[0, 1] is defined as 
n 
Bf. =>, ed — xy f (£) , xe [0,1] 
ok n 

The operators B,, is an important operator in the field of approximation and 
other related areas. Another extension of this operator is the Baskakov operator, 
which is based on negative binomial distribution. The Baskakov operators for 
f € C[O, co) is defined as 


_w(ntk-1 x k 
vita) = 3 ( ie Jose (4). x € [0, oo). 


k=0 
Another generalization of the Bernstein operator is the Szasz—Mirakyan 
operator defined by 


ad k 
S,(f,#) = yews (£) , x €[0,00). 
k=0 i 


The operators defined above, that is, B,,V,,, and S, are discretely defined 
operators and also known as exponential type operators. As such these 
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operators may not be utilized to approximate integrable functions. Further 
generalizations have been discussed for different operators in order to obtain 
the convergence. Kantorovich [1] was the first, who introduced the modifi- 
cation of the Bernstein polynomials. A more general integral modification 
of the Bernstein polynomial was given by Durrmeyer [2]. Later Sahai and 
Prasad [3] and Mazhar and Totik [4] proposed Baskakov—Durrmeyer and 
Szasz—Durrmeyer operators, respectively. In the last two decades, the author 
considered several problems related to different operators and studied some 
generalizations of existing operators, we mention some of them as [3]-[24] 
and so on. In addition, very recently, Gupta et al. [25] provided a list of many 
usual and hybrid Durrmeyer-type operators. 

In the year 1970, Boyanov and Veselinov [26] proposed the following 
general Korovkin-type theorem for the function e~“, k =0,1,2. First, we 
define the class C*[0,0o) discussed in [26], which denoted the linear space 
of all real-valued continuous functions, defined and continuous on [0, oo) 
with the property that iim f(x) exists and is finite, and endowed with the 


uniform norm. 
Theorem 15.1 [26,theorem 2] Ifthe sequence of linear positive operators 
{A,(f(),x)} defined on C*[0, co) satisfies 
lim A,(e, x) =e, k=0,1,2, uniformly in [0, co), 
then 
lim A,(f (2), x) = f(x) uniformly in [0, 00) for each f € C*[0, 00). 


In this context, Holhos [27] extended the studies and established a quantita- 
tive result for such exponential functions as follows: 


Theorem 15.2 [27, theorem 2.1] Let f € C*[0, 00) and A, : C*[0, 00) > 
C*[0, co) be a sequence of positive linear operators. If 
IA,1 — 1. = 4 
Ae &) — Ooo = Bus 
[|A,Aer*, oe) — 6 ||, = Cys 


where a,,, b,,, and c,, tend to zero for v sufficiently large then we have 


IA, f —f lle < If llc 4, +2+4,) .0* PF Va, + 2b, +¢,), 


where the modulus of continuity is defined by 
o"(f,6) = sup If) -fOl, 
x,t! 
je*-e"'|<6 


for every 6 > Oand every function f € C*[0, oo). 


Approximation by Generalizations of Hybrid Baskakov 


In [27], Holhos also provided some of the well-known operators as 
applications for the above Theorem 15.2. He used some identities and inequal- 
ities to estimate the results (Theorem 15.2), for Baskakov, Szdsz—Mirakyan, 
and Chlodowsky-type operators. Very recently, Acar et al. [28] considered 
the Szdsz—Mirakyan operators, which preserve the function e”*,a > 0, and 
they estimated the Theorem 15.2 for the modified Szasz—Mirakyan operators. 
They also used the complicated analysis to obtain the result for modified 
Szasz—Mirakyan operators. In this chapter, we discuss the result of the hybrid 
Szasz—Mirakyan operators and their different variants. We use the mathe- 
matica software to estimate the results. It provides exact estimates and the 
complicated analysis and upper bound are avoided here. 


15.2 Baskakov-Szasz Operators 


Gupta and Srivastava [29], defined a new sequence of linear positive operators 
by combining the well-known Baskakov operators and the Szdsz—Mirakyan 
operators for the functions integrable on [0,00) and proposed hybrid 
Baskakov—Szasz operators, which are defined as follows: 


M,(f.2) =" Yb, 4%) i s,,x(t) f(t) at, (15.1) 
k=0 0 


where the Baskakov and Szdsz—Mirakyan basis functions are, respectively, 
defined by 


n+k-1 ok 
Png) = ( k ) Citas 
and 
5, .(t) = ene 
a k! 


In [30], Gupta and Maheshwari discussed some more approximation proper- 
ties of Baskakov—Szasz operators, and they also established an inverse theorem. 
Some other results were compiled by Gupta and Agarwal in the recent book 
[31]. Some other generalized form of Baskakov—Szasz operator was discussed 
by Gupta and Malik [32]. Let f(¢) = e“’, A € R, then we have 


- _ cnt)* ace cs n k+1 
nf e are dt = ( ) (15.2) 


n—-A 
Thus, for the operators defined by (15.1), using (15.2) and by the well-known 
binomial series ))7-.) Or Zk = (1 —z)~%, |z| < 1, we have 


foe} 


Aye RAD ne 
M,,(e ,x) ae (n—A)\1+x)"(n- 1)! p k! ee 
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foe} 


_ n y (1), | nx | 
~ (n—A)1+x)"(n—-1)! k! |(1—A)1 +x) 


k=0 
ee ae E : ea id 
@—-Ad+x"—-b!|. “Ad +x) 
=n(n—A)"+[n-AQ +n]. (15.3) 


Here, we observe that M,,(e*“, x) may be treated as moment-generating function 
(m.g.f.) of the operators M, f, which may be utilized to obtain the moments 
of (15.1). Let u(x) = M,,(e,, x), where e,(t) = t’",r € NU {0}. The moments are 
given by 


ar At 
-|" mu 
H,(x) E Ar nl& x) oe 


= OF: rary n—-1 _ —n 
= |S tntn = Ay nA ea} 


Using the software Mathematica, we get the expansion of (15.3) in powers of A 
as follows: 


fay 
M,(e,x) = 1+ ( . i 
A nx? + 3n?x? + 2nx? + 9n>x* + 9nx* + 18nx +6 \ AP 
n 3! 
n*x* + 6n?x* + 11n?x* + 6nx* + 16n3x? + 48n?2x? 
4+32nx? + 72n?x? + 72nx? + 96nx + 24 At 
n* Al 
mx? + 10n*x® + 35n3x° + 50n2x° + 24nx® + 25n*x4 
+150n3 x4 + 275n?x* + 150nx* + 200n7x? + 600n?x? 
+400nx? + 600n?x? + 600nx* + 600nx + 120 AS 
+ —H|\_ ao Oe 


n° 5! 


DD, 2 2 
tHE) ay (HE + nx tans+2) 4 
n 


+O(A°). 


In particular, first few moments may be obtained as 


M(x) = 1, 

Myx) = : = 

BOE nx? + nx? &: Anx + 2 

en nPx8 + 323 + 2nx? + 9n?x? + nx? + 18nx + c (15.4) 


n3 
n*x* + 6n?x* + 11n2x* + 6nx* + 16n3x? + 48n?x? 
+32nx? + 72n?x* + 72nx? + 96nx + 24 


H4(x) = a 
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Lemma 15.1 Applying (15.4), the central moments $7"(t) = (t -—x)”, are 
given by: 


M,,(@2(0),*) = 1, 


M,(@\(t),) = -, 
M,(62(t),x) = we tome? 


Qnx? + 9nx? + 12nx +6 
n3 , 
—19n?x* + 6nx* + 12n?x? + 32nx? + 12n?x? 
+72nx* + 72nx + 24 


M,(@2(t),«) = 


M,(4(0),x) = = 


Lemma 15.2 Using the software Mathematica, we obtain the series expan- 
sion as indicated below. 
M,(e',x)=n(n + 1)""(nt+14+x)" 
4 e-*(x? + 2x — 2) : e-*(3x* + 4x? — 24x? — 48x + 24) 
2n 24n? 

e-*(x® — 2x> — 22x4 — 24x? + 72x? + 144 — 48) 
ss 48n° 

Poe — 120x” — 400x° + 1248x° + 6240x* + 5760x? 


=e 


—11520x? — 23040x + 5760) 
5760n* 


+0 (=) (15.5) 


+ 


and 


M,(e', x) = n(n + 2)""1 [n+ 201 + x)” 
oe, C2RU +2)*—4] 


n 
4 2e Gat + 8x° — 6x? — 24x + 6) 

3n? 
fee + 2x° — 8x* — 24x? + 36x — 6) 


3n? 
Qe~*(15x® — 280x° — 504x° + 840x4 
+2880x? + 720x? — 2880x + 360) 
+ se 


1 
o(=). 
45n* . n> 
For the operators (15.1), Theorems 15.1 and 15.2 take the following form: 


Theorem 15.3 __ If the linear positive operators (15.1) satisfies 


lim M,(e™, x) = e~, k =0,1,2, uniformly in [0, oo), 
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then 
lim M,,(f(6), x) =f(«) uniformly in [0, co) for each f € C*[0, 00). 


The proof of this theorem for the Baskakov—Szasz operators is immediate, 
if we apply (15.4) and Lemma 15.2. 
Theorem 15.4 Let f € C*[0, co). If 
|[M,1-1||,, =4,; 
| |M,,(e~, x) eT e*| leg = Dis 
[|M,(e-, x) = ee le =Cy> 


where a,,, b,,, and c,, tend to zero for v sufficiently large then we have 


Mf =f'lle <2. o'(f, V 2b,, +¢,), 


where 
—_ e* (x? + 2x — 2) fe e* (3x4 + 4x3 — 24x? — 48x + 24) 
: 2n 24n2 
e-*(x® — 2x5 — 22x4 — 24x? + 72x? + 144% — 48) 
* 48n? 
ee — 120x7 — 400x® + 1248x° + ol 
+5760x? — 11520x” — 23040x + 5760) 1 
+-—________________= 40(=) | 
5760n* n° 
and 
_ |fer* 120. + x)? - 4] 7 2e~**(3x* + 8x? — 6x? — 24x + 6) 
‘i n 3n2 
fee? + 2x° — 8x* — 24x? + 36x — 6) 
3n? 


2e~**(15x8 — 280x° — 504x° + 840x* 
+2880x3 + 720x? — 2880x + 360) 


1 
45n4 He a) 


The proof follows using (15.4) and Lemma 15.2. 


15.3. Genuine Baskakov-Szasz Operators 
The operators defined by (15.1) reproduce only the constant functions. The 


genuine Baskakov—Szasz—Mirakyan operators were discussed in [33], which 
reproduce constant as well as linear functions and are defined as 


GC; x) =n >; ba) | Sy pb) f() dt F b,,9(*) f (0), (15.6) 
k=1 0 


Approximation by Generalizations of Hybrid Baskakov 
where 
(1), xk 
b = — ———_. 
nk) ki a 4 xyntk 
and 
ope (nity 
b =e ; 
Sx) (K-D! 
Let f(t) = e“”, A € R, then we have 
- (nt) n \k 
i edt = ( ) é 15.7 
nf Va BD n—A (15.7) 
Thus, using (15.7) and the well-known binomial series )2, Or K = 
(1 — z)~%, |z| < 1, we have 
if — (1); nx ; 
G At = PAA [ie 2 — Aye. — 2) 
aay cre p? ral F -AA =| 
eae ee nx 7 
(1 +x)" (n—A)1 +4) 
=(n—A)"[n-A(1+x)]”. (15.8) 


Here, we observe that G,,(e“/, x) may be treated as m.g.f. of the operators G, f, 
which may be utilized to obtain the moments of (15.1). Let Hg, (x) = G,(e,,x), 
where e,(t) = t’,r € NU {0}. The moments are given by 


G,(e*“, DN, 


G = 
Hyg) = lar 


= [Stn A)" [n- AQ +0)7 le. 


Using the software Mathematica, we get the expansion of (15.8) in powers of A 
as follows: 


ater) 2 
G,(e“",x)=1+xA+ (tet) A’ 


7 2! 
(== + 6x2 + 6nx? + 2x3 + 3nx3 + a) A3 
+ ee SS ee eee ee poses 
n 3! 
mx* + 6n?x* + L1nx* + 6x* + 12n?x? + 36nx? 
+24x3 + 36x? + 36x? + 24x At 
= = +004’). 


In particular, first few moments may be obtained as 


we (a) = 1, 
HE Ge) =, 
nx? +x? + 2x 


G = 
Hig) = a ae 
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nx? + 6x? + 6nx? + 2x? + 3nx? + n?2x3 


Hig(X) = = (15.9) 
mx* + 6n2x* + 11nx* + 6x* + 12n?x? + 36nx? 
é. 4+24x? + 36nx? + 36x? + 24x 
Hra&) = ‘ 


n> 
which provides moments using m.g.f., which is an alternate way to the one 
found in [29]. 
Lemma 15.3. Applying (15.9), the central moments $7"(f) = (t- x)” are 
given by: 

G, (PLO), x) = 1, 

G,,(py (6), x) = 0, 


G,(o2(0),x) = ete 


Lemma 15.4 Using the software Mathematica, we obtain the series expan- 
sion as indicated below. 
G,(e',“)=(n+1)"(n+14+x)" 
oe e* (x(x + 2)) " e-*x(3x? + 4x? — 12% — 24) 
n 


24n2 
e*x(x® — 2x° — 22x* — 16x? — 2x* + x°) 1 
+ n o( ) 15.10 
48n? n* ( ) 
and 
G,(e", x) =(n + 2)"[n+ 21 +x”)]” 
oy CO QK(Q+x%)  2e?* «(3x3 + 8x? + 3x3) 
=e 4 + 
n 3n? 
4e~*x(x° + 2x* — 5x3 — 16x? — 6x + 12) 1 
EA ce 7 (=) 
3n3 n* 


For the operators (15.6), Theorems 15.1 and 15.2 take the following form: 


Theorem 15.5 If the linear positive operators (15.6) satisfies 
lim G,(e,x) =e", k=0,1,2, uniformly in [0, 00), 
then 
jim G,Uf(@,«) =f («) uniformly in [0, oo) for each f € C*[0, 00). 


Theorem 15.6 Let f € C*[0, co). If 
HG,1— 1], = 4, 
1G,(e", «) — e* ||. = Bas 
(Gen) er || =as 
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where a,,, b,, and c,, tend to zero for 1 sufficiently large. Then, we have 


IG, f =f'\le <2. o'(f, V 2b, + Cy), 


where 
e*(x(x +2))  e-*x(3x? + 4x? — 12% — 24) 
b,= + 
n 24n 
e*x(a® — 2x? — 22x* — 16x3 — 2x* + x° 
x (x x x x x + x?) +0 (4) 
48n? n* 
and 
: e-*2x(2 + x) . Qe x( 3x3 + 8x? + 3x3) 
‘ n 3n2 
4e~>*x(x° + 2x* — 5x3 — 16x? — 6x +12 
geen 40 ( ) ’ 
3n? n* 


The proof follows using Lemma 15.4. 


15.4 Preservation of e** 


In [34], King proposed a generalization of the Bernstein polynomials so as to 
preserve the test function e,, and he was able to achieve better approximation. 
Later in [35], Gonska et al. discussed some other King type operators. 
Recently, Acar et al. in [28] considered the Szasz—Mirakyan operators, which 
preserve the function e?“* and estimated some approximation properties. 
Motivated by the recent work that we discusses in this section, the genuine 
Baskakov—Szasz operators, which preserve the test function e**. Suppose 
the operators defined by (15.6) preserve the function e“*, then we start 
with 


G,(f, x) =n > balayie) | Sy ¢r1() f (£) dt + b,9(x*)f (0), (15.11) 
k=1 0 


k k 
where b,, .(4,(«)) = C _ : 7 —_ and s,,,(t) = en OY” Using 
4 (x 


(15.7) and the well-known binomial series Ss ae = (1 —z)%, |z| < 1, the 


modified operators (15.6) takes the following form 


ae 1 = (x na,,(x) kK 
He ag Gaye d kl E -Ad al 
3 | 5 na,(«) | 
— (l+a4,@)" | @— A) +4,(x)) 


_{__7-4_|’ 
? IS (15.12) 
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As per our assumption that the operators G,(e4‘,x) preserve e4*, we 
have 


—_— n—-A " 
n—-A(1+a,(x))}? 
which implies that 


n— 


a, (x) = - [1 —e4*/"). (15.13) 
Now the operators (15.11) can be represented as 


Gui foa) = bua (AFA) [sya sO FO Ae + by off. 
k=1 


Lemma 15.5 Using the software Mathematica, we obtain the series expan- 
sion as indicated below. 
n+1 ‘: 


Ce eS E +14+(/A-Dd —e*) 


=e 4$(14A)e*x(2 +2) 
2n 


+ ex (—24 — 24A — 12% — 12Ax + 4x? + 12Ax/ 

24n? 

+ 87x? + 3x? + 6Ax? + 3A47x*) 

geo 
48n3 


e*x (48 + 48A + 24x + 24Ax—16x—48Ax—40A7x? 
— 8A3x? — 16x° — 40Ax? — 30A2x? — 642x? — 2x* — 2Ax* 
+ 2A*x* + 2A°x* + x° + 3Ax? + 3A7x° + A®x?) + O(n“) 
and 


n+2 
4 n+2+2(n/A—1)0 —- e-4*/") 


ae 4 (04+ Ae eH) 
nN 


Qy 
~ 
fav) 
8 
8 
wm 
Il 


+ ase (—48 — 24A + 12Ax + 6A7x + 32x” + 36Ax” 
nN 


+ 10A7x + 12x? + 12Ax? + 37x?) 


+ ex (192 + 96A — 96x — 144Ax — 48A?x — 256x7 


1 
12n3 
— 288Ax? — 88A7x” — 4A3x* — 80x? — 64Ax? — 2A?x? 
+ 5APx? + 32x + 64Ax* + 40A7x* + 8AFx* + 16x° 

+ 24Ax° + 12A*x° + 2A°x°) + O(n). 
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Lemma 15.6 In particular, first few moments may be obtained as 
Heo) = 1, 
Hy (*) = a,(%), 


(n + 1)(a,(x))* + 2a,,(x) 


G 
My o(*) = Fs 


Lemma 15.7 Following Lemma 15.3, the central moments $/"(t) = (¢ — x)” 


are given by: 


G,,(P%(0), x) = 1, 
G,(i(t), x) = a, (x) =%; 

2 
G, (GLO), *) = (4,(%) — x)” + — 


Further, we have 


lim nG,(1(0,) = lim nla, (x) ~ x] = C* 9. 
2 
lim 1G, (¢2(0), x) = lim n |(a,(x) — x)? + CD = x(2 +x). 


Theorem 15.7 Let us suppose that f € C*[0, oo). Further, if 
G1 — 1]. =a, 
[|G,(e~, x) _ CI oo = bi» 
[|G "ayes |g =e, 


where a,,,b,, and c, tend to zero for n sufficiently large. Then, we have 


IG,f —fllas $2.0" (f.V2b, ¥ 6.) 


where 


bre | J 14 Ale *x(2 +4) 
2n 


is - 56 *x (—24 — 244 — 12x — 12Ax + 4x? + 12Ax* 
nN 

+ 8A°x* + 3x° + 6Ax?* + 34x?) 

+ ae (48 + 48A + 24a + 24Ax — 16x” — 48Ax? 
nN 


— 40A7x” — 8A3x? — 16x? — 40Ax? — 30A2x? — 6A? x? 


— 2x* — 2Ax* + 2A?x* + 2A°x* +x? + 3Ax° + 3A7x? +A*x”) 


+ O(n) 
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and 
ge | 4 Ale *x(2.-+ x)= 


+ ase (—48 — 244 + 12Ax + 6A*x + 32x” + 36Ax? 


+ 10A7x” + 12x? + 12Ax? + 37x?) 


+ ape" *# (192 + 964 — 96x — 144Ax — 4847x — 256x7 — 28842” 
— 88A?x? — 4A3x? — 80x? — 64Ax° — 2A2x? + 5A5x? + 3204 + 64Ax4 


+40A?x* + 8A3x* + 16x° + 24Ax° + 12A7x° + 2A2x°) + O(n))| . 


The proof follows using Lemma 15.5. 


Theorem 15.8 Let f, f’” € C*[0, oo). Then we have 
ace +x) 


nlG,,(f3«) —f(@)] + [A f' (x) —f'"(x)] 


ano +x) 


< |nG,,(b,(t), x) + ———] |’ 


i 
"(x)| +2 — 
Ir"Go| +20 ‘(r +.) 
6, (8200.3) +4 G,((e* - et; x) PGC.) 


Proof: By the Taylor’s formula, we can write such that 


ee Me 


ane +x) 


+3 |nG (620.2) - 


f(t) =f(%) +f! (Et — x) + (t — x)? + A(t, x(t - x)’, 


where A(t, x) := Lf"(n) —f"@)] ie n lying between x and f, and / is a contin- 
uous function that vanishes at zero. Applying the operator G,, to both sides of 
above equality, we obtain 


G,,(f3x) —f(«) =/' G00.) + & ae (P(t), X) 


+G,,(h(t,x)(t — aha, 


also we can write that 


= A 
mG, f:2) ~ fla) + AEA pr — FOF pg »| 
< f') [nGy(d300.3) a | 2 6,020, ot | 


+nG,, (h(t, «)|(t — x)*;x). 
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To estimate last inequality following [1], we get 


oe) er 


|n(t,«)| < (1 ors 


Since 
2a*(f"; 6), |e* — e*| < 6 
< =x 4-ty2 . 
ODIs { ge o*(f"s 6) le* —e"| 2 5 
Therefore, we have 
(e* = e*) 
62 
Applying the Cauchy—Schwarz inequality, we obtain 
nG,,(\A(E,x)|(t — x)?;x) < 2nw*(f"; 5)G,, (z(t), x) 


+ Sor (a Gler — ex) G,(ON0.2. 


|A(t, x)| < 2 (1 + ) w*(f": 6). 


Choosing 6 = —, we have 


vn 
nG,,(\h(t,x)|(t — x)?;x) 


< 20* ( hae =) rG,(020, x) + 4/1?G, ((e* — e*)4; x) \/ 1G, (P20), »| 


Thus, we immediately get 
[AlG,Cfs%) — f@)] + 2S pray — 22 pr] 
< |nG,,(f, 0), x) + 2aa| | f'(x)| + 5 |[nG, (G2, x) — 2x| |f'"(@)| 
+20" ( f"" =) ne, (d200.9) + nS((e* — FD 6,680.0 


which was our claim. oO 


Corollary 15.1 Let f, f” € C*[0, oo), then for x € [0, 00), we have 
x(2 + x) 
2 


The proof of the above corollary follows from Theorem 15.8. 


[A f'(%) + f’"(w)].- 


lim n[G,(f.%) —f(@)] = 


15.5 Conclusion 


It is observed here that for the Baskakov—Szasz type operators, the m.g.f. can 
be obtained, which may further be used to find the moments. Here we esti- 
mate some direct results for different variants of Baskakov—Szasz operators. 
In addition, here we used the software Mathematica to obtain the expansions, 
limits, and moments and so on, which is different from the methods discussed 
in [27, 28]. 
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Well-Posed Minimization Problems via the Theory of 
Measures of Noncompactness 
Jozef Banas and Tomasz Zajac 


Department of Nonlinear Analysis, Rzeszow University of Technology, Aleja Powstanicow Warszawy 8, 
35-959 Rzeszow, Poland 


16.1 Introduction 


The important aim of this chapter is to discuss the well-posed minimization 
problems in connection with the theory of measures of noncompactness. We 
show that the above-mentioned theory enables us to create a deep insight into 
the problem of attaining of infimum by functionals defined on some closed 
subsets of a metric space. 

Investigations of this chapter are continuation of those conducted in the 
chapter in [1] in which we described the concept of the well-posedness in the 
context of the theory of measures of noncompactness. While we formulated 
the basic concepts of our approach and we presented the main theorems 
characterizing minimization problems that are well-posed in a general sense 
in [1], here we focus on delivering of several examples of functionals defined 
in diverse metric and Banach spaces and on discussing the well-posedness of 
minimization problems for those functionals. 

First, we are going to explain how our theory can be applied in the case when 
we consider concrete functionals in various Banach spaces and when we search 
the well-posedness of those functionals with respect to various measures of 
noncompactness. It is worthwhile mentioning that if a minimization problem 
is well-posed with respect to a measure of noncompactness (or, equivalently, 
with respect to a kernel of a measure of noncompactness) then we obtain the 
information that the set of points at which a considered functional attains its 
infimum forms a compact set belonging to the kernel of a considered mea- 
sure of noncompactness. Such information allows us to characterize the set of 
those points in terms of properties that have sets belonging to a kernel of a 
measure of noncompactness in question. 

Our approach presented here was initiated in [1] but the idea of the 
well-posedness of minimization problems goes back to Tikhonov [2] and was 
Mathematical Analysis and Applications: Selected Topics, First Edition. 
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subsequently developed by Levitin and Polyak [3] and then by Furi and Vignoli 
[4]. We refer also to expository books and monographs, where optimization 
problems are widely treated [5-9]. 

Finally, let us point out that the approach to the study of minimization 
problems via the theory of measures of noncompactness seems to be new and, 
according to our knowledge, up to now there have appeared only exposition 
[1] presenting the approach discussed in this chapter. Nevertheless, some 
basic ideas initiating this theory have been given in paper [10], which was not 
noticed by mathematical community. 


16.2. Minimization Problems and Their Well-Posedness 
in the Classical Sense 


This section is devoted to formulate the minimization problem and to present 
the classical notation and definitions concerning this problem. 

Thus, let us assume that (X, d) is a given metric space and let Dbe a nonempty 
subset of the space X. Denote by R the set of real numbers. We will write R, to 
denote the interval [0, 00). 

Next, let J be a functional acting from D into R. We will always assume that 
Disa closed subset of the metric space X and / is a lower bounded and lower 
semicontinuous functional on the set D. Such assumptions ensure that there 
exists infimum of J on the set D. So, let us write 


t= iat 10) 


Obviously, m, is a real number. 
The sequence (x,,) C D will be called the minimizing sequence for the func- 
tional J on the set D if 


lim J(«,,) = m). 


Observe that if (x,,) is a minimizing sequence of the functional J on the set 
D then its limit has to be the cluster point of the set D. Thus, if we impose the 
assumption concerning the closedness of the set D then the limit of a minimiz- 
ing sequence for J must belong to the set D. It is also worthwhile noticing that 
the assumption guaranteeing that the minimizing sequence (x,,) of the func- 
tional J on D is convergent, implies that (x,,) has always a unique limit, that is, 
each minimizing sequence of the functional J tends to the same limit « which 
is the cluster point of the set D. 

Indeed, suppose contrary. This means that there exist two minimizing 
sequences (x,) and (y,) for the functional J on the set D such that (x,,) 
converges to a point x and (y,,) converges to a point y and x # y. In sucha case 
the sequence {%,91,%,¥>,%3,3,---} is also a minimizing sequence for J on 
the set D, which is not convergent. 
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Now, we recall the definition of the well-posedness of the functional J on the 
set D given by Tikhonov [2]. 


Definition 16.1 We will say that the minimization problem for the functional 
J is well-posed on the set D if every minimizing sequence of the functional J in 
the set D is convergent in the metric space X. 


From the above properties concerning the minimization problem for the 
functional J on D it follows that if the minimization problem for J is well-posed 
on the set D in the sense of Tikhonov (i.e., in the sense of Definition 16.1) then / 
has exactly one minimum in the set D. 

One of the most important topic illustrating the minimization problem is the 
problem concerning the so-called nearest point in a set D to a given point y. To 
describe briefly that problem, let us assume that D is a nonempty closed subset 
of the metric space X and y € X is a given point such that y ¢ D. 

A point x, realizing the distance of y to the set D, that is, a point x» € D such 
that 


d(y, Xo) = dist(y, D) = inf{d(y,x): «*ExX} 


is called the nearest point of the set D to the point y. 

Let us mention that in the fixed point theory the more general problem than 
that presented above, called the best proximity point, is considered [11-14]. 

Observe, that in general a point being the nearest point of the set D to a point 
y not always exist and, even if it exists, it has not to be determined uniquely. 
The problem of the existence and uniqueness of nearest points depends on the 
topology of the metric space X and (if we consider it in the Banach space setting) 
on the geometry of an underlying Banach space. This problem was thoroughly 
discussed in [1] and we will not repeat here those considerations. 

In what follows, we describe the generalization of the well-posedness mini- 
mization problems in the classical Tikhonov sense given by Levitin and Polyak 
[3]. As previously discussed, we will assume that J is a lower bounded and lower 
semicontinuous functional defined on a closed subset D ofa metric space (X, d). 


Definition 16.2 We say that the minimization problem for the functional J is 
well-posed in the sense of Levitin and Polyak if each minimizing sequence for 
the functional J is compact. 


The assumption included in the above definition and requiring that each min- 
imizing sequence for the functional J defined on the set D is compact means 
that the set of all terms of any minimizing sequence is compact (more precisely: 
relatively compact). Particularly, this implies that the set of all accumulation 
(limit) points of any minimizing sequence for the functional J is compact. On 
the other hand this allows us to deduce that the set of all points of the set D 
at which the functional J attains its infimum is a compact subset of the metric 
space X. 
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Let us observe that if the minimization problem for the functional J is 
well-posed in the sense of Tikhonov then it is well-posed in the sense of 
Levitin—Polyak. The inverse implication is not true (cf. [1]). This means that 
Definition 16.2 creates the essential generalization of Definition 16.1. 

Further, we are going to discuss other generalizations of the well-posedness of 
minimization problems. In order to present suitable definitions, we will need to 
be familiar with the concept of a measure of noncompactness. We will discuss 
this concept in the following section. 


16.3. Measures of Noncompactness 


The concept of a measure of noncompactness was introduced by Kuratowski 
[15] in 1930. Namely, for a nonempty and bounded subset A of a metric space 
(X, d) we define the quantity a(X) in the following way: 


a(A) = inf {e >0O: Acan be covered by a finite number of sets of 
diameter smaller than e} ; 
(16.1) 


Notice that the quantity a(A) can be defined equivalently as 


a(A) = inf {e >0:A CU",A, A; C X,diamA;<e (é=1,2,...,n), 
n is an arbitrary natural number } , 


where the symbol diam Y denotes the diameter of the set Y(Y C X). The quan- 
tity a(A) is nowadays called the Kuratowski measure of noncompactness of the 
set A. 

In order to discuss the Kuratowski measure a(A) and also other measures of 
noncompactness, we introduce first some notation. Namely, if A is a subset of 
a metric space X then the symbol A will denote the closure of the set A. By the 
symbol By(x, r) we will denote the open ball centered at and with radius r. The 
closed ball centered at x and with radius r will be denoted by B(x, r). 

When X has the structure of a Banach space, we can define the symbol 
Conv A that denotes the closed convex hull of the set A. Moreover, if A, B are 
subsets of a Banach space X then we can define the algebraic operations A + B 
and AA ford € R. 

Apart from this, we will denote by IN, the family of all nonempty and 
bounded subsets of the complete metric space X and by My, its subfamily 
consisting of all relatively compact sets. 

Now, let us observe that the Kuratowski measure of noncompactness a 
defined by (16.1) is a function acting from J, into R, and has the following 
properties [16]: 


(i) a(A)=0 => AEN,, 
(ii) A CB => a(A) < a(B), 


Well-Posed Minimization Problems via the Theory of Measures of Noncompactness 
(iii) a(A) = a(A), 
(iv) a(A) < diam A. 


The most important property of the function a is contained in the following 
theorem. 


Theorem 16.1 Let(A,,) bea sequence of nonempty, bounded, and closed sub- 
sets of the space X such that A, > A,,, form = 1,2,... and lim a@(A,) = 0. Then 


the intersection set A,, of the sequence (A,), that is, the set 


A, = Aa. 


is nonempty and compact. 


n+1 


The property of the function a described by the above theorem is called the 
Cantor intersection property since it is the generalization of the classical Cantor 
intersection theorem. 

When a is considered in a Banach space E, we can prove that it has the fol- 
lowing additional properties: 


(i) a(Conv A) = a(A), 
(ii) a(A + B) < a(A) + a(B), 
(iii) @(AA) = [AJA for A ER. 


It is worthwhile mentioning that property (v) was proved by Darbo [17] 
who (with help of the Kuratowski measure of noncompactness a) obtained an 
important generalization of the classical Schauder fixed point principle. 

The concept of the Kuratowski measure of noncompactness was modified in 
papers [18, 19], where the authors introduced the new quantity being a kind 
of a measure of noncompactness. Indeed, for a set A € My (X is a complete 
metric space) they defined the so-called Hausdorff measure of noncompactness 
7(A) in the following way 


y(A) = inff{fe >0: A hasa finite « — netin X}. (16.2) 


It may be shown that the function y has all the above listed properties (i)—(vii) 
of the function a. Moreover, the function y has also the Cantor intersection 
property expressed in Theorem 16.1 (cf. [16, 20]). 

On the other hand, it turns out that the Hausdorff measure y is more con- 
venient than the Kuratowski measure a. There are two essential reasons which 
justify such an opinion. To present the first reason, we first describe the con- 
cept of the Hausdorff distance between sets [21]. To this end, for an arbitrary 
nonempty subset A of the metric space (X, @) and for a given number r > 0 let 
us denote by B(A,7r) the ball centered at the set A and with radius r, which is 
defined by the equality 


B(A,r) = U Bo(x, nr). 
xEA 
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Next, for nonempty subsets A, B of X let us define: 
h(A,B) =inf{r>0: Ac BB,n)}. 


The number /(A, B) is called the nonsymmetric Hausdorff distance of the set A 
to the set B. Finally, let us define the quantity H(A, B) as follows: 


H(A, B) = max{h(A, B), h(B, A)}. 


Obviously, the above quantity is well defined provided we assume that A, B € 
My. 

The number H(A, B) is called the Hausdorff distance of the sets A and B. It 
can be shown that H is the pseudometric on the family MM, and is the metric 
if we consider it on the family IN‘, consisting of all nonempty, bounded and 
closed subsets of the metric space X. If the space X is complete then the metric 
space (IN, H) is also complete [21]. 

If Z is anonempty subfamily of the family IN, then for an arbitrary set X € 
M, we denote by H(X, Z) the distance of X to Z with respect to the Hausdorff 
distance H, that is, 


H(X, Z) =inf{H(X,Z) : Ze Z} = dist(X, Z). 
Then, we have the following theorem [16] (cf. also [22]). 


Theorem 16.2 Let (X,d) be a complete metric space. Then 
H(A) = HA, Ny) 
for an arbitrary set A € My. 


The equality from the above theorem has some consequences being impor- 
tant in applications [16, 23]. 

The second reason showing that the Hausdorff measure y is more convenient 
than the Kuratowski measure of noncompactness a is caused by the fact that 
in some Banach spaces we are able to give formulas expressing the Hausdorff 
measure of noncompactness y in a convenient way. On the other hand, there 
are no such formulas known for the Kuratowski measure a [16, 20]. 

Now, we are going to provide the mentioned formulas in some Banach spaces. 

First, let us consider the Banach space C([(a, b]) consisting of all real functions 
x = x(t) defined and continuous on the interval [a, b] and furnished with the 
standard maximum norm 


||| = max{|x(t)| : ¢ € [a, b]}. 


Then, taking into account the Arzéla—Ascoli criterion for compactness in 
C([a, b]) we can express the Hausdorff measure of noncompactness in the 
space C([a, b]) in the way described subsequently below. 

Namely, for x € C({a, b]) denote by w(x, €) the modulus of continuity of the 
function x defined as 


a(x, €) = sup{|x(t) — x(s)| : t,s € [a,b], |t-—s| < €}, 
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for € > 0. Next, for aset X € Mcijq.p) let us assume 
o(X,€) = sup{a@(x,e): «x EX}, 
@4(X) = lima(X,€). 
It can be shown [16, 19] that for X € Mcyq.p), we have 
1X) = F009(X). (16.3) 


Now, let us denote by c, the space of all real sequences x = (x,,) converging 
to zero and endowed with the maximum norm, that is, 


lel] = I@,)I] = max{|x,| > 1 =1,2,...}. 


In order to present the formula expressing the Hausdorff measure y in c, let us 
fix a set X € M,. Then we have the following equality [16] 


W(X) = lim { supimax : ke my} : (16.4) 
NO \ vex 


It turns out that the situation is more complicated in the sequence space c con- 
sisting of all sequences x = (x,,) converging to proper limits and furnished with 
the standard supremum norm 


lel] = @)I] = sup{lx,| = 1,2,...}. 


Indeed, we do not know a formula expressing the Hausdorff measure of non- 
compactness y in this space. However, if for an arbitrary set X € IN, we define 
the quantity 


M(X) = lim { suptsuptts, —x|: p.qe my}. (16.5) 
now xE 


then it can be shown that this quantity has all properties (i)—(vii) of the Haus- 
dorff (or Kuratowski) measure of noncompactness and the following inequali- 
ties hold [24] 


M(X) < MX) < 27(X) (16.6) 


for X € M,, where 7(X) denotes the Hausdorff measure of X in the space c. 
Thus, in the case of the space c we do not know a formula expressing the Haus- 
dorff measure y but we can provide the formula for the quantity y being in 
some sense equivalent to the Hausdorff measure y. 

Taking into account our further considerations such a situation is quite sat- 
isfactory. 

Further, we provide the formula expressing the Hausdorff measure of non- 
compactness y in the Banach sequence space /,, consisting of all sequences 


x =(x,) such that DY |x,|? < oo, where p is a fixed number, 1 < p < oo. The 
n=1 
space /,, is furnished with the norm 
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eS 1/p 
[lel] = @, IL = (s rt) . 
n=1 


Thus, let us fix an arbitrary set X € M,. Then, we have (cf. [16]) 


oo 1/p 
(X) = lim 4 su x,|? 
700 = fim y sup 2 Pl 


Particularly, the Hausdorff measure of noncompactness in the space /, can be 
expressed by the formula 


4(X) = lim {9 » ma (16.7) 


xEX k=n 


Our survey of Banach spaces in which we know formulas expressing the 
Hausdorff measure of noncompactness is now complete (cf. [16, 20, 25]). Let 
us only mention that in the classical Lebesgue space L’(a, b)(1 < p < co) we 
do not know a formula for the Hausdorff measure y but (similarly as in the 
case of the sequence space c) we can provide the formula expressing a quantity 
equivalent to the measure y [16, 26]. 

It is worthwhile mentioning that the Kuratowski measure of noncompactness 
a and the Hausdorff measure y are equivalent in an arbitrary metric space X, 
that is, for any set A € MM, the following inequalities are satisfied [16] 


U(X) < A(X) < 27(X). (16.8) 


Later on we will discuss more detailed the problem of the equivalence of mea- 
sures of noncompactness. 

As we pointed out above there are Banach spaces in which we do not know 
formulas expressing the Hausdorff measure of noncompactness y but only we 
know formulas expressing quantities equivalent to that measure. But there are 
Banach spaces in which the situation is even more complicated since in those 
spaces we do not know convenient criteria for relative compactness of sets. In 
spaces of such a type we know only sufficient conditions for relative compact- 
ness of sets. 

The above-described situation forced us to formulate an axiomatic approach 
to the definition of a measure of noncompactness, which overcomes the 
above-indicated difficulties and which creates a handy and useful tool being 
applicable in nonlinear analysis. 

The below given axiomatics seems to be an appropriate answer to the above 
raised requirements. This axiomatics was introduced in [16]. Taking into 
account our further considerations we present the mentioned axiomatics in a 
Banach space E. Obviously, we will also discuss the mentioned axiomatics in 
the case of a complete metric space. 
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Definition 16.3 The function yw : Mi, > R, is said to be a measure of non- 
compactness in the Banach space E if it satisfies the following conditions: 


1° The family ker wp = {A € M, : (A) = 0} in nonempty and ker pC MN; 
2° ACB= HVA) < nB) 

3° (A) = nA) 

4° yw(Conv A) = p(A) 

5° wAA + (1 — AB) < AW(A) + (1 — A)u(B) for A € [0, 1] 


6° If (A,) is a sequence of closed sets from J, such that A,,, C A, for 


n+1 
n=1,2,... and if lim p(A,,) = 0 then the intersection set A,, = (] A, is 
noo n=1 


nonempty. 


The family ker y described in axiom 1? is called the kernel of the measure of 
noncompactness pi. 

Observe also that in axiom 6°, from the inclusion A,, C A,, fora =1,2,..., 
it follows that u(A,,) < w(A,,) for nm = 1,2, .... This implies that 4(A,,) = 0, that 
is, the set A,, isa member of the family ker p. 

Now, we give an equivalent approach to the concept of a measure of noncom- 
pactness. In that approach, we will expose the role of the kernel of the measure 
of noncompactness. 


Definition 16.4 A nonempty family P (P Cc §&,) will be called the kernel (of 
a measure of noncompactness) if it satisfies the following conditions: 


1? AEP SAEP, 

2 AEP,BCA,BED>S>BEP 

3° AEP =>ConvA EP, 

4 A,BEP>AIA+1—-/AB EP ford € [0,1], 

5° P°’={A EP: A=A} is closed in M:. with respect to Hausdorff metric. 


Observe that the family 9, is a kernel of a measure of noncompactness since 
it satisfies all axioms 1°—5° of Definition 16.4. Other example of the kernel of a 
measure of noncompactness may serve the family ? formed by all singletons 
from E. 

Now, we provide the definition of a measure of noncompactness connected 
with the concept of the kernel given in Definition 16.4. 


Definition 16.5 Let P be a given kernel of a measure of noncompactness. 
The function yw : M,_ > R, is said to be a measure of noncompactness with the 
kernel P (ker yu = P) if it satisfies the following conditions: 


1 WA=0SAEP 
2 ACB= wKA) < uB) 
3° w(A) = WA) 

4° yw(Conv A) = H(A) 
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5° w(AA + (1 — A)B) < Ap(A) + (1 — A) (B) for A € [0, 1] 
6° If (A,,) is a sequence of closed sets from I, such that A,,, CA, for n= 
1,2,..., and if lim y(A,,) = 0 then the set A,, = (] A,, is nonempty. 
HERO n=1 

In what follows we discuss the concepts included in Definitions 16.3-16.5 
in the situation when we assume that the underlying space is a complete met- 
ric space (with a metric d). In order to formulate suitable definitions we have 
to delete axioms connected with the algebraic structure of the family M,. For 
example, we formulate counterparts of Definitions 16.3 and 16.4. 


Definition 16.6 Let X be a complete metric space. The function p : My > 
IR, is said to be a measure of noncompactness in X if it is subject to the following 
conditions: 


1° The family ker wp = {A € My : w(A) = 0} is nonempty and ker p Cc Ny 
2° ACB uA) <u), 

3° w(A) = H(A), 

4° If (A,) is a sequence of closed sets from Mt, such that A,,, CA, 


(n =1,2,...) and if lim «(A,,) =0 then the intersection set A, = [) is 
noo n=1 


nonempty. 


Definition 16.7 A nonempty family P C 9, (X is a complete metric space) 
is called the kernel of a measure of noncompactness if it satisfies the following 
conditions: 


v AEPS>AEP 

2 AEP,BCA,BEHS>BEP 

3° P* is closed in MN, with respect to the topology generated by the Hausdorff 
metric. 


In applications connected with the theory of measures of noncompactness 
we consider frequently measures with the same kernel being “almost” the same 
from the view point of properties of those measures. This leads to the con- 
cept of equivalent measures of noncompactness. In the sequel, we will only 
deal with measures of noncompactness and kernels of measures defined in a 
Banach space E. 


Definition 16.8 Let ,;, “4. be measures of noncompactness defined in the 
Banach space E with the same kernel P. We say that y,, uw. are equivalent pro- 
vided there exist two positive constants a, # such that the inequalities 


ayy (A) < H(A) < Bu,(A) 
are satisfied for an arbitrary set A € Mr. 
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It is clear that the relation ~ defined between measures of noncompactness 
H,, Hy with the same kernel P in the following way: 


Hy © Hy & MM, and yp, are equivalent 


is an equivalence relation. It is not hard to check that the equivalence class 
[4] with respect to the relation ~ has the algebraic structure of the cone. This 
means that if 4, and 4, are measures of noncompactness with the same ker- 
nel P belonging to the equivalence class [yu] then yw, + w, and cyi,(c > 0) belong 
also to the equivalence class [y]. 

It is an interesting question to investigate if arbitrary measures of noncom- 
pactness yp, and py with the same kernel P are equivalent in the sense of Defi- 
nition 16.8. The answer to this question is, in general, negative even if we con- 
sider measures of noncompactness having “nice” properties. We return to the 
above-question later on. 

In the sequel, we pay our attention to the class of measures of noncompact- 
ness having some additional useful properties apart from those included in 
Definitions 16.3 and 16.5. Thus, assume that p is a measure of noncompact- 
ness in the Banach space E in the sense of Definition 16.3. We will say that yp is 
sublinear if it satisfies the following conditions: 


7° WA+B) < n(A) + nO), 
8° (AA) = |A|u(A) for AE R. 


If a measure yp satisfies the condition 
9° WA UB) = max{ (A), n(B)} 


then, we call it a measure with maximum property. 

If w is a measure of noncompactness such that ker = ¥, then yp is called a 
full measure. 

Finally, a full and sublinear measure with maximum property will be called a 
regular measure. 

Let us pay attention to the fact that the Kuratowski measure of noncom- 
pactness a defined by (16.1) and the Hausdorff measure y defined by (16.2) 
are regular measures. In view of (16.8) those measures of noncompactness are 
equivalent. It was shown in [27] that in some Banach spaces there exist regular 
measures of noncompactness that are not equivalent to the Hausdorff measure 
x. The question of the equivalence of regular measures of noncompactness to 
the Hausdorff measure was recently studied intensively in [28-30]. 

It is worthwhile mentioning that the quantity y defined in the sequence space 
c by formula (16.5) is a regular measure of noncompactness which, in view of 
(16.6) is equivalent to the Hausdorff measure y. Similar assertion can also be 
formulated with respect to a quantity defined in the Lebesgue space L(a, b) 
and mentioned previously (cf. [16, 26]). 


563 


564 


Mathematical Analysis and Applications 


The above facts show that, in general, measures of noncompatness with the 
same kernel have not to be equivalent. 

Finally, we provide a few examples of measures of noncompactness which are 
not regular. Such measures are mainly constructed in those Banach spaces in 
which we do not know necessary and sufficient conditions for relative compact- 
ness of sets [16]. Our examples will be constructed in the Banach space BC(R,) 
consisting of all functions x : R, > R which are continuous and bounded on 
R,. This space is endowed with the classical supremum norm, that is, 


Ilx|| = sup{|x(t)| : te R,}. 


Let us point out that the space BC(R,) plays an important role in applications 
to nonlinear functional integral equations [31]. 

In order to define the above announced measures of noncompactness let us 
fix arbitrarily numbers € > 0 and T > 0. Next, take a set X € Mzgcg,). For a 
fixed function x € X let us put 


a" (x, €) = sup{|x(t)—x(s)|:  t,s © [0, T], |t-—s] < €}. 


The above quantity represents the so-called modulus of continuity of the func- 
tion x on the interval [0, T]. Further, let us define 


a’ (X,€) =sup{@'(x,e): «Ee X}. 
It is easily seen that the function € > w7(X, €) is nondecreasing, so there exists 
a finite limit lim w' (X, €). Thus, we can assume 

a, (X) = lim ow! (X,€) 
and 

o(X) = lim a (X). (16.9) 


In contrast to the classical space C([a, b]) the quantity defined by (16.9) is not 
a measure of noncompactness in the space BC(R,) (cf. [31]). In order to define 
measures of noncompactness in the space BC(R,) with help of the above 
defined quantity @)(X) we have to add a component related to the behavior of 
functions from the set X at infinity. Thus, we define the following quantities: 


a(X) = lim’ { suplsupt loi : £2 mh, 


D(X) = lim { supisuptlo( —x(s)|: £52 my}. 
OL xEX 
c(X) = lim sup diam X(), 


where X(t) = {x(t) : x © X} and the symbol diam X(¢) denotes the diame- 
ter of the set X(¢). Next, let us define on the family Mgcja,, the quantities 
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Has Hy, H, in the following way: 


U(X) = @(X) + a(X), (16.10) 
H,(X) = @o(X) + D(X), (16.11) 
U(X) = @(X) + c(X). (16.12) 


We can show [31] that the functions y,, m,, and yu, defined subsequently by 
(16.10), (16.11), and (16.12), respectively, are measures of noncompactness: in 
the space BC(R,). Moreover, for an arbitrary set X € Mzcig_) the following 
inequalities are satisfied [31] 


U(X) < wi, (X), 
U(X) < u(X), 
My(X) < 2u,(X), U(X) < 2g(X). 


It is worthwhile noticing that measures of noncompactness mz, and py, defined 
by (16.10) and (16.11) are sublinear and have maximum property. On the other 
hand the measure y/, defined by (16.12) is sublinear and has no maximum prop- 
erty. Moreover, these three measures of noncompactness are not regular. This 
fact is a consequence of the below given description of the kernels of those 
measures. 

Thus, let us observe that the kernel ker 7, consists of all bounded subsets X 
of the space BC(R,) such that functions from X are locally equicontinuous on 
RR, and tend to zero at infinity with the same rate. Similarly, the kernel ker yu, 
consists of bounded sets X such that functions from X are locally equicontinu- 
ous on R, and tend to (finite) limits at infinity with the same rate, that means, 
functions from X tend to limits uniformly with respect to the set X. Finally, the 
kernel ker 4, contains all bounded sets X such that functions belonging to X 
are locally equicontinuous on R, and the thickness of the bundle formed by 
graphs of functions from X tends to zero at infinity. Moreover, let us mention 
that ker uw, C ker w,, and ker yw, C ker uv, but there are no inclusions between 
ker y, and ker y,. It can be also shown [31] that the measures y,, ,, and pu, are 
not full. Thus, those three measures of noncompactness are not regular. 


< 
< 


16.4 Well-Posed Minimization Problems with Respect 
to Measures of Noncompactness 


In this section, we will continue our discussion given in Section 16.2 and con- 
cerning the well-posed minimization problems for functionals defined on a 
subset of a metric space. Thus, let us assume that (X, d) is a given metric space. 
For simplicity we will always assume that the space X is complete. Further, 
assume that D is a nonempty and closed subset of the metric space X and J 
is a functional defined on D, that is, J : D > R. Similarly as previously we will 
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assume that J is lower bounded and lower semicontinuous on D. Observe that 
in view of the imposed assumptions there exists a real number m, such that 
my, = inf J(x). 
xED 

In Section 16.2, we defined the well-posedness of the minimization problem 
for the functional J on the set D. We discussed both the classical definition of 
this concept given by Tikhonov (cf. Definition 16.1) and its generalization given 
by Levitin and Polyak (Definition 16.2). Now, we are going to provide further 
generalization of the definition of the well-posed minimization problem. We 
start with the definition given by Furi and Vignoli [4] in which the concept of 
the Kuratowski measure of noncompactness a is involved (cf. Definition 16.1). 
In order to formulate that definition, for a given number e > 0 let us denote: 


D,={xED: J) <m,t+e}. 


Notice that in view of lower semicontinuity of the functional J, we infer that the 
set D, is closed. Apart from this observe that if 0 < €; < €, then D, C D,,. In 
what follows we will always assume that there exists a number €, > 0 such that 
the set D,, is bounded. Obviously in such a case we have that D, is bounded 
whenever 0 < € < & . Let us observe that if the set D is bounded then the set 
D, is bounded for each e > 0. 

Now, we present the above-definition of Furi and Vignoli [4]. 


Definition 16.9 We say that the minimization problem for the functional J is 
well-posed on the set D in the sense of Furi and Vignoli if 


lim a(D,) = 0. (16.13) 


Let us observe that if the minimization problem is well-posed in the sense 
of Furi and Vignoli, then it is well-posed in the sense of Levitin and Polyak 
(cf. Definition 16.2). In order to prove this assertion let us consider the set Dy 
defined as the intersection of the family {D,}_.,, that is, 


D= (|B: 


e>0 


e>0? 


In view of Theorem 16.1 and the fact that the set D, is nonempty, closed, and 
bounded (for € < €,) we deduce that the set D, is nonempty and compact. On 
the other hand, the set D) consists of all accumulation points of an arbitrary 
minimizing sequence of the functional J on the set D. This means that the set of 
all accumulation points of all minimizing sequences of functional J is compact 
and the minimization problem for J is well-posed in the sense of Levitin and 
Polyak. 

Let us mention that in mathematical literature concerning optimization 
problems one can encounter a lot of papers devoted to the relations among 
well-posed minimization problems (cf. [8, 32-36], among others). Let us also 
pay attention to the fact the well-posedness for minimization problems is 
mainly discussed for functionals under some additional constraints. 
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In addition, let us notice that if any minimization problem which is 
well-posed for functional J on the set D (with the use of the Kuratowski 
measure of noncompactness a in Definition 16.9) is also well-posed if we 
use the Hausdorff measure of noncompactness y (cf. formula (16.2) defining 
the measure y) and vice versa. Even more, in Definition 16.9 we can use any 
regular measure of noncompactness which is equivalent to the Kuratowski (or 
Hausdorff) measure of noncompactness (cf. Section 16.3). 

In what follows, we are going to present the general approach to the definition 
of the concept of the well-posedness. That definition was accepted in [1] and 
it creates the generalization of the definition of the well-posed minimization 
problem in the sense of Furi nad Vignoli (Definition 16.9). 

Thus, let us consider the general situation when J is a lower bounded and 
lower semicontinuous functional defined on a nonempty and closed subset D 
of a complete metric space (X, d). We will use the notation introduced before, 
concerning the sets D.(€ > 0) and Dy. Moreover, similarly, as previously, we 
assume that the set D, is bounded for some €y > 0. 

Further, we assume that the family P(P C 2,) is a kernel (of a measure of 
noncompactness) in the sense of Definition 16.7. 


Definition 16.10 We will say that the minimization problem for the func- 
tional J is well-posed on the set D with respect to the kernel P if there exists a 
measure of noncompactness yw in the space X with the kernel ker » = P and 
such that 


lim u(D,) = 0. (16.14) 


The above-definition comes from [1]. Let us note that if the minimization 
problem for the functional J is well-posed on the set D with respect to the ker- 
nel P (in the sense of Definition 16.10) then the set D) = {x ED: J(x)=my}, 
which consists of its minimum is compact and belongs to the kernel P (cf. [1]). 

It is also worthwhile mentioning that in Definition 16.10, we can use an arbi- 
trary measure of noncompactness py, with ker “4, = P which is equivalent to 
the measure of noncompactness yu from Definition 16.10. From this point of 
view Definition 16.10 is independent on a measure of noncompactness from the 
equivalence class [4] discussed earlier, which contains all measures of noncom- 
pactness with the same kernel P and equivalent to the measure yp (cf. Definition 
16.8). On the other hand it may happen that there exist measures of noncom- 
pactness which are not equivalent to a given measure p (cf. Section 16.3). Based 
on the above discussion, we will sometimes say that the minimization problem 
is well-posed with respect to a measure of noncompactness py. In such a case 
we can use always any other measure of noncompactness y, that is equivalent 
to the measure y, that is, uw, € [y]. 

We will not provide here the detailed properties of the well-posed minimiza- 
tion problems in the sense of the above accepted Definition 16.10 which were 
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established in [1]. However, we only mention a few results obtained in [1] that 
seem to be essential from our point of view. First of all, let us recall that if 
the minimization problem for the functional J is well-posed on the set D with 
respect to the kernel P then the set of all accumulation points of each minimiz- 
ing sequence (x,,) for the functional J on D belongs to the family P. Moreover, 
one can show [1] that if each minimizing sequence for J on the set D has at least 
one accumulation point and if Dy € P, then the minimization problem for the 
functional J on the set D is well-posed with respect to the kernel P. 

The fundamental result obtained in [1] is contained in the following theorem. 
That result will be utilized in our further considerations. 


Theorem 16.3. The minimization problem for the functional J on the set D is 
well-posed with respect to the kernel P if and only if there exists a measure of 
noncompactness y with ker = P such that for each set A € My the following 
inequality holds: 


m, + WA) < pueyi): (16.15) 


16.5 Minimization Problems for Functionals Defined 
in Banach Sequence Spaces 


In this section, we will study the minimization problem for a few functionals 
defined on some subsets of the classical Banach sequence spaces cy and J. 
Recall, that in Section 16.3 we discussed formulas expressing the Hausdorff 
measure of noncompactness in these sequences spaces (cf. formulas (16.4) and 
(16.7)). These formulas will be used in our considerations. Taking into account 
the fact that in the spaces cy and /, we know rather convenient formulas for the 
Hausdorff measure of noncompactness, we restrict ourselves in this section 
to the study of the minimization problem which is well-posed in the sense of 
Furi and Vignoli (cf. Section 16.4). Indeed, in the case when we know formulas 
expressing the Hausdorff measure there is no need to consider other measures 
of noncompactness. 

We will investigate here examples of a few functionals defined on some sub- 
sets of the mentioned sequence spaces Cc, and J,. 


Example 16.1 Let us take the subset D of the sequence space cy defined as 
follows 
D={x=(%,) Ec): x,20 forn=1,2,...}. 


Obviously. the set D is closed in cp. 
Next, consider the functional J defined on the set D in the following way 


oj=— 
~ T+ ell, 
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To sake the simplicity we will drop the index cy in the above formula, that is, 
we will write 


T(x) = J((H1,%o,%3,...)) = Tea 
Observe that 
yo) = Pale lial 


= —— <i. 
1+ |lx|] ~ 1+ [lel 


This shows that the functional J is well defined on the set D. Obviously, J is also 
bounded on D. 

We prove that the functional J is continuous on the set D. To this end fix a 
number € > 0 and take arbitrary elements x, y € D such that ||« — y|| < e. Then 
we have: 

x1 V1 


U(x) -JO)| = 1+{lxl} 1+ [Il 


_ [a telly — 91 — il lalll 
A+ Ie DO + ID 
< le — yl + belly] — allyl + lly = yall 
(1+ [l<IDG + IlyID 
< ley = al + ley = yi + Lo Hy = Tl 
(1+ |I*IDG + IlyID 
lx; — 10 + IlyID +yilly — «ll 
(1 + |I*IDG + IlyID 
Hence, in view of the inequality |x, — y,| < ||v—y|| < €, we get 
1+y, + Ill Z 1+ 2\lyI| 

(+ [DA + IID ~ G+ HelDG + TyID” 
The above-estimate allows us to infer that the functional J is continuous on the 
set D. Even more, J is uniformly continuous on bounded subsets of the set D. 

In order to check if the minimization problem for the functional / is 
well-posed in the sense of Furi and Vignoli, we will apply Theorem 16.3. So, let 
us take the following subset A of the set D: 


A={x=(@%,)E€D: «x, =0, *, <1 forn 2 2}. 


Ss 


U(x) -—IM)| <e 


Observe that the set A is bounded in the space cy. Moreover, utilizing formula 
(16.4) for the Hausdorff measure of noncompactness in the space cy, we can 
easily calculate that 


(A) = lim { sup {max{|x,|: ke mt =1. (16.16) 
x=(x,,) 
On the other hand, it is easy to check that 

m, = inf{J(@): «Ee D}=0. (16.17) 
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Further, we obtain 


mal 
sup J(x) = su ia : x=G,) eA} =0. (16.18) 
a PY T+ Trl 

Finally, combining (16.16)—(16.18), in virtue of Theorem 16.3 we conclude that 

the minimization problem for the functional J is not well-posed in the sense of 

Furi and Vignoli on the set D. 


Example 16.2 Now, let us take the set D, in the space c, defined as an arbi- 
trarily fixed subset of the set D considered in Example 16.1 that is bounded 
with respect to the first coordinate, that is, there exists a number M > 0 such 
that x, < M for each (x,,%5,%3,...) € D,. Denote by |D,| the number |D,| = 
sup{x, : (%1,%5,...) € D,}. Obviously, |D,| < oo. Further, let us consider the 
functional J on the set D, defined in the following way: 

IIx] 


I(x) =J(%,)) = ere 
1 


Obviously, the functional J is well defined on the set D,. 
To check that J is continuous on the set D, let us fix a number € > 0 and 
choose arbitrary elements x, y € D, such that ||« — y|| < €. Then, we have 


Ill Ilyll 
VJ) —JQ)| = tea Lege 
— Wel] + itll = Holl = allyl 
7 (+x)0 +9) 
< [lol] = Ht] + bya tell = ily + allt = Tit 
(1+4,)1+ 9) 
Ie — yl] + yi TNbell = Ty + Uy tl — ak 
(1+ 2|lyIDIl~— yl < + 2ily|De- 
This shows the required assertion concerning the continuity of J on the set D,. 


Now, let us consider the measure of noncompactness y in the space cy defined 
on the family M%, by the formula 


IN. IN 


H(A) x(A), 


= 1 

— «1+Idi\I 
where y(A) denotes the Hausdorff measure of noncompactness in the space 
Co (cf. formula (16.4)). Observe that p is a regular measure of noncompactness 
in the space cy which is equivalent to the Hausdorff measure y. Therefore, we 
can investigate the well-posedness of the minimization problem for the func- 
tional J on the set D, with respect to the measure of noncompactness p as the 
well-posedness in the sense of Furi and Vignoli (cf. Section 16.4). 
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First, let us observe that 


mM, = Ey I(x) = 0. (16.19) 


Next, let us take an arbitrary nonempty and bounded subset A of the set D,. 
Then, for an arbitrary element x € A and for a fixed natural number 7 we have 


wei : k2>n} < max ld : kon 
1+ |D,| 1+%x, 
x 
ae ie J - = J) 
Hence, we = 
—— sup{max{|x,| : k>n}} <sup/(x) 
1+ rea [sea ' xEA 


and consequently, we derive the following inequality: 


1 ; 
—— lim < sup{max{|x,| : k>m)} <u T(x), 
lim {sup {| ul ae 


which can be Maercy in the form 


H(A) = na | nays SUD) (16.20) 


Linking ee and (16.20) and taking into account Theorem 16.3, we deduce 
that the minimization problem for the functional J is well-posed on the set D, 
in the sense of Furi and Vignoli. 


Example 16.3 Let us take a constant a such that 0 < a < 1. Next, consider 
the set D, in the space c, defined in the following way: 


D, = {x =(%,) Eco: O<x, <a forn=1,2,...}. 
Further, let us take into account the functional J defined on the set D, as follows: 
ID=NE => x 
n=1 
At the beginning we show that the functional J is well defined on the set D,, 


that is, we show that J(x) € R for any element x € D,. Notice that J(x) > 0 for 
x € D,. Next, observe that for an arbitrary element x € D,, we have 


Hx) = I(x) = Yan < Ya" = <0. 
n=1 n=1 


Thus, the functional J is well defined on the set D,. 
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Further, we show that the functional / is continuous on the set D,. To this end 
fix arbitrarily a number ¢, 0 < € < 1, and take x,y € D, such that ||x— || < 
€. Next, taking into account the fact that x, > 0 andy, ~>Oasn>ow (x= 
(x,,),¥ = (y,)), we can find a natural niinber k such that x, < € and y, < € for 
n > k +1. Hence, we obtain the following estimate: 


ce ce 
Vm) Jl =| Yr - Yi” 
n=1 n=1 
k k oe) i) 
< Lxi- Linn +|) - Yo 
n=1 n=1 n=k+1 n=k+1 
k 
< Di lanl + y xn = y In 
n=1 n=k+1 n=k+1 
k 
< Yin Mp ary, ban yt tyr) 
n= 
ee k ektl 
+2 by e"< Ye(a™ +a" +---4a"!) +2 
n=k+1 n=1 l-e 
k 
k+1 
n-1 € 
< Qiena ea oe 
n=1 
k etl 
e(1+2a+ 3a? +---+ka*") +2 
—€ 


E ektl 


3s (1 - a)? re 
Hence, we deduce that the functional J is continuous on the set D,. 
In what follows, we will investigate the well-posedness of the functional J on 
the set D, in the sense of Furi and Vignoli. To this end let us observe that 


Mm, = apr) = 0. (16.21) 


Next, consider the sequence (A,,) of subsets of the set D, such that the set A,, 
consists of all elements x = (x,) for which x, = Oifk =1,2,...,.nand0<x%< 
aifk>n+1(n=1,2,...). Observe that for each fixed natural number 1 we 
have 


sup{max{x, : k>n}} =a. 
xEA,, 


Obviously this implies that 
K(A,) = (16.22) 
for n = 1,2, .... On the other hand, for an arbitrary x € A, we get 


I= Y) xi <> af 


k=n+1 k=n+1 


q@th 
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Consequently, we have 
n+1 


(16.23) 


sup J(x) = ad 


xEA,, l-a 
for each n = 1,2,.... 
Now, gathering (16.21)—(16.23) and taking into account Theorem 16.3, we see 
that the minimization problem for the functional J is not well-posed on the set 
D,, in the sense of Furi and Vignoli. 


Example 16.4 Consider the same set D, as in Example 16.3, where we 
assumed that a is a fixed number such that 0 < a < 1. Further, we consider the 
functional J, on the set D, defined in the following way 


T(x) = |Ix]|(. + J@)) 


=max{x, : 2=1,2,...} (1+ dx). 


n=1 


Observe that based on the fact established in Example 16.3, we deduce that 
the functional J, is well defined on the set D,. To prove that J, is continu- 
ous on the set D, let us take a number €, 0 < € < 1, and choose arbitrary ele- 
ments x,y € D, such that ||« — y|| < e. Then, utilizing the estimates obtained 
in Example 16.3, we get: 


V(~) - 1,0) 
< [Ile] +7@)) — |lyl]G +7@))1 + Hy +7@)) - Ilvi1a +70))I 
< (1 +J(x))| le — yl] + II IV) -J0)| 


a E ektl 
<(1 ) - ———__ 2 — — 
(14+) [le all + ltl (e+ = 


k+1 
< +b (+2 i (16.24) 


a= ite 
where k is a number chosen as in Example 16.3. 
From estimate (16.24) it follows that the functional J, is continuous on the 
set D,. 
Now, let us fix an arbitrary nonempty subset A of the set D,. Since D, is 
bounded in cy this implies the boundedness of A. Then, for an arbitrary element 
x € A and for a fixed natural number n, we get 


max{|x,| : k2n}=max{x,: k2n}<max{x,: k=1,2,...} 


= |Iell < [le (+d) = I(x). 


=1 


~ 


Hence, we obtain that 


X(A) < sup J, (x). 
xEA 


573 


574 


Mathematical Analysis and Applications 


Thus, keeping in mind that 
m= if Jo) = 0 


and applying Theorem 16.3 we deduce that the minimization problem for the 
functional J, is well-posed on the set D, in the sense of Furi and Vignoli. 


Example 16.5 Now, we will consider the classical sequence space /, described 
in Section 16.3. Recall that there is the convenient formula (16.7) expressing the 
Hausdorff measure of noncompactness y in the space J,. We will utilize that 
formula in our considerations. 

Now, let us take into account the set D, in the space /, defined in the following 
way: 

D, = {x =(«,) € 1, : x, 20 form =1,2,... and there exists 
a constant M > 0 such that })”, x2 < M}. 


n=1°"n 


Next, let us denote by |D,| the number defined as 


|D.| = sup {2 Ix,|? : © = (,) eo, 
n=1 


Obviously, we have that |D,| < oo. 


For further purposes, we will denote by || - ||, the norm of the space /, and 
by || - ||, the norm of the space /,. Thus, if « = (x,,) is an arbitrary sequence of 
real numbers, we define the quantities ||||, and ||x||, in the following way: 


foe) 
lel: =) ben 
n=1 
6S 1/2 
IIelle=( ian). 
n=1 


Obviously, ||x||, < co ifx = (w,) € J, and ||x||. < oo ifxel. 
Now, let us consider the functional J : D, — R given by the formula 
x) +x) ++°- 
Ja) = ((%,)) = >. 
l+ax, +a ,t-:: 


Observe that the above formula can be written in the form 


jeje (16.25) 


This formula will be useful in our further considerations. 

Further, we show that the functional J is well defined on the set D,, that is, 
J(x) € R for any x € D,. Obviously, we have that J(x) > 0. Next, notice that for 
x = (x,) € Dy we have that ||x||, < |D,| < co. Hence we infer that the func- 
tional J given by formula (16.25) is well defined on the set D,. 
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In what follows, we prove that J is continuous on the set D,. To this end let us 
fix arbitrarily a number e€ > 0. We will assume that € < 1. Next, fix an arbitrary 
element x € D, and choose y € D, such that ||x — y||,; < e < 1. This implies 
that |x, —y,|<e<1(m=1,2,...). Consequently, we have that |x, —y,|? < 
|x, —9,| for each n = 1, 2, .... Hence, we get 


Ixy] = Ye, - < Ye, - nl = lle lh <e- (16.26) 
n=1 n=1 


Further, utilizing estimate (16.26) we obtain 


lll, Ubth 
VO TON eee LatgIe 

— Melly + elliot = loth, — Weli2h th 

7 (1+ |Ixl12)0 + III) 

< Ilelly — lvl + Wally = lvl llyl2 

+ [IylIallyll2 = lla lt 2 

< |e — lly + UII ely = Holly + Ul Hell? = Ly 
< e+ [yl 2llx— ally + lyllsll lll — ly llol(I ells + Ulla) 
ed 


€ +€|D,| + |lyllille—yllo 2 VIDol 
<€+e|D2| + Ilylh2VIDal ve. (16.27) 


Now, notice that taking into account the assumed inequality ||x — y||, < ewe 
have that ||y||,; < ||«||, + €. Linking this estimate with (16.27) we conclude that 
the functional J is continuous at the point x. Since x was chosen arbitrarily this 
implies the continuity of the functional J on the set D,. 

In what follows let us note that 


mM, = int J@) = 0. (16.28) 


Next, fix an arbitrary nonempty and bounded subset A of the set D,. Further, 
take an element x = (w,,) € A and fix an arbitrary natural number n. Then, we 


have 
1 1 < 
eS a ee ee 
T+ Da & T+ 1D, a 


This implies 
. Lian * 
sup % < sup ——,; 
Tey we 7 xed 1 + |[x| [3 


Finally, keeping in mind formula (16.7) we obtain 


1 | |x «||, 
7A) < su = sup J(x). 
1+ [D,] sen 1+ (lal seh 
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In view of Theorem 16.3, the above inequality in conjunction with (16.28) allows 
us to conclude that the minimization problem for the functional J is well-posed 
on the set D, with respect to the measure of noncompactness y defined as 
follows: 
H(A) = 7 + IDal aE We Aca e 

Since the measure p is equivalent to the Hausdorff measure y this means that 
the minimization problem for the functional J is well-posed on the set D, in the 
sense of Furi and Vignoli. 


16.6 Minimization Problems for Functionals Defined 
in the Classical Space C([a, b]) 


In this section, we are going to study some functionals defined on the classi- 
cal function space C([a, b]) which consists of functions x(t) =x: [a,b] ~R 
which are continuous on the interval [a, b]. This space is endowed with the clas- 
sical maximum norm ||x|| = max{|x(£)| : ¢ € [a, b]} (cf. Section 16.3). Let us 
also recall that in the case of the space C([a, b]) we know the convenient formula 
(16.3) expressing the Hausdorff measure of noncompactness y. 

We are going to discuss examples of two functionals defined on the space 
C([a, b)). 


Example 16.6 Let us take the finite sequence {fp,¢,,...,¢,} of points in the 
interval [a,b] that form an equidistance partition of the interval [a,b] into 
intervals, that is, t; =a+ 4 (i= 1,2,...,n). Next, consider the functional J 
defined on the space C([a, b)) i in the following way: 
I(x) = D° |e) — x(t, 
i=1 

Obviously, the functional J is well defined on the space C({a, b]). Moreover, 
we have that J(x) > O for every x € C([a, b]). We show that the functional J is 
continuous on the space C([a, b]). 

To prove this fact let us fix a number € > O and take arbitrary functions x, y € 
C([a, b]) such that max{|x(t) —y@®| : t € [a,b]} < e. Then, we get: 


V(x) —JO)| = 


>) |x(t) — x(¢,_1)I - > I(t) — y(t.) 
i=1 i=1 


= Vllee) — x(t;_1)| — ly) =x 
i=1 


Ilx(t,) — «(t_)| — ly) — y¥G_DII 


i=1 
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< Dl) - G4) - WG) - GI 
i=1 


< Dele) — GI + lee) — (tI < 2ne. 
i=1 
From the above inequality, we deduce that the functional J is continuous on the 
space C([a, b]). 
Further, let us notice that 


m, = inf{J(x) : x € C([a,b])} = 0. (16.29) 


Notice that J attains its minimum at every function x = x(t) from the space 
C([a, b]) such that x(f)) = x(t,) =--- = x(t,). Particularly, if x is an arbitrary 
constant function then J(x) = 0. 

Next, let us take the set A C C([a, b]) which consists of all functions x = x(t) 
such that 0 < x(t) < 1 for t € [a,b] and x(t) = x(¢,) =--- = x(t) = 0. Apart 
from this we assume that functions from the set A are arbitrarily defined on the 
interval [a, b]. 

Observe that for an arbitrary number € > 0, we have that w(A, €) = 1, where 
the symbol @(A, €) denotes the modulus of continuity of the set A (cf. Section 
16.3). This implies that 


1 1 
X(A) = ol) a (16.30) 
On the other hand, it is obvious that J/(x) = 0 for any x € A. This implies that 
sup J(x) = 0. (16.31) 
xEA 


Now, taking into account (16.29)—(16.31) and applying Theorem 16.3, we con- 
clude that the minimum problem for the functional J on the space C([a, b]) is 
not well-posed in the sense of Furi and Vignoli. 


Example 16.7 Now, we describe the functional F defined on the space 
C([a, b]) that will be the object of the study in this example. To this end, let us 
fix a natural number n, 1 > 2. By the symbol P,,, we will denote an arbitrary set 
{fo, t,,...,£,} consisting of 7+ 1 points belonging to the interval [a,b] such 
that a =t) <t,<---<t,=b. The set P, = {t),t,,...,¢,} forms a partition 
of the interval [a,b] into n arbitrary intervals (not necessarily equal as in 
Example 16.6). By the symbol P,,, we will denote the set of all partitions P,, of 
the interval [a, b] into n intervals, that is, 


P, ={P, = {tot ....t,) 5 @=t)<t <-:-<t,=5b} 
(cf. [37]). 
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Further, for a given function x(t) = x € C((a, b]) we will denote by the symbol 
F(x) the quantity defined in the following way: 


F(x) = sup {2 x(t) —#(t_))1: Py = (lotr ---t,) € p,) ; 


i=1 
Let us notice that the functional F is well defined on the space C((a, b]). Indeed, 
for an arbitrarily fixed partition P, € P,,, P,, = {to, ty,....¢,}, we have: 


Y lel) — HI < Vale] + lel) < 2nl lal] < 00, 
i=1 i=1 


where the symbol || - || denotes the classical norm in the space C([a, b]) (see 
Example 16.6). 


Further, we show that the functional F is continuous on the space C([q, b]). 
To do this let us take arbitrary functions x = x(t), y = y(t) € C((a, b]). Next, fix 
an arbitrary partition P,, = {f), 4, ...,t,}. Then, we have: 


DY IG) + 9G) = XG) + 1G 


i=l 
< Ss |x(t;) — x(,_,)| + > y(t) — yE_D| < F@) + FQ). 
i=l i=l 


This implies that 
F(xt+y) < F(x) + Fy). 


Moreover, it is easily seen that for an arbitrary function x € C([a, b]) we have 
that F(—x) = F(x). Taking into account the above established properties of the 
functional F, for x,y € C([a, b]), we get 


F(x) = F(x —y) + y] < Fe —y) + FO). 


Consequently, we obtain 


F(x) — F(y) < F(«-y). (16.32) 
Similarly, we can show that 

—F(x — y) < F(x) — FQ). (16.33) 
Linking (16.32) and (16.33), we have 

|F(x) — FQ”) < Fe — 9). (16.34) 


Next, let us choose an arbitrary number e > 0 and take x, y € C([a, b]) such 
that ||x — y|| < e. Then, in view of (16.34) we obtain 


|F(x) — FY)| < F@—y) 


i=1 


= sup {z x(t) — Wt) - x(t) + EDI? Py = {toty ty} € p,) 
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i= 


< sup { [lx(t,) — (t)| + |eG_4) —y_DI]: PP, = {to t.---.6,} € r,s 
a 


< née + ne = 2ne. 


Hence, it follows that the functional F is continuous on the space C([a, b]). 
In what follows let us observe that 
m, = inf{F(@) : x © C([a,b])} =0. (16.35) 


Moreover, it is not difficult to see that the functional F attains its minimum on 
the class of functions which are constant on the interval [a, b]. Further, let us 
take into account formula (16.3) for the Hausdorff measure of noncompactness 
in the space C([a, b]). Next, take a nonempty and bounded subset X of the space 
C([a, b]) and a number € > 0. Keeping in mind the fact that the function e > 
o(X, €) is nondecreasing on R,, for a given 6 > 0 we can find €,) > 0 such that 

OX, €) < @(X)+ 6 (16.36) 
for € < €,, where the quantity w)(X) is defined by the equality 

@(X) = lim @(X, €). 
Based on inequality (16.36), we can select a function x € X such that 

O(X, Ey) — 6 < W(x, Ey) < O(X, Ey) < W(X) + 6. (16.37) 


In view of the definition of the modulus of continuity we deduce that there exist 
numbers t,s such thata <s<t<b,t—s<e,and 


O(x, Eo) — 6 < |x) — x(s)| < @(®, Ep). (16.38) 
Now, let us take a partition P,, = {t,t,...,t,} € P,, such thatt,, =s,t,=¢t 
for some k € {1,2,...,}. Hence and in view of (16.38), we get 


DY a(t) — HG) > |e) — 2G) = |x — 4(8)| > Ole, €) - 6. 
i=1 


Consequently, we obtain 


OH, Eo) < Yale) — (Ga) + 6 


i=1 


< sup {y ROSH eG ls dit sat le p,) +6 
j=l 

= F(x) + 6. 
Next, combining (16.36)—(16.38) and the above estimate, we derive the follow- 
ing inequality: 
OX, €) < W(X, Ep) < @(%, €9) +6 < F(x) + 26 


sup F(x) + 26 


xEX 


IN IN 
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for € < €y. In view of the arbitrariness of the number 6, the above inequality 
implies that 


@)(X) < sup F(x). 
xEX 


Hence, if we take into account equality (16.35), we infer that the minimization 
problem for the functional F is well-posed on the space C((a, b]) in the sense 
of Furi and Vignoli. 


16.7. Minimization Problems for Functionals Defined 
in the Space of Functions Continuous and Bounded 
on the Real Half-Axis 


The considerations of this section will be located in the Banach space BC(R,) 
described in details in Section 16.3. Recall briefly that the space BC(IR,) con- 
sists of real functions x = x(t) defined, continuous and bounded on the real 
half-axis R, and equipped with the classical supremum norm 

||x|| = sup{|~(@) : ¢€R,|}. 


We are going to present three examples of functionals defined on subsets of 
the space BC(R,,). We will consider the well-posedness of those functionals 
with respect to measures of noncompactness subsequently defined by formulas 
(16.10) and (16.12). 


Example 16.8 For an arbitrary function x € BC(R,), let us define the follow- 
ing quantity: 


O(x) = sup{|x(t) — x(s)| : t,5 € R,}. 


Observe that the functional O is well defined on BC(R,), that is, O(x) < 00 
for x € BC(R,). Further, let us notice that the functional O is subadditive which 
means that 

O( + y) < Ox) + OY) 
for arbitrary x, y € BC(R,,). Apart from this we have that 

O(—x) = O(x) 
for x € BC(R,). From the above indicated properties of the functional O we 
infer that 

|O(x) — 0G) < OW - y) (16.39) 
for all x,y € BC(R,). 


Now, for an arbitrary x(t) = « € BC(R,) let us define the quantity J(x) in the 
following way: 


T(x) = O(«) + lim sup|x(d)|. 
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Further, we show that the functional J is well defined and continuous on the 
space BC(R, ). Indeed, we have 

Vx) = I(x) < 2] |x] + [lel] = 3] |]. 
This proves that J is well defined on BC(R,). To prove the continuity of J let 
us fix an arbitrary number é > 0 and take functions x,y € BC(R,) such that 
||~ — y|| < e. Then, we have 

V(x) -J(y)| < |O(%%) - 00)| 

+ |lim sup|x(d)| — lim sup|y(d)||- 


too t> 


Hence, in view of (16.39) and the properties of the limit superior, we obtain 


V(x) —Jy)| < O(% — y) + lim sup||x@| — ly! 


< sup{|x(t) — y(t) — x(s) + y(s)| 2 ts ER} 
+ lim sup|x(t) — y(t)| 


< sup |x(4) — y(f)| + sup |x(s) — y(s)| +e < 3e. 
teR, sER, 


Thus, the functional J is continuous on the space BC(R,). 

In what follows, let us take into account the measure of noncompactness yp, 
in the space BC(R,,) defined by equality (16.10). Our aim is to investigate the 
well-posedness of the functional J with respect to the measure of noncompact- 
ness 4, on the subset D of BC(R,) defined as follows: 


D={x € BC(R,): x(t) 20 forte R,}. 
Obviously, we have that 
mM, = inf J(x) = 0. (16.40) 


Further, consider the subset X of the set D containing the functions x7"(m, n, = 
1,2, ...) from the set D defined in the following way: 


1 1 1 1 
O forte [o.m—- 2-2] U Jm- 244,00), 
the linear function joining points {m — ; - +,0) and 
mt) = = 2 
x(t) = (m 2.1) fort € (m Saas at ), 
the linear function joining points {m — a 1) and 
(m-2+2,0) for t€ (m-im-242). 
It is easily seen that w)(X) = 1, where @ is defined by (16.9). On the other hand, 
for an arbitrarily fixed T > 0, for m € N such that m — 1 > T and for an arbi- 
trary natural number 1 we get 


sup{|e%(0)| : > T}=1. 
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This implies that 
sup {sup{|~"(| : ¢2T}}=1 
m,neN 
and finally 
a(x) = 1. 
Hence, we get 
u,(X) = 2. (16.41) 
However, it can be verified that 
Ow") = 1 


for m,n € N. Moreover, we have 


lim sup|x”"(H)| = 0. 
t-© 


Hence, we get 


(xn) = 1, 
which yields the equality 
sup J(“i") = sup/(x) = 1. (16.42) 
m,neNn xEX 


Finally, combining equalities (16.40)—(16.42) and in view of Theorem 16.3, we 
conclude that the minimization problem for the functional J on the set D is 
not well-posed with respect to the measure of noncompactness yz, defined by 
formula (16.10). 


Example 16.9 In the sequel, we will consider the functional J, defined on the 
function space BC(R,) in the following way: 


J\(x) = 3] all, 


where || - || denotes the norm in BC(R,). Obviously, this functional is well 
defined and continuous on the space BC(R,). We show that the minimization 
problem for the functional J, on the set D defined in the previous example is 
well-posed with respect to the measure of noncompactness 1, defined by for- 
mula (16.10). First, let us notice that 


my, = inf J,(x) = 0. (16.43) 


Next, let us take an arbitrary set X € Migci_,). Fix numbers € > 0 and T > 0. 
Then, for an arbitrarily fixed function x € X we have: 


a’ (x, €) = sup{|x(t) — x(s)| : ts €[0,T], |t-—s| <e} 
< sup{|x(t)| + |x(s)| : t,s € [0, T]} < 2]|x!]. 
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Hence, we obtain 
a! (X,€) < 2 sup |x|. 
xEX 


Consequently, this yields the estimate 
@)(X) < 2 sup | |x|. (16.44) 


xEX 


Similarly, for a fixed number T > 0 and for an arbitrarily chosen x € X, we 
get 


sup{|a()| : ¢ > T} < |Iel]. 
Hence, we obtain 


sup{sup{|x(f)| : ¢> T}} < sup | |x|. 
xEX xEX 


Finally, we derive the estimate 


a(X) < sup |||]. (16.45) 


xEX 


Now, linking (16.43)—(16.45), we have 
H,(X) < sup /, (x). 


xEX 


The above inequality leads us to the conclusion that the minimization problem 
for the functional J, on the set D is well-posed with respect to the measure of 
noncompactness py, defined by formula (16.10). 


Remark 16.1 It is worthwhile mentioning that the minimization problem 
for the functional J, given in the above example is well-posed in the classical 
sense of Tikhonov. It is an immediate consequence of the definition of the 
functional J,. 


Example 16.10 Now, similarly as in Example 16.9, consider the functional /, 
on the set D. Next, let us take the measure of noncompactness y defined in the 
space BC(R,) by the formula 


W(X) = sHa(X) (16.46) 


where the measure y, is given by formula (16.12). It is easily seen that for an 
arbitrary nonempty and bounded subset X of the set D we have 


W(X) = Ha(X) = - @)(X) + lim sup diam X(é) 
t-0 


< 2 sup ||x|| < sup J,(*). 
xEX xEX 
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This implies that the minimization problem for the functional J, on the set 
D is well-posed with respect to the measure of noncompactness yp defined by 
formula (16.46). 
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17.1 Brief Introduction 


It is evident that the fixed point theory is one of the fundamental tools in non- 
linear functional analysis. 

In 1922, Banach contraction mapping principle (BCMP) [1] was proposed, 
which is the most known and crucial result in fixed point theory. It says that 
each contraction in a complete metric space has a unique fixed point. This 
theorem not only guarantees the existence and uniqueness of the fixed point 
but also shows how to evaluate this point. By virtue of this fact, the BCMP has 
been generalized in many ways over the years for example (see [75, 76, 80, 84] 
and references therein.). 

In the last two decades, the theory of fixed points has appeared as a cru- 
cial technique in the study of nonlinear functional analysis. In fact, the tech- 
niques and the tools in fixed point theory have applications in many branches 
of applied mathematics and also in research field such as physics, chemistry, 
biology, economics, computer sciences, and many branches of engineering. 

In 1965, the notion of fuzzy sets was introduced by Zadeh [2]. This new idea 
was really source of motivation for many mathematicians. 

On the other hand, the study of existence of fixed points for non-self-mapping 
is also very interesting for various frameworks of different spaces. More pre- 
cisely, for a given non-empty closed subsets A and B of a complete metric space 
(X,d), a contraction non-self-mapping T : A > B does not necessarily yields 
a fixed point, that is, d(Tx,x) 4 0. In this case, it is quite natural to find out 
an element x € X such that d(x, Tx) is minimum, that is, the points x and Tx 
are close proximity to each other. Let A and B be closed subsets of a metric 
space (X,d) and T : A > B bea non-self-mapping. A point x in A for which 
d(x, Tx) = d(A, B) is called a best proximity point of T. If An B # @, then the 
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best proximity point becomes a fixed point of T. In other words, since a best 
proximity point reduces to a fixed point if the underlying mapping is assumed 
to be self-mappings, the best proximity point theorems are natural generaliza- 
tions of the BCMP. In this direction, the first result was given by Fan [3] in 1969. 
In this pioneering work, the author in [3] introduced and established a classical 
best approximation theorem (Theorem 17.1). 


Theorem 17.1 [3] If A is a non-empty compact convex subset of a Haus- 
dorff locally convex topological vector space B and T : A > B is continuous 
mapping, then there exists an element x € A such that d(x, Tx) = d(Tx, A). 


Later, this result was extended in several directions by many authors. 
Although the best approximation theorems are adapted to present an 
approximate solution to the equation Tx =x, such results may not yield an 
approximate solution that is optimal. Following this initial result, a number 
of authors have derived extensions of Fan's theorem and best approximation 
theorem in many directions such as Eldred and Veeramani [4], Mongkolkeha 
and Kumam [5-7], and Basha and Veeramani [8—10] (and references therein). 

Nadler [11] gave a useful lemma about Hausdorff metric. In [11], the author 
also characterized the celebrated Banach fixed-point theorem in the context of 
multivalued mappings. 


Lemma 17.1 [11] If A,B € CB(X) and aeé A, then for each ¢ > 0, there 
exists b € B such that d(a, b) < H(A, B) +. 


The theory of multivalued mappings has applications in many areas such as 
in optimization problem, control theory, differential equations, economics and 
many branches in analysis. Due to this fact, a number of authors have focused 
on the topic and have published some interesting fixed-point theorems in this 
frame. Mizoguchi and Takahashi [12] proved a generalized result of Nadler [11], 
see Theorem 2 in Alesina et al. [13]. Theorem 2 is a partial answer of problem 9 
in Reich [14]. 


Theorem 17.2 (Mizoguchi and Takahashi 12) Let (X,d) be a complete 
metric space and T : X > CB(X). Assume that 


H(Tx, Ty) < a(d(x, y))d(x, y), 


for allx,y € X, where a : [0, 00) > [0, 1) is M7 -function (or R-function), that 
is, lim sup,_,,a(«) < 1 for all t € [0, oo). Then T has at least one fixed point, that 
is, there exists z € X such that z € Tz. 


Remark 17.1 [12] We obtain that ifa@ : [0, 00) > [0, 1) is a nondecreasing 
function or a nonincreasing function, then a isan MT -function. Therefore, the 
class of M7 -functions is a rich class, and so this class has been investigated 
heavily by many authors. 


Some Recent Developments on Fixed Point Theory in Generalized Metric Spaces 


Very recently, Suzuki [15] gave an example, which says that Mizoguchi — 
—Takahashi's fixed-point theorem for multivalued mappings is a real general- 
ization of Nadler’s result. In his remarkable paper [15], Suzuki also gave a very 
simple proof of Mizoguchi — —Takahashi's theorem. 

On the other hand, Kirk et al. [16] introduced the concept of a cyclic 
contraction. 

Let A and B be two non-empty subsets of a metric space (X,d), and let 
T : AUB—>AUB bea mapping. Then T is called a cyclic map if T(A) CB 
and T(B) CA. In addition, if T is a contraction, then T is called cyclic 
contraction. 

Czerwik [17] introduced b-metric spaces the generalization of metric spaces 
and provides the contraction mapping principle in b-metric spaces, which is 
actually an extension of Banach contraction principle in metric spaces. 

Bernfeld et al. [18] introduced the concept of fixed point for mappings that 
have different domains and ranges, the so called past—present—future (PPF) 
dependent fixed point or the fixed point with PPF dependence. Furthermore, 
they gave the notion of Banach-type contraction for a non-self-mapping 
and also proved the existence of PPF-dependent fixed-point theorems in the 
Razumikhin class for Banach-type contraction mappings. These results are 
useful for proving the solutions of nonlinear functional differential and integral 
equations which may depend upon the past history, present data, and future 
consideration. 

In [16], the authors give a characterization of BCMP in complete metric 
spaces. In [19], Kumam et al. introduced the concept of common limit in the 
range (CLR) property for mappings F : X xX x X > X andg : X > X, where 
(X, d) is an abstract metric space, and established tripled coincidence point and 
common tripled fixed-point theorems by using the CLR property. The results 
in [19] generalized and extended several well-known comparable results in the 
literature, in particular the results of Aydi et al. [20]. The concept of K-metric 
spaces was reintroduced by Huang and Zhang under the name of cone metric 
spaces [21], which is the generalization of a metric space. The idea of cone 
metric spaces is to replace the codomain a metric from the set of real numbers 
to an ordered Banach space. They reintroduced the definitions of convergent 
and Cauchy sequences in the sense of an interior point of the underlying 
cone. They also continued with results concerning the normal cones only. 
One of the main results of Huang and Zhang [21] is fixed-point theorems for 
contractive mappings in normal cone spaces. In fact, the fixed-point theorem 
in cone metric spaces is appropriate only in the case when the underlying cone 
is nonnormal and its interior is non-empty. Abbas et al. [22] introduced the 
concept of w-compatible mappings and obtained a coupled coincidence point 
and a coupled point of coincidence for such mappings satisfying a contractive 
condition in cone metric spaces. Very recently, Aydi et al. [20] introduced the 
concept of W-compatible mappings for mappings F : X xX x X > X and 
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g : X > X, where (X,d) is an abstract metric space and established tripled 
coincidence point and common tripled fixed-point theorems in these spaces. 

On the other hand, Kumam and Sintunavarat [23] coined the idea of common 
limit range property for mappings F : X > X andg : X — X, where (X,d) is 
a metric space (and fuzzy metric spaces) and proved the common fixed-point 
theorems by using this property. 

Starting from the background of coupled fixed points, the concept of 
tripled fixed points was introduced by Samet and Vetro [24] and Berinde and 
Borcut [25]; and it was motivated by the fact that through the coupled fixed 
point technique, we cannot give the solution of some problems in nonlinear 
analysis. 

Basha [77] also obtained best proximity points for generalized contraction. 
Basha [26] gave necessary and sufficient conditions to claim the existence of 
best proximity point for proximal contraction of first and second kinds which 
are non-self-mapping analogues of contraction self-mappings and they also 
established some best proximity theorems. In [27], Basha investigated the exis- 
tence of common best proximity points for pairs of non-self-mappings. In fact, 
in the framework of metric spaces, a common best proximity point theorem is 
elicited for pairs of contraction-like non-self-mappings. 

The theory of modular on linear spaces and the corresponding theory 
of modular linear spaces were founded by Nakano [28]. The attempt to 
generalize the notion of a modular to avoid its restriction on a linear space 
or on a space with additional algebraic structure resulted in defining and 
developing a new modular, which works on an arbitrary set. This new 
modular is called a metric modular and was introduced by Chistyakov 
[29]. He also pointed out the connection between a modular metric space, 
a metric space and a modular space. He even studied one of its applica- 
tions in superposition operator theory. Among the flourishing growth of 
fixed point theory, it is the KKM maps that attract the interests of most 
mathematicians. 

Kumam and Sintunavarat [23] proved common fixed-point theorems for pair 
of weakly compatible mappings via Fuzzy metric spaces. 

Chaipunya and Kumam [30] introduced and studied the circular metric 
space, which generalized the modular metric space, together with some 
elementary properties. Then, under the scope of circular metric space, they 
present a number of fixed-point theorems for maps satisfying the KKM 
property and determine the solvability of a variant of a quasi-equilibrium 
problem as an application of their fixed point results. 

In [31], Chaipunya and Kumam describe some equivalence between the 
results in Sedghi et al. [32] and Khamsi [33]. Then, they introduced the notion 
of a general distance between three arbitrary points and investigated some of 
its properties with the derivation of some fixed point results. The literature of 
a distance for any triple of points in a space was first considered during the 
60s by Ghler [34]. It is known as a 2-metric, the concept of which was later 
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extended by Dhage [35] into a D-metric. Both notions are in no easy ways 
related to the classical concept of a metric. This led to the G-metric due to 
Mustafa and Sims [36]. 

On the other hands, Sedghi et al. [37] had introduced the notion of a 
D*-metric, which has later been generalized by Sedghi et al. [32] into an 
S-metric. These achievements confirm that this kind of measurement is 
recently of many mathematicians’ interests. One of the areas that exploited 
these establishments largely is the fixed point theory, especially the ones 
involving some generalized contractions (see, e.g., Sedghi et al. [32, 37], 
and Chaipunya and Kumam [31]). The very concept of set-valued fractional 
integral operator was first proposed by El-Sayed and Ibrahim [38] and this idea 
has opened the new universe of investigation to fractional operators equations. 
This type of theory can better describe nonlinear phenomena, compared to 
the classical theory of differential and integral equations. 

In [39], they investigated the existence of fixed points for a very general class 
of cyclic implicit contractive set-valued operators and also proved that the class 
of ordered contractions is contained in our class of operators. In [39], as appli- 
cation for their results, they showed the solvability of delayed fractional integral 
inclusion problems. 

On the other hand, Samet et al. [24] were first to introduce the concept of 
a-admissible self-mappings and they proved the existence of fixed point results 
using contractive conditions involving an a-admissible mapping in complete 
metric spaces. They also gave some examples and applications to ordinary dif- 
ferential equations of the obtained results. Subsequently, there are a number of 
results proved for contraction mappings via the concept of a-admissible map- 
ping in metric spaces and other spaces. 

One interesting and crucial notion is the one of coupled fixed point, intro- 
duced by Guo and Lakshmikantham [40]. Bhaskar and Laksmikantham [41] 
introduced the notion of mixed monotone mapping and proved some coupled 
fixed-point theorems for mappings satisfying the mixed monotone property. 
In [40], the authors observed that their theorems can be used to investigate 
a large class of problems and discuss the existence and uniqueness of solu- 
tion for a periodic boundary value problem. Several improvements and gen- 
eralizations of [41] have recently appeared. Very recently, Berinde and Borcut 
[25] introduced the notions of tripled fixed point. They proved existence and 
uniqueness results of tripled fixed point in a partially ordered complete metric 
space. 

On the other hand, the concept of coupled best proximity point and 
property UC* are first introduced by Sintunavarat and Kumam [42]. They 
proved existence and convergence theorems of coupled best proximity point 
for cyclic contraction pairs. Motivated by the interesting works [25] and [42], 
after that Kumam et al. [43] introduced the notions of tripled best proximity 
point and later established the existence and convergence theorems of tripled 
best proximity point in metric spaces. Moreover, they applied these results in 
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uniformly convex Banach space and also studied some results on the existence 
and convergence of tripled fixed point in metric spaces and gave illustrative 
examples of their theorems. 

Mongkolkeha and Kumam [44] established a new theorem for common best 
proximity points via proximity commuting mappings. 

Sintunavarat and Kumam [45] introduced the generalized Mizoguchi- 
Takahashi’s contractions and studied optimal results in uniformly convex 
Banach spaces. 

Kumam [46] defined generalization of weak contraction named as 
P-contractions in ordered metric spaces. 

Sintunavarat and Kumam [47] established generalized common fixed-point 
theorems under the contraction conditions in complex-valued metric spaces 
and applied their result to unique common solution of system of Urysohn inte- 
gral equation. 

Sintunavarat et al. [48] developed the concept of finding common coupled 
fixed points without mixed monotone property. 

Kumam et al. [23] defined the extension of Mizoguchi—Takahashi’s 
fixed-point theorems in very fine way. 

Sintunavarat and Kumam [49] established the best proximity point theorems 
for proximal contractions of first and second kind which are in fact the exten- 
sion of Banach contraction principle in non-self-manner. 

Kumam et al. [50] introduced the concept of C-Cauchy sequence and 
C-complete in complex-valued metric spaces. 

Kumanm et al. [51] introduced a,-admissible non-self-mappings and proved 
the existence and convergence of the past, present, future briefly in Razumikhin 
class. 

Kumam et al. proved some fixed points results about generalized 
Ulam-Hyers stability and well-posedness via a-admissible mappings in 
b-metric spaces in [52]. 

Kumanm et al. [53] proved common a-Fuzzy fixed-point theorem for pair of 
fuzzy mappings. 

Chaipunya et al. [54] established common fixed-point theorem in circular 
metric spaces. 

Kumam et al. [55] developed fixed-point theorems for two hybrid pairs of 
non-self-mappings under certain property in metric spaces. 

Kumam et al. [56] described the generalization of Ciric fixed-point theorem. 

Very great work and nice results are also studied and established by Kumam 
et al. see [19, 39, 57-63, 78, 79, 81-83], and references there in. 

It was a brief introduction and some historical background in fixed point the- 
ory but until yet there are too much advance developments in this field unable 
to capture all that progress. But many useful results and very famous, applicable 
notions will be defined in this chapter, which will surely not cover all the field 
of fixed point theory but may lead to know that the developments and event of 
progress in this area are going on with nice style and in detail. 
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17.2. Some Basic Notions and Notations 


In this section, we recall some basic definitions: 

For non-empty subsets A and B of a metric space (X, d), d(A, B) stands for 
the minimum distance between A and B. 

A Banach spaces X is said to be: 


(1) Strictly convex if the following implication holds: for all x,y € X, 
Ilxll = Ilyll = 1 
andx#y> lel <1. 
(2) Uniformly convex if, for any € with 0 < e < 2, there exists 6 > 0 such that 
the following implication holds: for all x,y € X, 
IIxl| <1, Ilyll <1 


and ||x — yl] > ¢ > |=? I] < 1-6. 


Definition 17.1 [27] A mapping S: A — Band T:A-B is said to be 
swapped proximally if d(y, uv) = d(y,v) = d(A,B) and Su = Tv, then these 
implies that Sv = Tu for allu,v € Aandy € B. 


Definition 17.2 [27] A is said to be approximately compact with respect to 
B if every sequence {x,,} in A satisfies the condition that d(y,x,,) > d(y, A) for 
some y € B has a convergent subsequence. 


We noticed that each set is approximately compact with respect to any set. 
Moreover, Ay and B, are non-empty sets if A is compact and B is approximately 
compact with respect to A. 


Definition 17.3. [27] A mapping S: A > B and T: A > B is said to be 
commute proximally if they satisfy the following condition: 

[d(u, Sx) = d(v, Tx) = d(A, B)] > Sv = Tu 
for all u, v,x € A. It is easy to see that proximal commutativity of self-mappings 
become commutativity of the mappings. 

We denote by CB(X) the class of all non-empty closed bounded subsets of a 

metric space (X,d). The Hausdorff metric induced by d on CB(X) is given by 

H(A, B) = max{sup d(a, B), sup d(b, A)}, 

acA beB 


for every A,B € CB(X), where d(a, B) = inf{d(a,b) : b € B} is the distance 
fromatoBC xX. 


Remark 17.2 [23] The following properties of the Hausdorff metric 
induced by d are well known: 
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(i) H is a metric on CB(X). 
(ii) If A, B € CB(X) and q > 1 is given, then for every a € A, there exists b € B 
such that d(a, b) < qH(A, B). 


Definition 17.4 [23] Let A and B be non-empty subsets of a metric space 
(X,d)andlet T : A > 2? bea multivalued mapping. A point x € A is said to be 
a best proximity point of a multivalued mapping T if it satisfies the condition 
that 


d(x, Tx) = d(A, B). 


We notice that a best proximity point reduces to a fixed point for a multival- 
ued mapping if the underlying mapping is a self-mapping. 


Definition 17.5 [64] Let A and B be non-empty subsets of a metric space 
(X, d). The ordered pair (A, B) is said to satisfy the property UC if the following 
holds: If {x,,} and {z,,} are sequences in A, and {y,,} is a sequence in B such that 
A(X4,Vn) > AA, B) and d(z,, y,,) > d(A, B), then d(x, Z,,) > 0. 


Example 17.1 [64] The following are examples of a pair of non-empty sub- 
sets (A, B) satisfying the property UC. 


(i) Every pair of non-empty subsets A, B of a metric space (X,d) such that 
d(A, B) =0. 
(ii) Every pair of non-empty subsets A, B of a uniformly convex Banach space 
X such that A is convex. 
(iii) Every pair of non-empty subsets A, B of a strictly convex Banach space, 
where A is convex and relatively compact and the closure of B is weakly 
compact. 


Definition 17.6 [42] Let A and B be non-empty subsets of a metric space 
(X, d). The ordered pair (A, B) satisfies the property UC* if (A, B) has property 
UC, and the following condition holds: 

If {x,,} and {z,,} are sequences in A, and {y,,} is a sequence in B satisfying: 


(i) d(Z,.9,) > AA, B). 
(ii) For every € > 0, there exists N € N such that 


A(Xm>Vn) < AA, B) +e 
foralm>n>N, 
then d(x,,,Z,,) > 0. 


The following are examples of a pair of non-empty subsets (A, B) satisfying 
the property UC. 
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Example 17.2 [42] Every pair of non-empty subsets A, B of a metric space 
(X, d) such that d(A, B) = 0. 


Example 17.3 [42] Every pair of non-empty closed subsets A,B of uni- 
formly convex Banach space X such that A is convex (see lemma 3.7 in 


[4]). 


Definition 17.7 [26] A mapping T : A > B is called a proximal contrac- 
tion of the first kind if there exists a € [0, 1) such that, for all a, b,x, y € A, 


d(a, Tx) = d(b, Ty) = d(A, B) > d(a, b) < ad(x,y). 


If T is self-mapping, then T is a proximal contraction of the first kind deduced 
to T which is a contraction mapping. But a non-self-proximal contraction is not 
necessarily a contraction. 


Definition 17.8 [26] A mapping T : A — B is said to be a proximal con- 
traction of the second kind if there exists a € [0,1) such that, for all a, b,x, 
yeA, 


d(a, Tx) = d(b, Ty) = d(A, B) > d(Ta, Tb) < ad(Tx, Ty). 


The necessary condition for a self-mapping T to be a proximal contraction of 
the second kind is that 


d(TTx, TTy) < ad(Tx, Ty) 


for all x, y, in the domain of T. Therefore, every contraction self-mapping is a 
proximal contraction of the second kind, but the converse is not true (see [26], 
example 5). 


Definition 17.9 [26] LetS :A— Band T : B > A be mappings. The pair 
(S, T) is said to be 


(1) acyclic contractive pair if d(A, B) < d(x, y) > d(Sx, Ty) < d(x, y) forallx € 
Aandy € B; 

(2) a cyclic expansive pair if d(A, B), d(x, y) > d(Sx, Ty) > d(x, y) for allx EA 
and y € B; 

(3) acyclic inequality pair if d(A, B) < d(x, y) > d(Sx, Ty) # d(x, y)forallx € A 
and y € B. 


Definition 17.10 [26] Let 7 : A > Ba mapping and g be an isometry. The 
mapping T is said to preserve isometric distance with respect to g if 


d(Tgx, Tgy) = d( Tx, Ty) 
forall x,y € A. 
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17.3. Fixed Points Theorems 


The applications of fixed point theory are very important and useful in diverse 
disciplines of mathematics. The theory can be applied to solve many problem 
in real world, for example: equilibrium problems, variational inequalities, and 
optimization problems. 

The most sufficient result in this theory is BCMP is given by Banach [1], 
which states that every contraction self-mapping T : X — X on a complete 
metric spaces (X,d) has a unique fixed point, that is, Tx = x. It is because of 
its wide applied potential, this fundamental principle has been generalized in 
many directions over the years, we will discuss few of them here. 

By considering the relationship between periodic points, fixed points, and 
the property P, we will present an extended version of periodic points together 
with their behavior in topological spaces and cone metric spaces. It is obvious 
that if x, is a fixed point of a mapping /, then it is also a fixed point of iter- 
ates f” for all 7 € N. The converse is trivially not true in general. Whenever the 
converse is true for the mapping /, we say that it satisfies the property P. The 
point x, such that x, = f"x, for some h € N is called a periodic point of f. In 
this case, h is called the order of x, and if it is the least positive integer such 
that x, is a fixed point of f”, then we call it the prime order of x,. The studies 
about periodic and fixed points are not limited only in metric spaces, but also 
in various generalizations of a metric space, for example, in G-metric spaces, 
probabilistic metric spaces, and cone metric spaces. 


Theorem 17.3. [65] Let X be a Hausdorff topological space and f be a 
self-mapping on X. Suppose that the orbit {f”x} converges for any x € X. Then 
f satisfies the property P. 


Proof: Assume that there exists a point x, € Fix( f”)\Fix(f), where m € N is 
the least number in the sense that x, = fx, and x, 4 f"x, for all 1 € N with 
n < m. Thus, the sequence {f"x,.} may be written as follows: 


id 
T'®. = i 56 


for eachn € N. It is obvious that { f”x,,} does not converge. This contradicts the 
hypothesis that { f”x} converges for any x € X. Therefore, we conclude that f 
satisfies the property P. 


Definition 17.11 [65] A self-mappingf on X is called a weak Picard’s map- 
ping if every orbit converges and their limits are fixed points of f. In addition, 
iff has exactly one fixed point, then f is called a Picard’s mapping. 

Corollary 17.1 [65] Every weak Picard’s mapping satisfies the property P. 


Corollary 17.2 [65] Every Picard’s mapping satisfies the property P. 
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In [65] a new concept of a periodic point of order co has been introduced as 
follows: 


Definition 17.12 [65] Let bea self-mapping on a topological space X. A 
point x, € X is called a periodic point of order oo for f if the orbit {f"x,,} has at 
least one subsequence converging to the point x, itself. The set of all periodic 
points of order co for f is denoted by Fix(f®). 


It is obvious that U,<yFix( f”) C Fix(f™). The converse is not true in general 
as in the following example. 


Example 17.4 [65] Let X := {0}U{<:1e€N}andd:XxX-—R, bea 
usual metric. Let f : X > X be a mapping given by 


f() =1, 


1 1 
(2) ~ ntl 
for all u € N. Then Fix(f”) = @, for all n € N while Fix(f®) = {0}. 


Theorem 17.4 [65] Let (X,d) be a complete cone metric space (whose 
underlying cone P is not necessarily normal) and let f € F(¥). Then Fix(f™) 
is non-empty. 


17.3.1 Fixed Points Theorems for Monotonic and Nonmonotonic 
Mappings 


Rhoades [66] showed weak contraction results in complete metric spaces. We 
state the result of Rhoades in the following. A mapping f : X > X, where (X,d) 
is a metric space, is said to be weakly contractive if 


d( fx, fy) < d(x, y)p(d, y)) 
for all x,y € X and g : [0,+00) — [0, +00) is a function satisfying: 


(i) @ is continuous and nondecreasing; 
(ii) e@) = Oif and only if t = 0; 
(iii) jim P(t) = +00. 
+00 


We can reduce the weakly contractive to ordinary contraction by taking 
p(t) := kt, where0 <k <1. 


Theorem 17.5 [66] Let (X,d) beacomplete metric space and f be a weakly 
contractive mapping. Then f has a unique fixed point x* in X. 
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A very beautiful way to generalize this theorem is to consider it in case a 
partial ordering is defined on the space. Recall that a relation L is a partial order- 
ing ona set X if it is reflexive, antisymmetric, and transitive. By this understand- 
ing, we write b D a instead of a J b to emphasize some particular cases. Any 
a,b € X are said to be comparable ifa D bora C b.Ifaset X has a partial order- 
ing E defined on it, we say that it is a partially ordered set (with respect to E) and 
denote it by (X, £). (X, £) is said to be a totally ordered set if any two elements 
in X are comparable. Moreover, it is said to be a sequentially ordered set if each 
element of a convergent sequence in X is comparable with its limit. Yet, if (X, d) 
is a metric space and (X, LC) is a partially ordered (totally ordered or sequentially 
ordered) set, we say that X is a partially ordered (totally ordered or sequentially 
ordered, respectively) metric space, and it will be denoted by (X, EC, d). Harjani 
and Sadarangani [67] carried the work of Rhoades [66] into partially ordered 
metric spaces. We now state the result proved in [67] as follows. 


Theorem 17.6 [67] Let (X,£,d) be a complete partially ordered metric 
space and let f : X > X be a continuous and nondecreasing mapping such 
that 


d(fx, fy) < d(x, y)p(d(x, y)) 
for x E y, where g : [0,+00)[0, +00) is a function satisfying: 


(i) @ is continuous and nondecreasing; 
(ii) g(t) = O if and only if t = 0; 
(iii) lim,_,,,,e(@) = +00. 
If there exists x) € X such that x) E fx, then f has a fixed point. 

Harjani and Sadarangani [67] also proved fixed point theorems for noncon- 
tinuous mappings, nonincreasing mappings, and even for nonmonotonic map- 
pings. We introduced a weak condition, which resulted in the concept called 
a P-contraction. We introduced our concept of a P-function and some of its 
fundamental properties. Not to be ambiguous, we assumed that R represents 
the set of all real numbers while N represents the set of all positive integers. 


Definition 17.13 [46] Let (X,E,d) be a partially ordered metric space. A 
function g : X x X > R is called a P-function with respect to CE in X if it sat- 
isfies the following conditions: 


(i) o(%, y) > 0 for every comparable x, y € X; 

(ii) for any sequences {x,}",, {y,,}°, in X such that x, and y,, are compa- 
rable at each n EN, if the limit lim,_...«, = and lim, ,..y, =y, then 
iM, ..00% ns In) = O85 9)5 

(iii) for any sequences {x,}°,, {y,,}°2, in X such that x, and y, are com- 
parable at each 1 EN, if the limit lim, _,.,o(x,,¥,,) =0, then the limit 
lim, 4.004%) ,) = 0. 


noo 
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If, in addition, the following condition is also satisfied: 


(A) for any sequences {x,}",, {y,,}%, in X such that x, and y, are compa- 
rable at each n EN, if the limit lim,,,,.d(x,,¥,,) exists, then the limit 
lim, ,.00(%,,.7,,) also exists, 


then @ is said to be a P-function of type (A) with respect to E in X. 


Example 17.5 [46] Let (X,£,d) be a partially ordered metric space. Sup- 
pose that the function g : [0,+00) — [0, +00) is defined same as in Theorem 
17.6. Then ged is a P-function of type (A) with respect to E in X. 


Let (X,E, d) be a partially ordered metric space, a mapping f : X > X is 
called a P-contraction with respect to E if there exists a P-function 9 : X x 
X — R with respect to E in X such that 


d( fx, fy) < d(x, y)o(x,y) 


for any comparable x, y € X. Naturally, if there exists a P-function of type (A) 
with respect to E in X such that the above inequality holds for any comparable 
x,y € X, then f is said to be a P-contraction of type (A) with respect to E. 

From our proposed example, it follows that in partially ordered metric spaces, 
a weak contraction is also a P-contraction. The next fixed point result is for 
monotonic mappings. 


Theorem 17.7 [46] Let (X,£,d) be a complete partially ordered metric 
space and f : X > X be a continuous and nondecreasing P-contraction of 
type (A) with respect to E. If there exists x) € X with x) E fxp, then {fx}, 
converges to a fixed point of f in X. 


Next, if we drop the continuity of f in Theorem 17.7, then we can still guar- 
antee a fixed point if we strengthen the condition of a partially ordered set to a 
sequentially ordered set. 


Theorem 17.8 [46] Let (X,E,d) bea complete sequentially ordered metric 
spaceandf : X — X beanondecreasing P-contraction of type (A) with respect 
to E. If there exists x) € X with x) E fx, then {f"x)}%, converges to a fixed 
point of f in X. 


The next result asserts that existence of fixed points with the lack of mono- 
tonicity, as follows: 


Theorem 17.9 [46] Let (X,£,d) be a complete partially ordered metric 
space and f : X > X bea continuous P-contraction of type (A) with respect 
to £ such that the comparability of x,y © X implies the comparability of 
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Sfx. fy €fX. If there exists x) € X such that x) and fx) are comparable, then 
{(f"xo}°°, converges to a fixed point of f in X. 


Now, we propose an example to justify our Theorem 17.9. 


Example 17.6 [46] Let xX =[0,1]x [0,1] and suppose that we write 
x = (%),%,) andy = (y, ¥,) forx, y € X. Defined, o : X x X — Rbyd(w,y) = 0, 
ifx = y, and otherwise 


d(x, y) = 2max{x, +)1,%) +o}, 
and o(x, y) = 0, if x = y, and otherwise 
@ = max{x,,x%)+ yy}. 


Let E be an ordering in X such that for x,y € X,x Cy if and only if x, = 
y, and x, < y. Then (X,E,d) is a partially ordered metric space with 9 as a 
P-function of type (A) with respect to E in X. Now, let f be a self-mapping on 
X defined by fx = f((«,,%,)) = (0, %) for all x € X. It is obvious that f is con- 
tinuous and nondecreasing with respect to E . Let x, y € X be comparable with 
respect to E. If x = y, then they clearly satisfy the condition for P-contraction. 
On the other hand, if x # y, then, we note that is also satisfies the inequality 
dfx, fy) < d(x, ) — (x,y). Therefore, the condition for P-contraction is sat- 
isfied for every comparable x,y € X. Moreover, f is a continuous and nonde- 
creasing P-contraction of type (A) with respect to E. Let x) = (0, 0), so we have 
Xo E fx 9. Now, applying Theorem 17.9 of this subsection, we conclude that f 
has a fixed point in X which is the point (0, 0). 


17.3.2. PPF-Dependent Fixed-Point Theorems 


Bernfeld et al. [18] introduced the concept of a fixed point for mappings 
that have different domain and range. To the best of our knowledge, there 
has been no discussion so far concerning the PPF-dependent fixed-point 
theorems via a-admissible mappings. Next, we use to mention the concept 
of a,-admissible non-self-mappings and prove the existence and convergence 
of PPF-dependent fixed-point theorems for contraction mappings involving 
a,-admissible non-self-mappings in the Razumikhin class. Furthermore, these 
results are extensions of PPF-dependent fixed-point theorems in [18] and 
also applicable for PPF-dependent coincidence points. Here, we will use E to 
denotes a Banach space with the norm ||.||-, J is a closed interval [a,b] in R 
and E, = C(/, E) is notation for the set of all continuous E-valued functions on 
I equipped with the supremum norm ||.||;, defined by 


lPlle, = sup ldOlle 


for @ € Ep. For a fixed element c € J, the Razumikhin or minimal class R, of 
functions in Ey contains @ € Ey such that norm function of ¢@ induced by Ey is 
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equal to norm of ¢(c) at E. It is easy to see that the constant function is one of 
the mappings in R.,. The class R., is said to be algebraically closed with respect 
to difference if 6-— € € R, whenever ¢,& € R... In addition, we say that the 
class R, is topologically closed if it is closed with respect to the topology on E, 
generated by the norm ||.||;,. The next two notions of Bernfeld et al. [18] will 
be used in sequel. 


Definition 17.14 [18] A point ¢ € £, is said to be a PPF-dependent fixed 
point or a fixed point with PPF dependence of the non-self-mapping T : E, > 
Eif Td = d(c) for some c € I. 


Definition 17.15 [18] The mapping T : E,) > E is called a Banach-type 
contraction if there exists a real number k € [0, 1) such that the difference of 
IT -— Télle < kllb — Elle, for all b, ¢ € Ep. 


Definition 17.16 [24] Let X be a non-empty set, f : X > X anda: Xx 
X — [0, co). We say that f is an a-admissible mapping if it satisfies the following 
condition: 


a(x,y) > 1 > a( f(x), f(y) = 1, 
for x,y € X. 


Definition 17.17 [51] Letcel and T:£,->£,a: EXE - (0,0). We 
say that T is an a,-admissible mapping if for @, € € Ep, a(P(c), E(c)) = 1 implies 
a(T¢, TE) > 1. 


Example 17.7. [51] Let £ =R be real Banach spaces with usual norms and 
I=[0,1]. Define T : Ej > Eanda: EXE > [0,c) by Th = G()) forall de 
E, and a(x, y) = 1, ifx > y, otherwise 0. Then T is a,-admissible. 


The forthcoming result [51] is very interesting result for a PPF-dependent 
fixed point as follows: 


Theorem 17.10 [51] LetT : E, > £,a: EXE — [0,0) be two mappings 
satisfying the following conditions: 


(a) There exists c EJ such that R, is topologically closed and algebraically 
closed with respect to difference. 

(b) T is a,-admissible. 

(c) For all @, € € E,, 


a(p(c), Th)a(s(c), TET — Télle < kilo - Elle, 


where k € [0, 1). 
(d) If {@,,} isa sequence in E, such that , ~ pasn > co and a(¢,(c), Td,,) = 
1 for all n EN, then a(f(c), Td) > 1. 
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If there exists @) € R, such that a(¢o(c), Tho) = 1, then T has a unique 
PPF-dependent fixed point ¢* in R, such that a(¢*(c), Tp*) => 1. Moreover, 
for a fixed ¢, € R, such that a(¢,(c), Td) = 1, if a sequence {¢,,} of iterates 
of T in R, is defined by T¢,_, = 6- ¢,(c) for all n EN, then {¢,,} converges 
to a PPF-dependent fixed point of T in R,. 


Proof: Let @) be a point in R,, which is subset of E), such that a(¢,(c), 
To) = 1. Since Th, € E, there exists x, € E such that 


Thy = * 


Step 1. Construct the sequence {¢,,} in R, is subset of Ey such that T¢,_, = 
¢,(c) for alln EN. 

Step 2. By the hypothesis (b), it is easily proved that a(¢,_,(c), T¢,_,) = 1 for 
alli EN. 

Step 3. Next, to prove that {¢,,} is a Cauchy sequence in R, and by complete- 
ness property of E,, we get that Cauchy sequence converges to a limit 
point @* € E, and since R, is topologically closed, we have ¢* € R,. 

Step 4. Now, by (d), we get ||T'¢* — ¢*(c)||, =0 and so that ¢* is a PPF- 
dependent fixed point of T in R,. Uniqueness can be proved easily, 
and then finally we get unique PPF-dependent fixed point of T in R,, 
that is, 


To" = ¢*(0). o 


Remark 17.3. [51] If the Razumikhin class R, is not topologically closed, 
then the limit of the sequence {@,,} in Theorem 17.10 may be outside of R,, 
which may not be unique. 


17.3.3 Fixed Points Results in b-Metric Spaces 

In this section, we will show existence and uniqueness of some fixed point 
results in b-metric spaces. 

Definition 17.18 [52] Let X bea non-empty set and let functional d : X x 
X — [0, co) satisfy: 


(b1) d(x, y) = Oif and only if x = y; 
(b2) d(x, y) = d(y, x) for all x,y € X; 
(b3) there exists a real number s > 1 such that 


d(x, z) < s[d(x,y) + d(y,z)] 
for all x,y,z € X. 
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Then d is called a b-metric on X and a pair (X, d) is called a b-metric space 
with coefficient s. 


Ifwe takes = 1 in Definition 17.18, then we obtain the ordinary metric spaces. 
Thus, the family of b-metric spaces is larger than the family of metric spaces. 


Definition 17.19 [52] Let (X,d) bea b-metric space. Then a sequence {x,,} 
in X is called: 


(a) convergent if and only if there exists x € X such that d(x, x) > Oasn > 0; 
(b) Cauchy if and only if d(x,,,x,,) ~ 0as m,n > oo. 


Definition 17.20 [52] A mapping y : [0, co) > [0, oo) is called a compari- 
son function ifit is increasing andy”(t) > Oas — oo foranyt € [0, oo), where 
w” is the nth iterate of y. 


The concept of (c)-comparison function was introduced by Berinde in the 
following definition. 


Definition 17.21 [52] A mapping yw: [0,co) > [0,0) is called a 
(c)-comparison function if 


(1) y is increasing; 
(2) there exists nn € N, and k € (0, 1) and a convergent series of nonnegative 
terms L%_¢, such that y”*1(¢) < kwy"(t) + ¢€, form > ny and any t € [0, 00). 


n=l] ~n 


Definition 17.22 [52] Lets > 1beareal number. A mapping y : [0, 00) > 
[0, co) is called (6)-comparison function if 


(1) y is increasing; 
(2) there exists n) € N, and k € (0, 1) and a convergent series of nonnegative 
terms £* ,, such that s’*ty"*1(t) < ks"y"(t) + €, for m > ng and any t € 


[0, co). 


It is clear from Definitions 17.21 and 17.22 that the idea of (b)-comparison 
function can be reduced to idea of (c)-comparison function by taking s = 1 in 
Definition 17.22. 


Theorem 17.11 [52] Let (X,d) be a b-metric space with coefficient s, let 
f :X—>Xanda : X xX = [0, 0) be two mappings andy € y,. Suppose that 
f is a-admissible and for all x, y € X, we have 


a(x, f(x) aly. fd f(x). FO) < wd, y)). 


603 


604 


Mathematical Analysis and Applications 


In addition, there exists x) € X such that a(%,f(%9)) => 1. Furthermore, if 
{x,,} is a sequence in X such that x, > x asm > co and a(x,,f(x,)) = 1 for all 
n EN, then a(x, f(x)) > 1. Thus, f has a unique fixed point x* in X such that 
a(x*, f(x*)) 2 1. 


Theorem 17.12 [52] Let (X,d) beab-metric space with coefficient s, let f : 
X > X anda : X xX — [0, 00) be two mappings and wy € w,. Suppose that f 
is a-admissible also there exists x) € X such that a(xo, f(x,)) = 1. Furthermore, 
if {x,,} isa sequence in X such that x, > xasn > coanda(x,,f(,)) > 1 forall 
n EN, then a(x, f(x)) > 1 and there exists € > 1 such that 


[df (%), f(y) + EVO OOF << (d(x, 9) + é. 
Thus, f has a unique fixed point x* in X such that a(x*, f(x")) > 1. 


Theorem 17.13 [52] Let (X,d) beab-metric space with coefficient s, let f : 
X > X anda: XxX — [0, 00) be two mappings and y € y,. Suppose that f 
is a-admissible also there exists x) € X such that a(%o, f(*p)) = 1. Furthermore, 
if {x,,} isa sequence in X such that x, > xasn > co anda(x,,f(,)) > 1 for all 
n EN, then a(x, f(x)) > 1 and there exists € > 1 such that 


[ar(x, f(x) ay, f(y)) — 1 + EPS OLMOLM << Eve), 
Thus, f has a unique fixed point x* in X such that a(x*, f(x*)) > 1. 


17.3.4 The generalized Ulam-Hyers Stability in b-Metric Spaces 


In this section, we will show the generalized Ulam—Hyers stability in b-metric 
spaces, which corresponds to Theorems 17.11, 17.12 and 17.13 respectively. 
Stability problems of functional analysis play the most important role in math- 
ematics analysis and were introduced by Ulam [68], who is concerned with 
the stability of a group homomorphism. Afterwards, Hyers [69] gave answer 
for results in Banach spaces, and this type of stability is called Ulam—Hyers 
stability. There are many other mathematicians who found new results for gen- 
eralized Ulam—Hyers stability via a-admissibility in b-metric spaces, but for 
this work the difference is just about some other contractions of new type with 
same assumptions. 


Definition 17.23 [52] Let (X,d) bea b-metric space with coefficient s and 
let f : X > X be an operator. By definition, the fixed point equation 
u=f(u), uEX (17.1) 


is said to be generalized Ulam—Hyers stable in the framework of a b-metric 
space if there exists an increasing operator @ : [0, co) > [0, co), continuous at 
0 and @(0) = 0 such that for each € > 0 and an e-solution v* € X that is 


d(u*,f(v")) <e 
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there exists a solution u* € X of the fixed point equation (17.1) such that 
d(u*,v*) < (se). 


If @(t) :=ct for all t € [0,0o), where c> 0, then (17.1) is said to be 
Ulam—Hyers stable in the framework of a b-metric space. 


If we take s = 1 in Definition 17.23, then we get generalized Ulam—Hyers sta- 
bility in metric spaces. In addition, if f(t) := ct for all t € [0, co), where c > 0, 
then it reduces to classical Ulam—Hyers stability. 


Theorem 17.14 [52] Let (X,d) be a complete b-metric space with coeffi- 
cients s. Suppose that all the hypothesis of Theorem 17.11 hold and also that the 
function ¢ : [0, 00) > [0, co) defined by f(t) := ¢t — s(t) is strictly increasing 
and onto. If a(u*, f(u*)) > 1 for all u* € X, which is an e-solution, then the fixed 
point equation (17.1) is generalized Ulam—Hyers stable. 


Theorem 17.15 [52] Let (X,d) be a complete b-metric space with coeffi- 
cients s. Suppose that all the hypothesis of Theorem 17.12 hold and also that the 
function ¢ : [0, 00) > [0, co) defined by f(t) := ¢ — sy(Z) is strictly increasing 
and onto. If a(u*,f(u*)) > 1 for all u* € X, which is an e-solution, then the fixed 
point equation (17.1) is generalized Ulam—Hyers stable. 


Theorem 17.16 [52] Let (X,d) be a complete b-metric space with coeffi- 
cients s. Suppose that all the hypothesis of Theorem 17.13 hold and also that the 
function ¢ : [0, 00) > [0, co) defined by £(4) := ¢ — s(t) is strictly increasing 
and onto. If a(u*, f(u*)) > 1 for all u* € X, which is an e-solution, then the fixed 
point equation (17.1) is generalized Ulam—Hyers stable. 


17.3.5 Well-Posedness of a Function with Respect to a-Admissibility 
in b-Metric Spaces 


In this section, we will prove well-posedness of a function with respect to 
a-admissibility in b-metric spaces. 


Definition 17.24 [52] Let (X,d) be a b-metric space with coefficient s, let 
fi: X—7Xanda : X xX = [0, 0) be two mappings. The fixed point problem 
of f is said to be well posed with respect to a if: 


(a) f has unique fixed point x* in X such that a(x*, f(«*)) > 1; 
(b) for a sequence {x,,} in X such that d(x, f(«,,)) ~ Oasn > oo, thenx,, > x* 
as 1 > 00. 


In the following theorems, we add a new condition to assure the 
well-posedness via a-admissibility. 
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(S) If {x,} is a sequence in X such that d(x,,f(x,)) ~ 0 as n > oo, then 
a(x, f(%,)) > 1 for alln EN. 


Theorem 17.17 [52] Let (X,d) be a complete b-metric space with coeffi- 
cient s, let f : X > X anda : X XX > [0, 00) be two mappings and w € y,. 
Suppose that all hypothesis of Theorem 17.11 and condition (S) hold. Then the 
fixed point equation (17.1) is well posed with respect to a. 


Theorem 17.18 [52] Let (X,d) be a complete b-metric space with coeffi- 
cient s, let f : X ~ X anda : X XX > [0, 00) be two mappings and w € y,. 
Suppose that all hypothesis of Theorem 17.12 and condition (S) hold. Then the 
fixed point equation (17.1) is well posed with respect to a. 


Theorem 17.19 [52] Let (X,d) be a complete b-metric space with coeffi- 
cient s, let f : X > X anda: X x X —> [0, co) be two mappings and y € yj. 
Suppose that all hypothesis of Theorem 17.13 and condition (S) hold. Then the 
fixed point equation (17.1) is well posed with respect to a. 


The study of fixed point theory for multivalued mappings using Hausdroff 
metric spaces was initiated by Nadler [11]. He extended the Banach contraction 
principle to set-valued mappings. 


17.3.6 Fixed Points for F-Contraction 


Edelstein proved the following version of Banach contraction principle as fol- 
lowing: 


Theorem 17.20 [70] Let (X,d) be a compact metric space and T : X ~ X 
be a self-mapping. Assume that d(Tx, Ty) < d(x,y) holds for all x,y € X with 
x #y. Then T has a unique fixed point in X. 


Suzuki [71] proved generalized versions of Edelstein’s results in compact met- 
ric spaces as follows: 


Theorem 17.21 [71] Let (X,d) bea compact metric space and T : X ~ X 
be a self-mapping. Assume that sax, Tx) <d(x,y) d(Tx, Ty) < d(x, y) holds 
for all x,y € X with x # y. Then T has a unique fixed point in X. 


Wardowski [72] introduced a new type of contractions called F-contraction 
and proved a new fixed-point theorem concerning F-contractions. He defined 
the fixed point results in many directions from well-known results from litera- 
ture. Wardowski defined the F-contraction as follows: 
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Definition 17.25 [72] Let (X,d) bea metric space. A mapping T : X > X 
is said to be an F-contraction if there exists t > 0 such that 


d(Tx, Ty) > 0 > t + F(d(Tx, Ty)) < F(d(x,y)) 


holds for all x,y € X, where F : R, — R is a mapping satisfying the following 
conditions: 


(F1) F is strictly increasing; that is, for all x, y € R such that x < y, F(x) < F(y); 
(F2) For each sequence {a,,}*_, of positive numbers, lim = Oif and only 
if lim, _,,.F(a@,,) = —00; 


(F3) There exists k € (0, 1) such that lim, ,)-a*F(a@) = 0. 


n>0%n 


We denote by Ff, the set of all functions satisfying the conditions (f1)—-(f3). 


From Definition 17.25 both the inequality in the F-contraction and the con- 
dition, (F1) show that every F-contraction is necessarily continuous. In 2014, 
Secelean proved the following lemma: 


Lemma17.2 [85] Let F : R, > R be an increasing mapping and {a,,}* | 
be a sequence of positive real numbers. Then the following assertions hold: 


(a) iflim,_,..F(a,), then lim,_,..a,, = 0; 


(b) iflim,_,,,F = —co and lim,,,..@, = 0, then lim 


non n> oo 


F(a,,) = —o. 


By proving Lemma 17.2, Secelean [40] showed that the condition (/2), in the 
definition of F-contraction by Wardowski [72], can be replaced by an equivalent 
but a more simple condition, 


(f2') inf F = —co 


or, also, by 
(f2’) there exists a sequence {a,}*, of positive real numbers such that 
lim,,..£(@,) = —0o. 


We denote by Y the set of all functions satisfying the conditions (f1), (f2’), 
and (f3’). 


Example 17.8 [85] Let F,(a) = =, F(a) = = +a, F(a) = —-and 
F,(a) = ——. Then F,, Fy, F3,and F, € Y. 


et*—e-* § 


Definition 17.26 [73] Let (X,d) bea metric space. A mapping T : X > X 
is said to be an F-Suzuki contraction if there exists t > 0 such that for all x,y € 
X with Tx # Ty, 
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5d, Tx) <d(,y) 1+ F(d(Tx, Ty) < F(d(x,9)), 


where F € Y. 


Theorem 17.22 [73] Let T bea self-mapping of a complete metric space X 
into itself. Suppose that F € Y and there exists t > 0 such that 


Va,y EX, [d(Tx, Ty) > 0 > 7 + F(d(Tx, Ty))] < F(d(e,y)) 


Then T has a unique fixed point x«* € X and for every x) € X the sequence 
T"xo converges to x”. 


Theorem 17.23 [73] Let (X,d) bea complete metric space and T : X ~ X 
be an F-Suzuki contraction. Then T has a unique fixed point x* € X and for 
every X) € X the sequence {T"x,}°°_, converges to x*. 


17.4 Common Fixed Points Theorems 


Zadeh [2] investigated the concept of a fuzzy set in his seminal paper. In the last 
two decades, there has been a tremendous development and growth in fuzzy 
mathematics. Fuzzy set theory also has applications in applied sciences such as 
neural network theory, stability theory, mathematical programming, modeling 
theory, engineering sciences, medical sciences (medical genetics, nervous sys- 
tem), image processing, control theory, and communication. Kumam et al. [39] 
introduced the notion of the joint common limit in the range of mappings prop- 
erty called (JCLR) property and proved a common fixed-point theorem for a 
pair of weakly compatible mappings using JCLR property in fuzzy metric space. 
As an application to their main result, they presented a common fixed-point 
theorem for two finite families of self-mappings in fuzzy metric space using the 
notion of pairwise commuting maps. 


Definition 17.27 [39] Anelement.«* inA is said to bea common best prox- 
imity point of the non-self-mappingsS : A > BandT : A > Bifit satisfies the 
condition that 


d(x*, Sx*) = d(x*, Tx*) = d(A, B). 


It should be observed that a common best proximity point is an element 
at which both real-valued functions x > d(x, Sx) and x > d(x, Tx) attain the 
global minimum, since d(x, Sx) > d(A, B) and d(x, Tx) > d(A, B) for all x. Fur- 
ther, if the underlying mappings are self-mappings, a common best proximity 
point becomes a common fixed point. 
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Definition 17.28 [39] Let (X,M,*) bea fuzzy metric space andf,g,a,b : 
X — X. The pair (f, b) and (a, g) are said to satisfy the JCLR of b and g prop- 
erty (shortly, VCLRbg) property) if there exists a sequence {x,} and {y,} in 
X such that lim, ,,,f*,, = lim,,_,,,b%, = lim,,,,,@y,, = lim, _,,.gv,, = bu = gu, for 
some u € X. 


noo 


Theorem 17.24 [39] Let (X,M, «) bea fuzzy metric space, where * is a con- 
tinuous t-norm and f,g,a and b be mappings from X into itself. Further, let the 
pair (f, b) and (a, g) are weakly compatible and there exists a constant k € (0, 3) 
such that 


M(fx, ay, kt) > o(M(bx, gy, t), Mix, bx, t), M(ay, gy, t), 
M(fx, gy, at), M(ay, bx, 2t — at)) 


holds for all x, y € X, a € (0,2),t > 0, and ¢ € ®. If (f, b) and (a, g) satisfy the 
(JCLRbg) property, then f, g,a and b have a unique common fixed point in X. 
Proof as in [39]. 


Azam et al. introduced new spaces called the complex-valued metric spaces 
and established the existence of fixed-point theorems under the contraction 
condition. Motivated by him, Kumam and Sintunavarat [50] extended and 
improved the condition of contraction of the results of Azam et al. and also 
applied their main results to unique common solution of system of Urysohn 
integral equation. 


17.4.1 Common Fixed-Point Theorems for Pair of Weakly 
Compatible Mappings in Fuzzy Metric Spaces 


In [74], we introduced the new property, which is so called a CLR for two 
self-mappings, and gave some examples of mappings, which satisfy this prop- 
erty. Moreover, we established some new existence of a common fixed-point 
theorem for generalized contractive mappings in fuzzy metric spaces both in 
the sense of Kramosil and Michalek and in the sense of George and Veera- 
mani by using new property and gave some examples. Ours results does not 
require condition of closeness of range and so our theorems generalize, unify, 
and extend many results in literature. For further details, see [74]. 


Definition 17.29 [74] Suppose that (X, d) is a metric space andf,g : X > 
X. Two mappings f and g are said to satisfy the CLR of g-property if 
lim fx, = lim gx,, = gx (17.2) 


for some x € X. 


In what follows, the common limit in the range of g property will be denoted 
by the (CLRg) property. Next, example shows about CLRg property of mappings 
f and g, which are satisfying the CLRg property. 
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Example 17.9 [74] Let X = [0, co) be the usual metric space. Define f,g¢ : 
X>X by fx = : and gx = = for all x € X. We consider the sequence {x,,} = 


{=}. Since 
lim fx, = lim gx, = 0 =g0, (17.3) 
therefore, f and g satisfy the CLRg-property. 


Ina similar mode, two self-mappings f and g of a fuzzy metric space (X, M, *) 
satisfy the CLRg-property, if there exists a sequence {x,,} in X such that fx, and 
gx, converge to gx for some x € X in the sense of Definition 17.29, which tells 
about convergence in KM or GM fuzzy metric spaces. 


Theorem 17.25 [74] Let (X,M,*) be a KM-fuzzy metric space satisfying 
the following property: 


Va,yEeXx,x#y,dt>0:0< M(x,y,t) <1, (17.4) 
and let f, g be weakly compatible self-mappings of X such that, for some @ € ®, 


M(x. fy, t) = b(min{ M(gx, gy, 1), MCX, gx, t), 
M(fy, gy, t),M(fy, gx, t), M( fx, gy, t)}), 


for all x,y € X, where ¢ > 0. If f and g satisfy the CLRg-property, then f and g 
have a unique common fixed point. 


Proof: Since f and g satisfy the CLRg-property, there exists a sequence {x,,} in 
X such that 


lim fx, = lim gx, = gx, (17.5) 


noo 


for some x € X. Let t be a continuity point of (X, M, *). Then 
M(fx,,fx,t) = o (min {M(gx,,, 9x, 0), M(fx,,,g%,,, 0), MUfx, gx, t), 
M( fx, gx,,, 0), M(fx,,,.g%,0)}) , 


for all un € N. By making 1 — o, we have 
M(gx, fx, t) > b(M(gx, fx, £)) 


for every t > 0). We claim that gx = fx. To prove this, we suppose the contradic- 
tion. Next, we let z := fx := gx. Since f and g are weakly compatible mappings, 
fex = gfx, which implies that fz = fex = gfx = gz. We claim that fz = z, if we sup- 
pose the contradiction, then it is obtain by some elementary calculations as: 


M(fz,z,t) = AM fz, z, t)) 


for all t > 0, which is a contradiction. Hence fz = z, that is, z = fz = gz. There- 
fore, z isa common fixed point of f and g. After proving the criteria for unique- 
ness, we obtain that f and g have a unique a common fixed point. This finishes 
the proof. Oo 
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17.5 Best Proximity Points 


Investigation of the existence and uniqueness of a fixed point of non-self- 
mappings is one of the interesting subjects in fixed point theory. In fact, 
given non-empty closed subsets A and B of a complete metric space (X,d), a 
contraction non-self-mapping T : A > B does not necessarily yield a fixed 
point Tx = x. In this case, it is very natural to investigate whether there is an 
element x such that d(x, Tx) is minimum. A notion of best proximity point 
appears at this point. A point is called best proximity point of T : A > Bif 


d(x, Tx) = d(A, B) = inf{d(x, y) : x € A,y € B}, 


where (X,d) is a metric space, and A,B are subsets of X. A best proximity 
point represents an optimal approximate solution to the equation Tx = x 
whenever a non-self-mapping T has no fixed point. It is clear that a fixed point 
coincides with a best proximity point if d(A, B) = 0. Since a best proximity 
point reduces to a fixed point if the underlying mapping is assumed to be 
self-mappings, the best proximity point theorems are natural generalizations of 
the Banachs contraction principle. Best proximity point theorems provide an 
approximate solution that is optimal. In fact, a best proximity point theorem 
specifies sufficient conditions for the existence of an element x such that 
the error d(x, Tx) is minimum. A best proximity point theorem is primarily 
dedicated to global minimization of the real-valued function, which furnishes 
a yardstick for the error involved for an approximate solution of the equation 
Tx = x. In addition, it is interesting to see that best proximity point theorems 
emerge as a natural generalization of fixed-point theorems, because a best 
proximity point reduces to a fixed point if the mapping under consideration 
turns out to be a self-mapping. In [23], Kumam et al. introduced the notion 
of a generalized multivalued cyclic contraction pair, which is an extension 
of Mizoguchi-Takahashis contraction mappings for non-self-version and 
establish a best proximity point of such mappings in metric spaces via property 
UC* due to Sintunavarat and Kumam [42]. Further, they investigated best 
proximity point theorems in a uniformly convex Banach space. We begin this, 
by introducing the notion of multivalued cyclic contraction. 


Definition 17.30 [23] Let A and B be non-empty subsets of a metric 
space (X,d), T : A > 2? and S : B > 24. The ordered pair (T,S) is said to 
be a generalized multivalued cyclic contraction if there exists a function 
a: [d(A,B), co) > [0,1) with 


lim sup a(x) < 1 


xtt 


for each t € [d(A, B), oo) such that 
H(Tx, Sy) < a(d(x, y))d(x, y) + 1 — a(d(x, y)))d(A, B) 
for allx € A andy € B. 
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Note that if (7, S) is a generalized multivalued cyclic contraction, then (S, T) 
is also a generalized multivalued cyclic contraction. Here, we state the some 
result on the existence of best proximity points for a generalized multivalued 
cyclic contraction pair, which satisfies the property LUC* in metric spaces. 


Theorem 17.26 [23] Let A,B be non-empty closed subsets of a complete 
metric space X such that (A, B) and (B,A) satisfy the property UC*. Let T : 
A — CB(B) and S : B > CB(A). If (T,S) is a generalized multivalued cyclic 
contraction pair, then T has a best proximity point in A, or S has a best prox- 
imity point in B. 


Ifd(A, B) = 0, then Theorem 17.26 yields existence of a fixed point in A N B of 
two multivalued non-self-mappings S and T. Moreover, if A = B = X and T = 
S, then this theorem reduces to Mizoguchi—Takahashi fixed-point theorem. 
Every pair of non-empty closed subsets A, B of a uniformly convex Banach space 
such that A is convex satisfies the property UC*. Then, we obtained the forth- 
coming corollary. 


Corollary 17.3 [23] Let A,B be non-empty closed subsets of a uniformly 
convex Banach space X. Let T : A ~ CB(B) and S : B > CB(A). If (T,S) isa 
generalized multivalued cyclic contraction pair, then T has a best proximity 
point in A, or S has a best proximity point in B. 


Now, for this event, we are going to propose a useful example. 


Example 17.10 [23] Consider the uniformly convex Banach space X = R 
with Euclidean norm. Let A = [1,2] and B= {x : -2 <x <-—-1}. Then A and 
B are non-empty closed and convex subsets of X and d(A, B) = 2. Since A and 
B are convex, we have (A, B) and (B, A) satisfy the property UC*. Let T : A > 
CB(B) and S : B > CB(A) be defined as in [23] for all x € A and for ally € B. 
Let a : [d(A, B), 0) — [0, 1) be defined by a(t) = ; for all t € [d(A, B), 00) = 
[2, co). Next, we show that (T, S) is a generalized multivalued cyclic contraction 
pair with a(t) = ; for all t € [2, 00). 
For each x € A andy € B, we have 


H(Tx, Sy) < a(d(x, y))d(x, y) + (1 — a(d(x, y)))d(A, B). 


Therefore, all assumptions of Corollary 17.3 are satisfied, and then T has a 
best proximity point in A, that is, a point x = 17. Moreover, S also has a best 
proximity point in B, that is, a point y = 1. 


We are going to propose some extended and generalized notions of 
the class of proximal contraction of first and second kinds which are 
different from another type in the literature as in Basha [26]. For such 
mappings, we seek the necessary condition for these classes to have best 
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proximity points and also will give some examples to illustrate our main 
results. 


Definition 17.31 [49] LetA,Bbe non-empty subset of metric space (X, d). 
T:A-—-Bandx : A > [0,1). A mapping is said to be a generalized proximal 
contraction of the first kind with respect to x if 


d(a, Tx) = d(A, B) = d(b, Ty), 
implies d(a, b) < x(x)d(x, y), for alla, b,x,y € A. 


Remark 17.4 [49] Ifwetake x(x) = a forall x € A, wherea € [0,1), thena 
generalized proximal contraction of the first kind with respect to x reduces to 
a proximal contraction of the first kind. In case of a self-mapping, it is apparent 
that the class of contraction mapping is contained in the class of generalized 
proximal contraction of the first kind with respect to x mapping. 


Now, we give an example to claim that the class of proximal contraction map- 
ping of the first kind is a proper subclass of the class of generalized proximal 
contractions of the first kind with respect to x mapping. 


Example 17.11 [49] Consider the metric space C with Euclidean metric. 
Let A = {(0,y) : -1 <y <1} and {(1,y) : -1 < y < 1}. Define a mapping T : 
A = Bas follows 


meee 
T((0,y)) = (. 4) 


for all (0, y) € A. It is easy to check that there is no a € [0, 1) satisfying 
d(a, Tx) = d(b, Ty) = d(A, B) = d(a, b) < ad(x, y) 


for all a, b,x, y € A. Therefore, T is not a proximal contraction of the first kind. 
Consider a function « defined by 


yly|+1 
2 


Next, we prove that T is a generalized proximal contraction of the 
first kind with respect to x. If (0,y,),(0,y.) € A such that d(a, T(O,y,)) = 
d(A, B) = d(b, T(0, y.)) = 1, for all a,b GA, then we can easily show that 
d(a, b) < K(0, y,)d((O, y,), (0, y>)) This implies that T is a generalized proximal 
contraction of the first kind with respect to x. 


K(0,y) = 


Definition 17.32 [49] LetA,Bbe non-empty subsets of metric space (X, d), 
T :A-— Bandx : A — [0,1). A mapping T is said to bea generalized proximal 
contraction of the second kind with respect to « if for all a, b,x, y € A. 
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Clearly, a proximal contraction of the second kind is a generalized proximal 
contraction of the second kind. Next, we extend the results of Basha [26] and 
many results in the literature. 


Theorem 17.27 [49] Let (X,d) be a complete metric space and A,B be 
non-empty closed subsets of X such that Ay and By are non-empty. Suppose 
that T:A—>B,g:A-—A and x: A-[0,1) are mappings satisfying the 
following conditions: 


(a) T is a continuous generalized proximal contraction of first kind with 
respect to k; 

(b) T(Ay) € By and Ay € g(Ao); 

(c) gis an isometry; 

(d) K(x) < K(y), whenever d(gx, Ty) = d(A, B). Then there exists a unique point 
x € A such that d(gx, Tx) = d(A, B). 


Proof: Let x) be a fixed element in Ay. From T(A,) € By and Ay C g(Ay), 
it follows that there exists a point x, € Ay such that d(gx,, Tx.) = d(A, B). 
Continuing this process, we can construct the sequence {x,,} in Ay such that 
d(gx,,, Tx,_,) = (A, B), for all n € N. In the next step, it is easily proved that 
A(Xysi2%p) S (K(%))"d(, Xp) for all n € N. Next step is to justify that {,} isa 
Cauchy sequence in X. Since (X,d) is complete and T, g are continuous, we get 


d(gx*, Tx") = lim d(gx,,,,, Tx,,) = d(A, B). 


Since T is a generalized proximal contraction of the first kind with respect to 
x and by using the isometry, we get that point x* is unique. Oo 


In [49] Kumam et al. have proved very interesting results as well as applicable 
and more generalized than already existing results in literature. 


17.6 Common Best Proximity Points 


Fixed point theory highlights and brightens, the methodologies for finding a 
solution to nonlinear equations of the type Tx = x, where T is a self-mapping 
defined on a subset of a metric space, a normed linear space, a topological 
vector space, or some appropriate space. But, the equation Tx = x is unlikely 
to have a solution when T is not a self-mapping. Consider that A and B are 
non-empty subsets of a metric space, and assume the non-self-mappings 
S:A—>B and T:A-—-B. With this nice awareness that S and T are 
non-self-mappings, it may possible that the equations Sx =x and Tx =x 
have no common solution, named a common fixed point of the mappings S 
and T. Subsequently, in the sense that there is no common solution of the 
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preceding equations, one speculates about finding an element x that is in close 
proximity to Sx and Tx in the sense that d(x, Sx) and d(x, Tx) are minimum. 
Indeed, a common best proximity point theorem evaluate the existence of 
such an optimal approximate solution, named a common best proximity 
point of the mappings S and T, to the equations Sx = x and Tx =x when 
there is no common solution. Moreover, it is emphasized that the real-valued 
functions x > d(x, Sx) and x — d(x, Tx) investigate the degree of the error 
involved for any common approximate solution of the equations Sx = x and 
Tx = x. Owing to the fact that the distance between x and Sx, and the distance 
between x and 7x are at least the distance between A and B for all x in A, a 
common best proximity point theorem accomplishes the global minimum 
of both functions x > d(x,Sx) and x > d(x, Tx) by postulating a common 
approximate solution of the equations Sx =x and Tx =~ for meeting the 
condition that d(x, Sx) = d(x, Tx) = d(A, B). This work is devoted to an inter- 
esting common best proximity point theorem for pairs of non-self-mappings 
satisfying a contraction-like condition, thereby producing common optimal 
approximate solutions of certain simultaneous fixed-point equations in Basha 
[27]. If K is anon-empty compact convex subset of a Hausdorff locally convex 
topological vector space E and T : K > E is a non-self-continuous map, then 
a classical best approximation theorem, due to Fan [3], asserts that there is an 
element x satisfying the condition that d(x, Tx) = d(Tx, K). Basha [27] proved 
results about common best proximity point of multiobjective functions but 
in same year, Kumam et al. [44] proved some results which guarantee the 
generalization of work of Basha [27]. 


Theorem 17.28 [27] Let A and B be non-empty closed subsets of a com- 
plete metric space X such that A is approximately compact with respect to B. 
In addition, let A, and By are non-empty. Assume that the non-self-mapping 
S:A—>B,T : A= B satisfy the following conditions: 


(a) There is a nonnegative real number a < 1 such that 
d(Sx, Sy) < ad(Tx, Ty), 


for allx, y EA. 
(b) T is continuous; 
(c) Sand T commute proximally; 
(d) Sand T can be swapped proximally; 
(e) S(Ay) € By and S(Ay) € T(Ay). 


Then there exists an element x € A such that d(x, Tx) = d(A, B) and d(x, Sx) = 
d(A, B). Moreover, ifx* is another common best proximity point of the mapping 
S and T, then it is necessary that 


d(x, x*) < 2d(A, B). 
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Here are very useful results of Kumam and Mongkolkeha [44] for proximity 
commuting mappings about common best proximity points. The next result is 
actually the generalization and extension of the condition (a) of above theorem 
of [27]. In fact, the class of weakly contractive maps lies between the classes of 
contraction mappings and contractive mappings. 


Theorem 17.29 [44] Let A and B be non-empty closed subsets of a com- 
plete metric space X such that A is approximately compact with respect to B. 
In addition, let Ay and By are non-empty. Assume that the non-self-mapping 
S:A—>B,T :A- Bsatisfy the following conditions: 


(a) For each x and y are elements in A, 
d(Sx, Sy) < d(Tx, Ty) — d(d(Tx, Ty)), 


where, @ : [0, 00) > [0, 00) is a continuous and nondecreasing function 
such that #(t) = 0 if and only if t = 0. 
) T is continuous; 
) Sand T commute proximally; 
(d) S and T can be swapped proximally; 
) 


Then there exists an element x € A such that d(x, Tx) = d(A, B) and d(x, Sx) = 
d(A, B). Moreover, if x* is another common best proximity point of the mapping 
S and T, then it is necessary that 


d(x, x*) < 2d(A, B). 


Replacing $(t) by (1 — a)t where 0 < a < 1 in Theorem 17.29, we obtain 
Corollary 17.4. 


Corollary 17.4 [41] Let A and B be non-empty closed subsets of a com- 
plete metric space X such that A is approximately compact with respect to B. 
In addition, let A) and By are non-empty. Assume that the non-self-mapping 
S:A—>B,T :A- Bsatisfy the following conditions: 


(1) There exists a nonnegative real number a < 1 such that 
d(Sx,,Sx,) < ad(Tx,, Tx,), 


for all x,,x, € A. 
(2) T is continuous; 
(3) Sand T commute proximally; 
(4) Sand T can be swapped proximally; 
(5) S(Ao) € Bo and S(Ag) € T(Ap). 
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Then there exists an element x € A such that d(x, Tx) = d(A, B) and d(x, Sx) = 
d(A, B). Moreover, ifx* is another common best proximity point of the mapping 
S and T, then it is necessary that 


d(x, x*) < 2d(A, B). 


Example 17.12 [41] Consider complete metric space C with Euclidean 
metric. Let A = {(%,1):0<x<1} and B= {(«,-1):0<x<1}. Define 
two mappings S:A—>B, T:A-B as follows: S(x,1)=(«- x, —1) and 
T(x, 1) = («, -1). It is easy to see that d(A, B) = 2, Ay = A, and B, = B. Further, 
S and T are continuous and A is approximately compact with respect to B. 
Construct @ : [0, 00) > [0, 00) as f(t) = - with x > y for all t € [0, co) and 
x,y € [0,1]. With the help of all such useful assumption, one can be see that 
each hypothesis of our Theorem 17.29 satisfies here; and there exists (0,1) € A 
that isa common best proximity point of S and T because 


d((0, 1), S(O, 1)) = d((O, 1), (0, -1)) = d((O, 1), T(0, 1)) = d(A, B). 


17.7 Tripled Best Proximity Points 


The last section of this chapter is arranged an event of describing about tripled 
fixed point and tripled best proximity point theorems with the help of some 
basic definitions and examples that are related to the main results of [43]. 

Inspired by the work of Sintunavarat and Kumam [42], we have defined the 
notions for tripled best proximity points and related results. 


Definition 17.33 [43] Let A,B be non-empty subsets of a metric space 
(X,d) and F : A? + B be mapping. An ordered tripled (x, y,z) € A? is called a 
tripled best proximity point of F if, 


d(x, F(x, y,z)) = d(y, F(y, x, y)) = d(z, F(z, y,x)) = d(A, B). 


It is easy to see that, if A = B, then a tripled best proximity point reduces to 
a tripled fixed point. 


Definition 17.34 [43] Let A,B be non-empty subsets of a metric space 
(X,d) and F : A? > B, G : B® — A be two mappings. The ordered pair (f, G) 
is called a cyclic contraction if there exists a nonnegative number a < 1 such 
that 


d( f(x, ¥,Z), Gu, v, W)) < 3 dx, u) + dy, v) + d(z, w)] + (1 — a)d(A, B), 


for all (x,y,z) € A? and (u, v, w) € B?. 
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Note that, if (f, G) is a cyclic contraction, then the pair (G, F) is also a cyclic 
contraction. There are some lemmas, which will be useful in main theorem to 
prove tripled best proximity points. 


Lemma 17.3 [43] Let A,B be non-empty subsets of a metric space (X, d) 
andF : A* > B,G: B® > A betwo mappings such that the ordered pair (f, G) 
is a cyclic contraction. If (%9, ¥p, Z)) € A? and we define the sequence {x,,}, {y,,}, 
and {z,,} in X by 

Kong =F on Vonr Z2n)> Xanga = Gon» Dane Zane)» 

Yansi = Fon» %2n> Von) Yons2 = Grane %2nt1 Vane)» 

Zon = F Zon Von ¥on)s Zone2 = Gont1 Voner X2n+v)s 


for all mn € {0} UN, then we have 


A (X95 Xon41) > AA, B), A(Xon415%2n42) > AA, B), 
AYon> ons) > HA, B), AW ons15Yans2) > 4A, B), 
AZo» Zon41) > UA, B), dZon1s Zon42) > AA, B). 


Lemma 17.4 [43] Let A,B be non-empty subsets of a metric space (X, d) 
such that the pairs (A, B) and (B, A) have the property UC and F : A? > B,G: 
B® — A be two mappings such that the ordered pair (/, G) is a cyclic contrac- 
tion. For any (%9, 77,2) € A®, we define the sequence {x,}, {y,,}, and {z,,} in 
X by 


Kong = Fon Ions Zn)» Xongn = Gong Vane Zane) 
Jonvr =F Von on Yon)» Yone2 = Gonzi oni Vans) 
Zonet =F Zon» Yon %on)> Zone2 = Gonsi> Vaner ane)» 


for all 1 € {0} UN. Then for any e > 0, there exists a positive integer Ny such 
that, for all 7 > n > No, we have 


1 
3 Fam: %onsa) + Aon, Vonui) + 4 (Zam Zant) < aA, B) + €. 


Lemma 17.5 [43] Let A,B be non-empty subsets of a metric space (X, d) 
such that the pairs (A, B) and (B, A) have the property UC* andF : A? > B,G: 
B® > A be two mappings such that the ordered pair (f, G) is a cyclic contrac- 
tion. For any (Xo, Yo, Z) € A, we define the sequence {x,}, {y,,}, and {z,} inX 
by 


Kongt = Eon Ione Zon)» Song2 = Gon41> Vane Zant1)» 
Jona =F Von %on Von)» Vone2 = GO ans1 Foner Vane) 


Zone. =F Zon» Von on)» Zona2 = Gone. Vone1 Contr) 


Some Recent Developments on Fixed Point Theory in Generalized Metric Spaces 


for all 7 € {O} UN. Then the sequences {%,}, {Vo,}5 {Zon}> {Xonar} Yona} 
{25,41} are Cauchy sequences. 


The next is the main result of [43], in which Kumam et al. proved the existence 
and convergence of the tripled best proximity points for cyclic contraction pairs 
for non-empty subsets of metric spaces via property UC. 


Theorem 17.30 [43] Let A,B be non-empty closed subsets of a metric 
space X such that the pairs (A,B) and (B,A) have the property UC* and 
F : A? > B,G : B® > A be two mappings such that the ordered pair (f, G) is 
acyclic contraction. For any (%9, Yo, Z)) € A®, we define the sequence {x,,}, {y,,}. 
and {z,,} in X by 


Kone = Fy Ion Zn)» Xanga = Gong Vans Zane.) 
Jona =F Von Xone Von)» Vone2 = GO ans1 % ont.» Vone1)> 
Zonet =F (Zons Van %on)> Zon42 = GZrn41> Vansis %one1)> 


for all € N U {0}. Then F has a tripled best proximity point (p, g,r) € A? and 
G has a tripled best proximity point (p’, q’, r’) € B°. Moreover, we have 


2 / I 
Xan 7 Ps Von 7 4 Zan 71s %on41 7 P > Yonti 7 FT > Zon41 77 - 
Furthermore, if g = rand q' =r’, then 


d(p, p’) + d(q, q') + d(r, r’) = 3d(A, B). 


Proof: By Lemma 17.3, it is obtained that d(«,,,, *»,,,,) > d(A, B). With the help 
of Lemma 17.5, it is observed that {%,,,}, {7,,},and {Z., } are Cauchy sequences. 
Thus, there exist p,q,r € A such that x», > P,¥, > q, and Z,,, > r. Now, we 
obtain 


(A, B) < dp, %o,,) S AP, Xo,,) + A Kays Xoy1)- 


By taking limit 1 — oo in last inequality, we have d(p, x,,,,) > d(A, B). By the 
similar argument, we also have d(q, y2,,) > d(A, B) and d(r, Z,,,,) > d(A, B). It 
follows that 


A(X, F(B, 9,1) = AGG Yoni 22m)» EF, 4 1) 
S (dg), P) + Aan. M + A Zoyq1,1)] + a@)d(A, B). 


Taking limit as 1 —> oo, we get d(p, F(p, g,r)) = d(A, B). 

Similarly, we can prove that d(qg,F(q,p,q))=d(A,B), dr, F(r,q,p)) = 
d(A,B). Therefore, (p,q,r) is a tripled best proximity point of F. Using 
the similar fashion, one can prove that there exist p’,q',r’ € B such that 
Xone. > P's Yona 2 Y and 2,4, 2 1’. Moreover, we have d(p’, G(y',q',1r’)) = 
d(A,B), d(q',G(q',p',q’)) =d(A,B), and d(r’, G(r',q’,p’)) = d(A,B); and 
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hence, (p’, q’,r’) is tripled best proximity point of G. At last, it is assumed that 
q=randq’' =r’ and then it can be show that 


d(p, p') + d(q, q') + d(r, r') = 3d(A, B). 
For all 1 € N, we get 


A(X, Xon41) = A G(X o> Yoni Zan)» F Kons Yon» Z2n) 
< 3 (421+ ¥an) + Yoni Von) + €Zani> Zon)] + ad, B). 


Letting 1 — oo, we have d(p, p’) < 5140. P’) + d(q,q') + d(r,r’)| + (1)d(A, B). 
Similarly, we get the others as: d(q,q’) < ACACE q')+ d(p, p') + d(r,r')] + 
(1)d(A, B). and d(r,r’) < 5l4@.P') + d(q,q') + d(r,r')] + ()d(A, B). Thus, it 
follows that 
dp, p')+ dq,q')+d(r,1') < ald(p, p') + dq, q') + d(r,1')] + 3(1)d(A, B), 

which implies that d(p, p’) + d(q,q')+d(r,r’) < 3d(A, B). Since d(A,B) < 
d(p, p'), (A, B) < d(q,q') and d(A,B) < d(r,r’), we have d(p, p') + d(q, q') + 
d(r,r’) > 3d(A, B). Finally, we can conclude that d(p, p’) + d(q,q') + d(r,r’) = 
3d(A, B). This completes the proof. Oo 


Since every pair of non-empty closed subsets A,B of a uniformly convex 
Banach space X such that A is convex and satisfies the property UC*. Therefore, 
the upcoming corollary justifies this note. 


Corollary 17.5 [43] Let A, B be non-empty closed convex subsets of a uni- 
formly convex Banach space X and F : A? > B,G : B? > A be two mappings 
such that the ordered pair (f, G) is a cyclic contraction. For any (Xo, Vy, 2) € A®, 
we define the sequence {x,,}, {y,,}, and {z,,} in X by 

Xons1 =F Xo Von Z2n)s Xango = Gps Ione Zaner)s 

Yonzr =F Von» on» Von)» Yon-2 = FO rnt1> %n1° one)» 

Zone. =F ons Von Xn)» Zon42 = Gans» Done %ong1)> 
for all € NU {0}. Then F has a tripled best proximity point (p, qg,r) € A? and 
G has a tripled best proximity point (p’, q’, r’) € B?. Moreover, we have 

Hon > Ps Von > Gs Zoy Ps Hons > P's Vonss 7 Ts Zone 2. 


Furthermore, if g = rand q’ =r’, then 


d(p, p') + d(q, q’') + d(r,r') = 3d(A, B). 


In the favor of the above mentioned corollary of [43], we are going to describe 
the next example. 
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Example 17.13 [43] Consider a uniformly convex Banach space X =R 
with the usual norm and let A = [1,3] and B = [—3, —1]. Thus, d(A, B) = 2. 
Define two mappings F? : A > Band G? : B> A by 
ease Glu, v, w) = TU-v-wts 

6 6 
for all (x,y,z) € A? and (u,v, w) € B*, respectively. For any (x,y,z) € A® and 
(u, v, W) € B’ and fixed a = 3) we get (f, G) as a cyclic contraction. 


F(x, y,Z) = 


This implies that (f, G) is a cyclic contraction with a = +. Since A and B are 
closed convex, the pairs (A, B) and (B, A) satisfy the property UC*. Therefore, 
all the hypothesis of Corollary 17.5 hold. Therefore, F has tripled best prox- 
imity point and G has a tripled best proximity point. We note that the point 
(-1,-1,-1) € B? is a unique tripled best proximity point of G. Furthermore, 
we get d(1,-1) + d(1, -1) + d(1, -1) = 6 = 3d(A, B). 


In [43], we also investigated the tripled best proximity point result for com- 
pact subsets of metric spaces, as follows: 


Theorem 17.31 [43] Let A,B be non-empty compact subsets of a metric 
space X and F : A? > B,G : B? > A be two mappings such that the ordered 
pair (f,G) is a cyclic contraction. For any (x9, V9.2) € A?, we define the 
sequence {x,,}, {y,,}, and {z,,} in X by 


Kong = Eon» Ione Zon)» Sons = Gans 1 Vane Zant) 
Jona =F Von ane Von)> Vone2 = GO ons1 Font. Vone1)> 


Zonet =F (Zons Vans %on)> Zon42 = GZrn41>Vantis %ane1)> 


for all € {0} UN. Then F has a tripled best proximity point (p, qg,r) € A? and 
G has a tripled best proximity point (p’, q’, r’) € B®. Moreover, we have 


, / I 
Xan 7 Ps Von 7 4 Zan Fs %on41 7 P > Yonti 7 FT > Zon41 77 - 
Furthermore, if g = r and q’ =r’, then 


d(p, p') + d(q,q') + dr, r') = 3d(A, B). 


Proof: Since A is compact, the sequences {%,,}, {¥>,,}, and {Z,,, } have the con- 
vergent subsequences {%,, }, {Vo,,},and, {Z,, }, respectively, such that 


Kon, > PEA, Ion, 7 TEA, Zn, 2 TEA. 
Now, we have 


AA, B) < dM, X yy) + Ay, 5% on, -1)+ 
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By using Lemma 17.3, we have A(Xon,>%on,1) — d(A,B). Taking limit as 
n > ©, we get d(p, >, ;) > d(A, B). By the similar argument, we observe that 
d(q, Xon1) > d(A, B), d(r, Xen) > d(A, B). Note that 
d(A, B) < A(X 4.5 F(p, q, r)) = A Gon on i> Zon )> F(p, q, r)) 
< 3 M29, 1-P) + AVon.1> q+ A(Zoy,1> r)] 
+ (la)d(A, B). 
Taking k > oo, we get d(p, F(p, q,r)) = d(A, B). Similarly, we can prove that 


d(q, F(q,p, q)) = AA, B), dr, Fr, 4, p)) = UA, B). 


Thus, F has a tripled best proximity (p, g,r) € A?. Ina similar way, since B is 
compact, we can also prove that G has a tripled best proximity point (p’, q’,r’) € 
B®. Now, for next and last need to prove d(p, p’) + d(q, q') + d(r,r') = 3d(A, B), 
for this, we follow the steps of the proof of Theorem 17.30. This completes the 
proof. Oo 


The next theorem is a new result for tripled fixed point via cyclic contraction. 


Theorem 17.32 [43] Let A,B be non-empty closed subsets of a metric 
space (X,d) and F : A? > B,G : B? >A be two mappings such that the 
ordered pair (f, G) is a cyclic contraction. For any (Xo, 79,2) € A®, we define 
the sequence {x,,}, {y,,}, and {z,,} in X by 

Kong =F Son Von Z2n)> Xanga = Gon» Vane Zane)» 

Yonsr = FO on»%2n>Von)s Yons2 = Gane» %2n-1 Yane1)» 

Zona = Zon Von ¥on)s Zone2 = Grnt1 Voner ¥2n-v)s 
for all 7 € {O} UN. Then F has a tripled fixed point (p, g,r) € A? and G has a 
tripled fixed point (p’, qg', r’) € B®. Moreover, we have 

Rg > Di Von OG Dag OD Hayy PVs Vee Os Dag Se 


Furthermore, if g = rand q’ =r’, then F and G have a common tripled fixed 
point in (A n B)?. 


Proof: Since d(A, B) = 0, it follows that the pairs (A, B) and (B, A) satisfy the 
property UC*. Therefore, by Theorem 17.30, we claim that F has a tripled best 
proximity point (p,q, r) € A®, that is, 


d(p, F(p,q,r)) = dq, F(q, p,q) = dr, Fr, g, p)) = aA, B) 
and G has a tripled best proximity point (p’, q’, r’) € B®, that is, 
dp’, G(p',q'.1')) = dq’, Gq. p',')) = dr’, G0". q’,p’)) = AA, B). 


Since d(A, B) = 0, we conclude that p = F(p, g,r),q = F(q, p.q),r = Fr, q, p), 
that is, (p,q, r) is a tripled fixed point of F and similarly (p’, q’, r’) is tripled fixed 
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point of G. Next, we assume that g =r and q’ =r’ and then it is seen that F 
and G have a unique common tripled fixed point in (A Nn B)?. From Theorem 
17.30, we get d(p, p') + d(q,q’) + d(r, r’) = 3d(A, B). Since d(A, B) = 0, we get 
d(p, p’) + d(q, q') + d(r, r') = 0, which implies that p = p’, q = q', and 'r =r. 
Therefore, we conclude that (p, g,r) € (A NB)? is common tripled fixed point 
of F and G. Hence proved. Oo 


Next, we give one example to illustrate Theorem 17.32. 


Example 17.14 [43] Consider a space X =R with the usual metric 
and let A =[-2,0] and B= [0,2]. Define two mappings F : A? — B and 
G: BA by F(x,y,2) = ee G(x, y, Z)= a for all (x,y,z) € A® and 
(u,v, W) € B, respectively. Then d(A, B) = 0 and the ordered pair (f, G) is a 
cyclic contraction with a = > With these all assumptions all the hypothesis of 
Theorem 17.32 hold. Thus, F and G have common fixed point and this point is 
(0, 0,0) € (A UB)’. 


We take A = B in Theorem 17.32, then we get the following results. 


Corollary 17.6 [43] LetA beanon-empty closed subset of a complete met- 
ric space (X,d) and F : A? > A,G : A? > A be two mappings such that the 
ordered pair (f, G) be a cyclic contraction. For any (%p, 7, Z)) € A®, we define 
the sequences {x,}, {y,,}, and {z,,} in X by 


Kong = Eon» Ione Zon)» Sons = Gons1> Vane Zant) 
Jona =F Von ane Von)> Vone2 = GO ons1 Font. Vone1)> 


Zone =F (Zons Van %on)> Zon42 = GZon41> Vani %2ne1)> 


for all n € {0} UN. Then F has a tripled fixed point (p, g,r) € A? and G has a 
tripled fixed point (p’, q’,r’) € A?. Moreover, we have x5,, > Ds Yo, > G Zon > 
1, Xona1 > D's Vone1 2's Zon41 2 Vr. Furthermore, if g =r and q' =r’, then F 
and G have a common tripled fixed point in A?. 


If we take F = Gin Corollary 17.6, then we get the results in Corollary 17.7. 


Corollary 17.7 [43] Let A be non-empty closed subsets of a complete met- 
ric space (X,d) and F : A® > A bea mapping satisfying 


df (x,y,z), E(u, v, w)) < gldlx, u) + d(y,v) + d(z, w)] 


for all (x, y, z), (u, v, w) € A?. Then F has a tripled fixed point (p, q, r) € A®. 


623 


624 


Mathematical Analysis and Applications 


17.8 Future Works 


By the research experience in field of metric fixed point theory, we have many 
idea to extend the new thing in metric fixed point theory such as: 


To extend and study existence of other nonlinear mapping and apply it for 
solve a problem in a real world. 

To study properties of fixed point theory that can be apply for real world 
problem such as in economics and transportation. 

To study existence of generalized game equilibrium and apply to network 
problems. 


e To study properties and application of fuzzy nonlinear in spaces. 
e To study stability of fixed point, common fixed point, coincidence point, and 


best proximity in spaces. 

To apply metric fixed point theory for solving differential equation, integral 
equation, and equilibrium problem and solving method. 

To study method to find minimize of optimization problem and image 
processing. 

To study fuzzy optimization problem. 
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18.1 The Basel Problem 


Pietro Mengoli (1626-1686), an Italian mathematician, posed the following 
problem in 1644, find the numerical value of 

1 1 1 1 1 

— 4+ 4+ H+ te te es — S71 (9), 

12 92 32 n2 y n2 o( ) 
No doubt Mengoli had an approximate value, since for instance by adding the 
first 10 terms approximates 


Eta) ORB? ay BAST Tvs 
1270080 
Many other notable mathematicians including Jacob (1654-1705), Johann 
(1667-1748) and Daniel Bernoulli (1700-1782), Gottfried Leibniz (1646-1716), 
James Stirling (1682-1770), Abraham de Moivre (1667-1754), John Wallis 
(1616-1703) and Christian Goldbach (1690-1764) attempted to solve the 
problem but were only able to obtain some partial results. Wallis claimed he 
had evaluated ¢(2) to three decimal places, Jacob Bernoulli argued as follows, 
since 


1 2 
Qn? > +1), then — < ——— 
n’>n(n ), then 2 ALD 
2 
also — —— = 2, hence — <2 follows. 
py n(n + 1) Lis 


Johann and Daniel said it’s about 8 > Goldbach claimed 


41 5 
5 <i QVss = 
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and Stirling had numerically calculated €(2) = 1.644934066 to nine decimal 
places. It took no less than the genius Euler (1707-1783) to solve the problem. 
In 1735, Euler announced that €(2) = = = 1.6449. Consequently this problem, 
which resisted a closed form solution for 90 years, has been named the Basel 
problem, a town in Switzerland where Euler was born. Euler’s method uses the 
Taylor series expansion for the sinx function, which is a polynomial whose 
roots are x = kz, where k is an integer. Hence with the fundamental theorem 
of algebra the polynomial = can be written in terms of its roots: 
sinx (—1)"x"" 
x so cress I] ee) 


where A = 1 is a proportionality constant, because lim n St = = 1. Sum each of 
the factors (x? — n?*) = 0, and then 


= ee) 


n>1 


now multiplying all the factors and collecting the coefficients belonging to x? 
results in 


Equating the coefficient . x? in the Taylor series gives us the closed form 
¢(2) = pe Sat 
ni! 


In a similar fashion Euler reasoned 
1 at DY oe 
H=Y—=2, c=) —=..... 
o@) pa 90 6) pie 945 
and finally discovered the celebrated result 


1 Eilts. a 
€(2k) = > pk = ~ Or 


n>1 


forka sia integer, B; is the jth Bernoulli number defined by 


La ~é for |z| < 2z, 
‘0 
which is a Taylor expansion about z = 0 of the holomorphic function h(z) = 
ait which implies lim a = 1. Since e* — 1 vanishes if and only if z = 2zin, 
= 230 ee 
the restriction |z| < 2a means that the denominator e” — 1 vanishes only for 
z = 0. Euler computed B; up to j = 30, some values of B; are 


Bo B, B, B, Be Bg Bio 
ee a eee ee ee ee De 
2 6 30 42 30 «666 
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where B,,,, = 0. Euler’s fascination with prime numbers lasted throughout his 
life and in 1737 discovered the beautiful identity 


cos) 


jeP 


for s > 1 and P is the set of prime numbers. In the last 50 years there has been 
an explosion of results, see [1-49], related to Euler sums. Two other recent rep- 
resentations for ¢(2) are 


1 
6(2)=3 }) —— 
Sl 2 ( 2n ) 
n 
and the BBP type identities 


(6n+1)2 (6n+2) (6n+3) 
a7 1 
¢(2) = a“ > 


5n 
n>1 2 


ee re 
(6n+4)2 (6n+5)2 


Interestingly, at negative integer values we have 


at n= 0, 
2 
¢(-—n) = with €(—2n) = 0 
2 n+1 
n+l’ 
while the derivative is 
we In2z, n =0, 
2 
mee re 
2n)! €Qn+1 
pp eee, 


g2ntl 7 2n 


The summation of the reciprocal natural numbers 


1 1.1 1 1 
ee 
6(1) 1 2 3 n pa 


was first, shown to diverge by N. d’Oresme (c1320-1382). The partial sums of 


the zeta function are called harmonic numbers, so that 


| 
HP =e@m=) =. 
yet 


633 


634 


Mathematical Analysis and Applications 


Interestingly, Euler conjectures that 
63) = Y= =an?In2+pln’2 
ne 
n>1 
with rational numbers a and f. A series that comes close to Euler’s conjecture 
is 
1 
2”"n° 


4 Dead 278 
3) = =”? In2 — —In’2+ = 
B= ae neon 7 


but to date no rational numbers a@ and f have been found. Similarly, Euler 
obtained, see [50-54] 


1 3 oe 
——~ = =¢(2) In2+2 In(si dx. 
2 On+D? 50h ) In i x In(sin x) 


The following series representation for ¢(3) is known as Apery’s constant 


5 (-1)"*1 
(= aa 


nEl 13 2n 
n 


There are many other series representations for ¢(3) and the odd zeta functions 
€(2n + 1), and harmonic number identities [55, 56]. In a recent paper [57] the 
authors obtained, forn EN 

GOES g2nt2 1 


6(2n + 1) = —————*~__ + — __—__ ). _—__, 
2A = DOW Bes A p2 (4k — 1)?"*1 


where the Euler numbers E,, are defined by 


2et ef 
P= hate |¢| <a. 


Surprisingly, little is known about ¢(2n + 1). For example, none of these val- 
ues are known to be transcendental, although it is conjectured that they are 
algebraically independent over Q(z). In 1979, Apery [58] demonstrated the 
irrationality of €(3). Rivoal [59] proved that for any e > 0, there exist an integer 
m > Osuch that for all odd integers (2m + 1) > m, the dimension of the Q vec- 
tor space spanned by ¢(3), (5), €(7), ...,¢(21 + 1) is at least — In(2n + 1). 
This implies that infinitely many odd zeta values are irrational. In 2001, Zudilin 
[60] established that at least one element of the set {€(5), €(7),€(9), €(11)} is 
also irrational. For k a positive integer the multiple zeta function of depth k is 
a function of k complex variables s, defined by the series 


1 


€ (81,58, --- Sp) = 


51 52 83 Sq? 
N\>n,>>nj,2=1 Ay Nyse: ny 
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the series converges provided that R(s,) and R(s;) > 0 for i = 2,3,...,k. Many 
interesting integral representations and algebraic relations among multiple zeta 
values are known [61]. Euler evaluated ¢(2, 3) = ¢(3). Euler, further considered 
sums of the form 

(m) 


._ k 
T(m,n) = py eae (18.1) 


and found some explicit representations, including 
n-2 


H 
(in = ae = (n+ 2EQn+1)- YP C-KE(k + DV. 


kel k=l 
For odd weight (p + q) Borwein (see [62—65]) recently obtained the identity 


HY 1 (-be! (ptq—-1\.. (-)t! (ptq-1 
ed ea 


[| 

_yptl —2k—- 

+ as" seu ) coc +r > & sf aie 7 Ce eas 
k=1 


! 
a 2; (? : ae 7 ) C(2k)¢(p + q — 2k). 
k=1 


Many other relations have also been obtained for 


(p) 1p) 
H. (-1)"*!H 
+ ae n +— ae n 
Sg) := i So) := 7. 
n>1 n>1 
77) Ze) 
H (- 11H 
=f ee n —_ eae: n 
S*.Q =) So -= 
n2>1 n>1 
(Pp) —pytl 
where He = aa ee Let us define the alternating zeta function 


= oq yntl 
Za) = y= - 2 


n=1 
For first order powers (p = 1), of harmonic numbers, Sitaramachandrarao [48] 
gave, for 1 + qg an odd integer, 
4-1 
28 (1,q)= (1+ ge+q)—¢+q)-2 YE) cd +q-2j) 
j=l 
and in another special case, gave the integral 


bas _ f* In°4(x) Ind. +x) 
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For higher order powers (p > 2), of harmonic numbers, in the case where p and 
q are both positive integers and p + q is an odd integer, Flajolet and Salvy [66] 
gave the identity: 


2S*-(p,q) =(1 - (-DYVE(D)E(@+6V+9) 
pti- ig 
+2 C(p + i) C(2k) 
De ( po 


=. Gee Ye 1YE(q +f) F(2k), 
j+2k=p q 


where €(0) = = 4 (1) = InQ), €(1) = 0, and €(0) = 5 in accordance with the 
analytic continuation of the Riemann zeta function. We may note that 


q-l 
S~(1,q) + (-D1S*(,@) = S(@) In 2-H (-V/Eqt1-/jNeH 


j=l 


and many shuffle relations are evident, such as 
COEP) + [P+ D=S*(v.9 +S (ap). 
C(p)S(q) + (p+. =S~(p.g) + Sup). 


(A,)”" 


ni 


Much work has also recently been done on Euler sums of the form }’,,.; 
[67] and products of index (M, q) 


rn _ y HOD Hm he HM 

(St ae 

n>1 ni 

where M = (m,, mp, ..., m,) is a partition of an integer M into k summands so 

that M =m,+m,+---+m, and m, <m,<--:-<m, whereqg+m,+m,+ 
-- +m, is called the weight and k is the degree. Many other works may be seen 

in [35, 60, 61, 68-83]. Riemann (1859) extended the zeta function to complex 


numbers s where ¢(s) = - with functional equation 
n>1 


gq 0-9/2 (= *) €1-s)=2°°T (5) €(s). 


The Riemann hypothesis [84, 85], which still remains unsolved states, if €(s) = 
and s is not a negative even integer then s = + + it for some real number t. If 
this hypothesis is true it would imply the estimate of the Gauss prime number 
theorem, which states 


x 
2G ale re eed 
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where z(x) is the number of primes less than or equal to x (here 1 is not con- 
sidered to be prime). Gauss later improved the estimate [86] to 


nx) Lits) = ae as x > ©. 
, Int 


In the eighteenth century it became clear that the existing elementary functions 
were not sufficient to describe a number of existing and emerging problems 
in various branches of mathematics. Functions that described the new results 
were generally presented in the form of infinite series, integrals, and as solu- 
tions of differential equations. Some useful special functions that are required 
inthe Sy analysis are now listed. LetN := {1,2,3,...}, be the set of natu- 
ral numbers. :=Nu {0}, Z := {...,-3, -2, -1, 0, 1, 2,3, ...} is the set of all 
integers, Z> := ae .,—3, —2,-1, 0}, Z} := {0,1,2,3,...},R,R, and C denote 
the set of real. positive real, and complex numbers, respectively. The Gamma 
function, for z € C, as given by Euler in the integral form is 


T(z) =) et dt, R(z)>0. 
0 


The special case for z € N reduces to, from the recurrence relation, [(“ + 1) = 
n(n) = n!. The ee formula is an important property and 


Tord -z) = 
sin zz 
the Pochhammer or shifted factorial is defined by (A), 
@, rato _ (u = 0; 4€C\{0}), 
ae C3) IGT OPH A): . (SHEN: FEL), 


it being understood conventionally that (0)) :=1 and assumed that the 
I’-quotient exists. Also (—A),, = (-D"(A — w+ 1),; H © No. The Beta function, 
or Euler integral of the first kind, is 


1 
B(z, w) = v: Ya —1"1 det 
0 


_Terw) 
= T@+w)’ R(z) > 0, R(w) > 0. 
Let 
1 ye - n fa 
1,= re = [ ef atertyorn= Ligen’ H, :=0 


(18.2) 


be the mth harmonic number, where y denotes the Euler—Mascheroni constant 
and y(z) is the Psi (or Digamma) function defined by 
I"(z) 


etd _v@ = is 
w(z) := q, lost @} Bae or logI(z) i w(t) dt. 
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Agoh [87] has given the unusual following expression for H,,. Let z € C, then 


BCE) 2) 


which for z = 1 reduces to (18.2). Also recently an intriguing representation for 
H,, has been given by Ciaurri et al. [88] as 


dx. 


1 cos (os) — cos (=) 
1 2 2 
eo 
0 sin (=) 
2 


In the case of noninteger values of 1 such as a value p € R, the generalized 
harmonic numbers Age may be defined, in terms of the polygamma functions 


yM@) i= =< ae ieee (Z)} (1 ENo), 
a ie (z+ oe 
by 
Hs com+ y+" zi yw™(p + 1), 


(p € R\{-1, -2, -3, ...}; m EN), 


where ¢€(z) is the Riemann zeta function. The recurrence relation is 


1)"n! 

yPZ+D=y@+ Ss - 

and reflection formula 
m 

wM1—z+(-D"™ yw = (-1)"2 <= (cot(2)) (18.3) 

The Hurwitz—Lerch zeta function, or transcendent 
co zn 
M(z,s,a) = 
( ) 2d (n+ a)s 


is defined when |z| <1,s€C and a€ Z\Z, , R(s)>1 when |z| =1 and 
satisfies the recurrence 


O(z,s,a) =z O(z,s,a+1)+a™. 


It can be continued meromorphically to the whole complex s-plane, except for 
a simple pole at s = 1 with its residue equal to 1. The Lerch transcendent gen- 
eralizes the Hurwitz zeta function at z = 1, 

foe} 


@(1,s,a) = 6(s,a) =) — 


———,; XR 1, C\Z, 
“4 (n+ a) Sy a \ ? 
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and when a = 1, we have the Riemann zeta function 
oo 
1 


@(1,s, 1) = €(s,1) = €(s) = ») ——; R(s)>1. 
py (1 + 138 


When a = 1, we have the Polylogarithm, or de Jonquiéres function, 
foe} zn 
D(z, s, 1) = Li,(z) : >> —, s€Cwhen |z| <1; Rs) > 1 when |z| = 1, 
ns 
n=1 


moreover, 


x 


ie Li,(px) i in é(1 +5), for 12 =] 
0 


(2*-—1)€ +s), for p=- 


A generalized hypergeometric function is defined by 


,4y,...,4y 
E[a=,E 
ey bee 


J = /F{|(4,); (6))|Z] 


q 


a Ga Gr 2" pl! 
Ses (Dn? Ogn 1! 


for b, nonnegative integers or zero. When p < q; ,F,|z] converges for all com- 
plex wales of z, ,F,[z] is an entire function. When : >qt1; ,F,[z] converge 
for z= 0, unless it terminates, which it does when one of the parameters 
a, is a negative integer, hence ,F,|z] is a polynomial in z. When p=q+1 
the series converges in the unit disc |z| < 1, and also for |z| = 1 provided 


q P 
that R (3 ba ‘) > 0. When p = 2,g = 1, we have the familiar Gauss 
eae 

hypergometric function 


TO _ fi: to- lg aa ae t)- b-1 
Zz dt, 
rE T(b)r(c — b) ~ (zt 
where |z| < 1, R(c — b) > Oand R(H) > O. 
In the next section, we consider an extension of the Basel problem, a sum 
of the form (18.1), and express it in closed form. Closed form expressions in 


mathematics are important and a good account on closed forms: what they are 
and why we care can be seen in [89]. 


a,b 


E 
w1) ¢ 
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18.2 An Euler Type Sum 


We define a harmonic number with multiple argument as H,,, for p € N\ {1}. 
For p = 1, we write H,, as the nth harmonic number with unitary argument. 
In the following we will develop analytical representations for Euler type sums 
with inverse binomial coefficients of the type, 


(4) 
» Fm (18.4) 
= ( nt+k ) 
21 y 
k 


Furthermore, we discuss analytical representations of the integral 
| * ln? x Er 1,1 
g lax? * | oak 


for (k, p) the set of positive integers and where ,F, | . | is the classical Gauss 


*] dx (18.5) 


hypergeometric function. Some results, which are published, on Euler sums 
with multiple argument of the type (18.4) are, from [90] 


2n 
( n ) Ha 
yee = 
4" Qn+1) 
where G = 0.91596 - - - is the Catalan constant, and from [91] 
2 
2n 
( H. J 6-12 lIn2+4G 
—____ = —(6- +4G). 
pa Vn —1) | 72" =z! " ) 


n>1 
In the case of noninteger values of the argument z = 5 we may write the gen- 
eralized harmonic numbers, pe, in terms of polygamma functions 


~1)2 
H&t) = f(a +1)4 ( : 
- a! 


yo (E41), us es eee 

q q 
where ¢(z) is the zeta function. In the following analysis, we encounter har- 
monic numbers at possible rational values of the argument, of the form Ho 


i 
they maybe evaluated by an available relation in terms of the polygamma func- 
tion y“(z) or, for rational arguments z = and we also define 


Hi? =y+w (E41) and HO SO. 


q 
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The evaluation of the polygamma function y (£) at rational values of the 


argument can be explicitly done via a formula as given by Kélbig [92], or Choi 
and Cvijovic [17] in terms of the polylogarithmic or other special functions. 
Polygamma functions at negative rational values of the argument can also be 
explicitly evaluated, for example 


H® = -16 - 14¢(4), H®) = 64+ 2° — 276(3). 
Some specific values are listed in the books [93, 94]. Some recent results for 
sums of harmonic numbers may be seen in the works of [18, 67, 95-115] and 


references therein. 
The following lemma is proved in [116]. 


Lemma 18.1 Let k be a positive integer. Then 
H® 
A(k) = ae 
2 ( nt+k ) 
an 
k 

x In°x am 1,1 
io)+ tag | 2 ape 


H® ¢(2) — H® €(3) 


| dx (18.6) 


k 
ri ( k 
=66)—Mhc@ + YD ( ) : 5 H, 
ey 


(18.7) 


We now prove the following lemma that will be required in the proof of the 
main theorem. 


Lemma 18.2 Let p € Nandj = 1,2,3,...,p —1. Then, 


“pln? x eln’x 1,1 
BG, k, + ———_ [2 F x| dx (18.8) 
G.k,p) = roa) mab en | 
H® 
El « + ‘) 
k 
= cH SH (co -#%) Hp (18.9) 
Ko Pp ee 


1 (<) - x) 17 (<a - x) Hi, 
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(4) _ 772 \ 77) 
ne oe (<a H®)) H' 


L4r-1 
P 


k 
+ Dea (1) | -(ce-H8) we + (CH) Hass 
r=1 P P P 


In the case when j = 0, (18.8) reduces to (18.6). 


Proof: Let h® = H\ — H® and consider the following expansion: 


SO SALAS SLY 
2 Tntk\ n+k a ae St n(nt Den 
k n nt +r) 
r=1 
Now 
y a y ees x aes (18.10) 
n=1 n+ k _ n=1 Ht r=1 a+r , 
G k 
where 
A= hee S GCI (k (18.11) 
ro no-r_ k = k! r , , 


I[z+r 
r=1 


For an arbitrary positive sequence X;,,, , the following identity holds 


The Basel Problem with an Extension | 643 


where 
<a 
pO. =O = 
n— —-a p> (A = a)" 
— h® f k\~< 1 
n = (-1)7! r ( ) 
2 Ga, D2 r Ds aar 
k 


k 
_ mre g 1 [yatn-w) 
Se yr (1) SL [ware |. 


Since we notice that 


r-1 


1 
HOY = Die 
then 
(oe) k r-1 © 
») h® : y (pt ( k ) py 1 
“A lntk\ & r) Lean +a 
k 
= 1 
Be op 2 aaa 
= 1 rt 
2,¢ ) ) r-1 © 1 
+ 
>» 2a (A—a)*(m + A) 
Simplifying 


= 4. 5 (¢(2)- H®) 

co n® a j a 

=a ae vase ) ~1 (3) - H®) 
a 


‘nl n+k 
u ( k oe 1 (4) 
+764) — HZ,) 


H.-H, €2)-H® ¢3)-H® 


£ x aver k 5 (m+ a)* (m+ ay (m + a) 
r=1 e m=1 c(4) = H” 
qe ees SS 
mt+a 
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= “2+ 4¢@-H- 53) ~H®) + 2¢(4) - H®) 
a a 


H.-H, | 6Q)-H2  6()-H® 


k Pn (ere 5 5 
k (m + a) (m +a) (m +a) 
r+1 
oy » (-1) ( : ) Y 
fe is S@-HS 
m+a 
Now 
oo: Va 
2 Tn eky = Ga) — H_,H® - (€2) — H®)H® 
n=1 n+ k 
k 
+ (€(3) — H®)H® —- (4 -H®)H, 
r-1 H,, 
= —" a H® 
>» (m + ay4 Fg) 
k 
k +(6(2) — HoH, 
_yytl rta-l1 
+ 2 1) ( : ) + 
- (8) 772) 
—(€(3) - HAY 4 
+(6(4) — HH, 44-15 
where 
1 
G(a) = - 560) ~H®)+ “(6(4) ~H®) 
and since, from 
2 h® 0 H® + H® © H® H® 
LTa+k\ n+k Uae n+k “2 Taek) n+k a 
k k k 
then 
a 
ae H® 


n 


——_*___ = G(a) — H_,H® - (¢€(2) —H™)H® + =p 


ra n+ k 
k 


+(6(3) -— H®)H® — (¢€(4) - H®)H, 
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2 nO 


i (m+a)* —@ “r+a-1 


a (2)) 1 7(3) 
+n (*) +(6(2) — HoH 
: —(6(3) — HH 


rta—-1 


+(¢(4) — H®)H, 


rt+ta-1 


and putting a = t the identity (18.9) follows. Oo 


The next few theorems relate to the main results of this investigation, namely 
the closed form representation of the sum (18.4) and integral (18.5). 


18.3 The Main Theorem 
The following main theorem is proved 


Theorem 18.1 Let (k,p) E N, then 
a) (4) 


F(k, p) = > Z 


al n+k 
n 
k 
x? In? x 1,1 
4) + EF. 
a anf = fn 


3 17n 
= eS = Jew +4 SA te = + Y" BY. kD), (18.13) 
j=l 


”] dx (18.12) 


where A() is given by (18.7) and BG, k, p) is given by (18.9). 


Proof: For the integral representation (18.12), we recall that for m € N 


-1)" f* (-x")In” 
Hom ai ‘| G=2)In" 4 
m!\ Jo 1-~x 


646 | Mathematical Analysis and Applications 


We can now write 
oo H® 1 3 1— xen 
Fe df ey Oe 
mr Gu 6 Jo 1-« 
n n 
k 
1 13 
1 In°x 1 xP 1,1 
=-s F. i Pl) dx 
zf 1l-x (z- ar [i le|) 
a? In FS yee 
yp “ dx, 
E+ anf 2 =| | . 


2+k 
hence (18.12) follows. Now for p € Nand from the properties of the polygamma 
function with multiple argument 


p-l 
n 1 n r 
w'"(pz) = 6,9 + pal yy (< + r) 


r=0 


where 6,, is the Kronecker delta, we are able to rewrite, in terms of harmonic 
numbers, and using the properties of the polygamma function, as 


p-l 
(4) _ @ 1 (4) 
re = (2S ~) cay + 4 —H‘ se =H. 


j=l p 
The fourth-order harmonic numbers H™. may be thought of as shifted 
sat y g 


harmonic numbers, other results on summing shifted harmonic numbers are 
published in [117-129]. Now, summing over the integers 1 


pl 1 774) 
(2) c@+ 4H; 


a7 
2 (5 ) c(4) + aAW fies LS 5g kp), 
BS 
which is the result (18.13). Oo 


We give an example to demonstrate the power of the above theorem. 
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Example 18.1 
(4) 


1 3 
1 1 x“In’x 
F(2,4) = at = =¢(4) + i Peale 
(2,4) Ga + mar |'y 
A\ 9 


259667 53526939 59923 
= ——6(5) + ——C(4) - 3) + Peer £(2) + 
Ta ae 55664 )~ q3a400°) * 32928000 * T0285 
ie ( a ) ghd e ) 59953072 
2016 480 121550625 


x dx 


4 4, 
= 2217728 ( _ 383424682 In 24 208307761 
1157625 121550625 31116960000 


ie i 1 f! 2In'x 11 
F(2,2) = ——*_—- = =<¢(4) + — Ae , 
(2, 2) ‘Co 504) af ner | 4 


2 


x] dx 


1 19 215 199 
1620 + Teo — Jagh@ + Tes 


yt O8 In 2+ acy ; 
81 1296 


The following proposition follows directly from Theorem 18.1 and is a com- 
ment on the evaluation of the integral in (18.12). 


Proposition 18.1 For (k, p) EN, 
: < me 1,1 
af 1 


I(k, p) = 2Q+k 


1 p 
6(1 +k) | o 


= FA) se i k,p)- 7a 
j=l 


where A() is given by (18.7) and B(, k, p) is given by (18.9). 


The case k = 1 is interesting in its own right and, therefore, we have the 
following result. 


Corollary 18.1 Under the assumptions of Theorem 18.1, with k = 1, we have, 


co (4) 
Ce 2 ee 1) 


-if (1 — #?)In"x In(1 — x?) — x?)In?x Ind —#) 4 


ae ar ej (18.14) 
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= 565) + SH 10(4) ~ aH £3) + pts) (18.15) 


1 
+ B((F) eG) oe (2) o8- Eas 
pF SAC Cr ie a a 


j=l 
= Fi6(5) + 5H, CB) — GHB) + THER) (18.16) 


(+) (#41+re0t(#)) 
oe -(2) (2@ Sey — n*cosec? (2)) 
25 P 
a= +(2), (x, — ® cot (2) cosec? (2)) 
= () (ec - ee — = cosec? (2 ) {2 cot” (2 ) — cosec? (2) 


Proof: From (18.12) 
fo) igi 1 x? In3x 1 1 
F(1, p)= Lined O44 af ane | 3 || dx 


= 1 f° Inkx (2) 
=ca+2 [ ( = Ing. ~ a”) +1) dx, 


1-x 


and since i we dx = —6¢(4) then (18.14) follows. From (18.13) 


3 
F(L,p) = (45 ~} £(4) + AW) or LS ay, 1,p) 
j=l 
3 
= tet (2 = *) cc) 
4 

yal H+ (4) #g- (4) (#21 -2)) 
p fl ‘ H® H® 

16) (v-«0) - (9) (w=) 


since 


y Te — De +p +E), 
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then 


1 1 1 
FO, p)= 5008) + Hp 16(4) — GH, (3) + FH) 


p-l 4 3 2 
EUG) Gi) eG) tO) 
PE), NEP i ee 


which is the result (18.15). From the reflection relation of the polygamma func- 
tion (18.3), we have, in terms of harmonic numbers, 


ae 


3] 
H_; =Hi_,+acot| — ], 
» P 


Ho 2€(2) — a — n’cosec* (2). 
P 


~p 


al Tj 
He = a, —x° cot (=) cosec” (=) 
> pa 12 P 


and 
‘ ; 
H® =2¢(4)-H® — Feosee'( 7) {cot (=) — cosec” (=)}. 

=A ae: Pp Pp Pp 
then 

pee asthe) @) 
Fp) = =6(5) pe H,-16(4) als $3) +7 = H¢ ~$(2) 

P 


(5) (#2 +rea(2) 
<2 -(2) (2 sete — ncosec? (2)) 
ve +(2), (H®,- 9 cot (!) cosec (2)) 
— (2) (ecw — a -= cosec (2 ) {2cot? (2) — cosec >(2) }) 


The integral (18.14) follows from (18.12). The identity (18.16) is noteworthy 
because it introduces finite cotangent and cosecant sums, which is a separate 
field of study in itself. Finite cotangent and cosecant sums of the form 


p-l p-l 
ar ar 
cot” | — } and cosec” (=) ; 
Deve (F) and Doon (5 


and their variations have been investigated, see [2, 5, 30, 34, 130-132]. Bettin 
and Conrey [133] prove a certain reciprocity formula for the cotangent sum 


Sr cot (2) 
ae 
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The sum arises in connection with the Nyman-—Beurling approach to the Rie- 
mann hypothesis. The author has not seen an investigation of 


p-l p-l 
>. ricot” (=) and bs ricosec” (=) ; 
r=1 P r=1 P 

q € Z\{0},m EN, in the published literature. None of the integrals (18.12) and 


(18.14) and their generalizations can be evaluated with mathematical packages 
such as Mathematica. Oo 


In the next remark, we utilize the integral (18.14) to obtain the following: 


Remark 18.1 From (18.14), we have 


oo (4) 


Fast) = > iGeD = €(6), 


n=1 
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n=1 


hence after some simplification we obtain 
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and the integral representation results in 
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Again this integral cannot be evaluated by Mathematica. A similar calculation 


yields 
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The Basel Problem with an Extension 


The closed form (18.13) of the integral (18.12) is an exact identity that is 
expressed in finite sums of harmonic numbers and special functions. The fol- 
lowing theorem gives a bound on the integral (18.12). 


Theorem 18.2 Let k,p €N, then, 
(4) 


2 1 Qa, 
< F(k,p) < =¢(4 —_— 1 18.17 
Tek (k, Pp) oo) 6 et ) ( ) 
where 
1 1 * xPlnPx ima 
F(k, p) = =¢(4) + FE : PY dx 
UP) eo) a, er | oe 
foe} (4) 
ye 
‘al n+k 
"(*") 
anda = 1.4214---. 


Proof: The infinite sum F(k, p) is one of positive terms, monotonic increasing 
and therefore, 
(4) 


F(k, p) > Ze 
(Kp) 1+k 


Consider the integral inequality 


: ‘V@e@|dx< sup f@| [lee dx 


xE[Xy x, ] Xp 


for integrable functions f(x) and g(x) and 0 < x) <«, € R. Now 


3 
sup [f()| = sup i cf ap aay. 
KE[% | xefo1]| 1 -—x 
Also 
« 1 
; L+kw'( +k 
ie) de= flere, | et ae] de = CR OY) 
Xo 0 2+k Pp 
therefore 
_ 1 (k+1)a 
2 / 
< F(k,p) < =¢(4) + ————.w'(1 + k 


and (18.17) follows. Oo 
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18.4 Conclusion 


We have given a glimpse into the history of one particular aspect of the genius 
of Euler in relation to the Basel problem. Alongside Archimedes, Newton, and 
Gauss, there is no doubt that Euler is a giant of mathematical analysis and his 
legacy continues to have a major impact. Furthermore we have considered a 
particular Euler sum and expressed its representation in closed form in terms 
of special functions. 
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19.1. Introduction and Preliminaries 


The fixed point problem for a single-valued operator f : X > X consists in the 
study of the following equation: 


x=f(), «EX, (19.1) 


where X is a given nonempty set. A solution x € X of the above equation is 
called a fixed point of f and the set of all fixed points of f will be denoted 
by Fix(f). We will also denote by f” the iterates operators of f, that is, f” := 
fofe--- ef (the n-times composition). 

The most important and most often applied metrical fixed point theorem 
is the well-known contraction mapping principle (CMP). This principle was 
proved in 1922 by St. Banach for the case of single-valued contractions on a 
Banach space and extended, in 1930, by R. Caccioppoli to the framework of a 
complete metric space. Then, it was successively extended to various types of 
generalized metric spaces and various generalized contraction mappings. 

An extended version of the CMP was recently proposed by Rus [1]. We 
present now a slight modified variant of it, as follows. 


Theorem 19.1 (see Rus [1] — The saturated principle of contraction) Let 
(X,d) be a complete metric space and f : X > X be an a-contraction, that is, 
a € (0,1) and 

d(f(x), f(y) < ad(x,y) forall x,y EX. 


Then, we have the following properties: 


(i) There exists x* € X such that Fix(f) = {x*}. 
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(ii) Fix(f”) = {x*} foralln Ee N,n>2. 

(iii) For all x € X, f"(x) > x* as n > oo and d(f"(x),x*) < “d(x, f(x), for 
eachn EN. 

(iv) d(x, x*) < w(d(«,f(«))), for all x € X, where y(t) = 

(v) If {9,} wen iS a Sequence in X such that 


Ay, fV,)) 70 as no, 


then, y,, > x* as —> oo. 
(vi) If {y,,} ,en is a Sequence in X such that 


A nptlO,)) 70 as noo, 


then, y,, > x* asm —> oo. 
(vii) for every e > 0 and every * € X with d(x, f(%)) < e, we have that 


t>0. 


t 
l-a’ 


A533 acy € 
< ——_. 
BG, a) SF 


Notice that an operator f satisfying the condition (i) and the first part of (iii) 
is called a Picard operator, while a Picard operator for which the relation (iv) 
also holds will be called a y-Picard operator. The relation given in (iv) is called 
the retraction—displacement estimation. In this definition, y : R, — R, must 
be a function which is increasing and continuous in 0 with y(0) = 0 and the 
framework could be a more general one, for example, an L-space in the sense 
of Fréchet [2] (a space endowed with a convergence structure). 

Moreover, if the operator f : X — X satisfy the above conditions (i) and (v), 
then, by definition, the fixed point problem for (19.1) is said to be well posed. 
Iff : X > X satisfies (i) and (vi) in the above theorem, then, by definition, the 
operator f has the Ostrowski property. 

Concerning the assertion (vii), it is also easy to see that, by (i) and (iv), it fol- 
lows that for every € > 0, if % is an e-solution of the fixed point equation (19.1), 
then 


dee, 
l-a 


By definition, if the assertions (i) and (vii) take place, then the fixed point 
equation (19.1) is said to be Ulam—Hyers stable. 

As one can see from the above theorem, the study of the fixed point problem 
(19.1) behaves several mathematical phenomena: existence, uniqueness, 
approximation, apriori estimation, retraction—displacement estimation, 
well-posedness, Ostrowski property, and Ulam—Hyers stability. 

In this chapter, we will focus our attention on the study of the coupled fixed 
point and coupled coincidence point problems for single- and multi-valued 
operators, via the fixed point theory approach. A study of the above mentioned 
mathematical phenomena with respect to the solutions of the coupled fixed 
point and of the coupled coincidence point problems will be presented. 
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With this brief introduction, we recall the following concepts and results that 
are needed in the main part of this chapter. 

Throughout this paper N stands for the set of natural numbers, N* is the set 
of natural numbers except 0, while R is the set of all real numbers. We will also 
use the same symbol < on R” for the component-wise ordering and we will 
make an identification between rows and columns in R”. 

Let X be a nonempty set. A mapping d: XxX —>R* is called a 
vector-valued metric on X if all the classical axioms of the metric are 
fulfilled, with respect to the above-mentioned partial ordering. A nonempty 
set X endowed with a vector-valued metric d: X xX > R% is called a 
generalized metric space in the sense of Perov. The notions of convergent 
sequence, Cauchy sequence, completeness, open and closed set, open and 
closed ball and so long are defined in a similar way to the metric spaces. 

We denote by M,,,,,(R,) the set of all m xX m matrices with positive elements, 
by I, the identity m x m matrix and by O,,, the null m x m matrix. 


Definition 19.1 A square matrix A € M,,,,(IR,) is said to be convergent 
towards zero if its spectral radius p(A) is strictly less than 1. In other words, 
this means that all the eigenvalues of A are in the open unit disc, that is, |A] < 1, 
for every A € C with det(A — Al,,) = 0 (see, e.g., [3]). 


A classical result in matrix analysis is the following theorem [3]. 


Theorem 19.2 Let A € M,,,,,(R,). The following assertions are equivalent: 


(i) A is convergent towards zero; 
(ii) A” > O,, as n > oo; 
(iii) The matrix (1, — A) is non-singular and 


U, -A) =1,, t+At FA Hee (19.2) 


(iv) The matrix (L,,—A) is non-singular and U,,—A) | has nonnegative 
elements; 


Notice also that if A,B € M,,,,,(R,) with A < B (in the sense that ay Dip for 
all i,j © {1,2,...,}), then p(B) < 1 implies p(A) < 1. 
Moreover, the following auxiliary result will be useful in the main sections. 


Lemma 19.1 Let A € M.,,,,,(R,) be a matrix convergent to zero. Then, there 
exists Q > 1 such that for any q € (1, Q) the matrix gA is convergent to 0. In 
particular, Q could be chosen as me 

For examples and related discussion about the advantages of the 
vector-valued metric approach in fixed point theory, see [4, 5]. 
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Definition 19.2 (Bakhtin [6] and Czerwik [7]) Let X be a nonempty set 
and let s > 1 be a given real number. A functionald : X x X > R, is said to be 
a b-metric with constant s if the classical axioms of the metric are satisfied with 
the following modification of the triangle inequality axiom 


d(x, z) < s[d(x,y)+d(y,z)] forall x,y,z EX. 


A pair (X,d) with the above properties is called a b-metric space (also called, 
in some papers, quasimetric spaces or metric type spaces) with constant s. 


Some examples of b-metric spaces are given, for example, in [7-9]. For 
example, the following generic examples are given in [9] (see also [10]) and 
[11]. 


Example 19.1 Let (X,d) be a metric space. Then, for any f > 1, A > 0 and 
y > 0, the functional 


T(x, y) += Ad(x, y) + ud(x, y)’, xyEex 


defines a b-metric on X with constant s = 2", but J is not a metric on X. 


Example 19.2. Let E be a Banach space and P a normal cone in E with 
int(P) # 9. Denote by “<” the partially order relation generated by P. 

If X isa nonempty set, then a mappingd : X x X — E is called a cone metric 
on X if the usual axioms of the metric take place with respect to “<.” 

The cone P is called normal if there is a number K > 1 such that, for all x, y € 
E, the following implication holds: 


O0<x<y> |lxll < Kyl. 


If the cone P is normal with the coefficient of normality K > 1, then the func- 
tionald : X x X > R, defined by 


d(x, y) := |ld(,y)|I 


is a b-metric on X with constant s = K. 


If (X, d) is a b-metric space, x) € X andr > 0, then we denote 
B(x, 7) := {x © X : d(xy.x) <r}, Blxo.r) := {x EX : d(x, x) <r}. 


It is worth to mention that the b-metric on a nonempty set X need not be 
continuous. Moreover, open balls B(x, r) in such spaces need not be open sets. 
In this context, a set Y C X is said to be closed if for any sequence (x,,) in Y 
which is convergent to some x, we have that x € Y. Moreover, the well-known 
continuity concepts of continuous operator and operator with closed graph 
will be also considered in the sequential meaning. For example, f : X ~ X 
is said to have closed graph if for every sequence {x,,} in X which converges 


Coupled Fixed Points and Coupled Coincidence Points via Fixed Point Theory 


to x such that the sequence {f(x,)} converges to y as 1 — oo, we have that 
x€X and y=f(x). Similarly, f : X — X is said to be orbitally continuous 
if 


Vx EX) f@) =yEX, iro > fl@ fly), iro. 


We will recall now the concept of comparison function. A function g : R, > 
R, is said to be a comparison function [12] if it is increasing and g”(t) > 0 as 
n > oo, for all t > 0. 


Lemma 19.2 ((12]) Ifg: R, — R, is a comparison function, then g(t) < 
t, for any t > 0, (0) = 0 and @ is continuous at 0. 


Example 19.3 The following functions g : R, > R, are comparison func- 
tions: 


(1) w(t) = at, where a € (0, 1); 
(2) p(t) = re 


(3) 
oe st t € [0,1]; 
as aad *  f> 1. 


For other examples and related results see, for example, [9, 12, 13]. 


19.2 Fixed Point Results 


19.2.1 The Single-Valued Case 


Two nice extensions of the CMP were given by Perov [14] (for the case of spaces 
endowed with a vector-valued metric) and Czerwik [7] (for the case of b-metric 
spaces). Their results are as follows. 


Theorem 19.3 (Perov) Let (X,d) be a complete generalized metric space 
in the sense of Perov and let f : X — X bea contraction with matrix A, that is, 
A €M,,,,(R,) converges towards zero and 


d(f (x), f(y) < Ad(x,y) forall x,y EX. 
Then, 
(1) Fix(f) = {x"}; 


(2) For all x € X, the sequence {f”(x)} converges in (X,d) to x* asm > ov; 
(3) For all x € X, the following estimation holds 


d(f"(x), x") < I-A) 'A"d(x, f(x), n EN. 
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Remark 19.1 Ifwetake m = 1 in the above theorem, then we obtain the CMP 
with A :=a € (0,1). 


Theorem 19.4 (Czerwik) Let (X, d) bea complete b-metric space with con- 
stants > land let f : X — X bea nonlinear g-contraction, that is, there exists 
a comparison function g : R, > R, such that 


df (x), f)) < o(d@,y)) forall x,y EX. 
Then, 


(1) Fix(f) = {x*}; 


(2) For all x € X, the sequence {f”(x)} converges in (X, d) to x* as n > oo. 


Remark 19.2 If we take g(t) = at, t © R, (where a € (0, 1)), then we obtain 
a generalization of the CMP. 


In terms of Picard operator theory, the conclusions (1) and (2) of the above 
theorems means that f is a Picard operator. 


In the next part of this section, we will present Ran—Reurings type theorems 
in the context of the above generalizations of metric spaces. 


We start by presenting an extension of Perov’s theorem in the context of a 
complete vector-valued metric space endowed with a partial order. 


Theorem 19.5 Let X be a nonempty set endowed with a partial order “<,” 
such that for every x,y € X there exists z € X which is comparable to x and y. 
Let d : X x X > R” be a complete vector-valued metric on X andf : X > X 
be an operator which has closed graph with respect to d and it is increasing 
with respect to “<.” Suppose that there exist a matrix A € M,,,,(R,) convergent 
towards zero and an element x) € X such that: 


(i) d(f(x).f(y)) < Ad(x, y), for all x, y € X with x < y. 
(ii) xX < f(x). 


Then /f is a Picard operator. Moreover, for each u € N, we have 


d(f" (x9). x") < I — A) 1A" d (xo, f (%p))- 


Proof: Let x) € X such that x) < f(%9). By the monotonicity assumption on f 
we get that x) < f(%) <-°-: Xf"(%) X +++. Denote x, := f" (x), 1 € N*. Then, 
we have the following results: 


(a) x4, =f(@,), 2 EN; 

(b) the sequence {x,,} is increasing with respect to <. 
By (b) and the contraction condition on f, we obtain 

(c) A(X), X41) < A"d(Xo,f (Xo), for each n EN. 
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By (c) and Theorem 19.2 we obtain 


A(X ys Xn4y x 


) S A(X ys %n41) a ae AK ns p—1> itp) 
<(A" +--+ + AP) d (xo, f(X)) 


< (1, —-A)'A"d(xo.f(%9)) 20 as n> ov. 


Thus, the sequence {x,,} converges with respect to d to a certain element 
x* © X. By (a) and the closed graph assumption on f we obtain that x* € Fix(f). 
Let x € X bean arbitrary element. We will show that {f”(x)} converges to x* as 
n — oo, for every x € X. We have two cases: 

Case 1. If x is comparable to xp. 

Suppose, for example, x) < x (the approach for the reverse case is similar). 
Then, by the monotonicity assumption we obtain that f”(x)) < f”(«), for every 
n € N*. By the contraction condition, we obtain 


Af" (Xo), f(x) < A"d(xy,.*%) 70 as n>. 


Asa consequence, {f”(x)} converges to x* as — oo, for every x comparable to 
Xo. 
Case 2. If x is not comparable to x». 

Then, by our hypothesis, there exists z € X which is comparable to x and to 
Xo. Suppose, for example, that x) < z and x < z (the rest of the cases can be 
treated in a similar way). Then, since x, < z we obtain (see Case 1) that {f"(z)} 
converges to x* as n — oo. Now, by x X z, the monotonicity assumption on f 
and the contraction condition on f, we obtain 


d(f"(x), f"(2)) < A"d(x,z) 70 as n> ©. 


Thus, {f”(x)} converges to x* as n > oo. 
Concerning the uniqueness of the fixed point, let us suppose that there exists 
u & Fix(f). Then, if u is comparable to x*, then we obtain the following contra- 
diction 

0 < dtu,x*) = df"), f"(")) < A"dtu, x") > 0 as n> ow. 


If u is not comparable to x*, then there exists v € X which is comparable with 
u and with x*. Then, we get again a contradiction by the following relations 
0 <dlu,x*) < du, f"(v)) + df"(v), «") 
<A”d(u,v)+ d(f"(v), x") > 0 asn-> oo. 


The last conclusion follows, letting p — oo, in the relation 


UX» Xnrp) S Cn — A) "A" d(xo,f (x9). Oo 
Remark 19.3 Bythe above theorem it follows that, ifadditionally one suppose 
that (X,d, <) is an ordered metric space (in the sense that, for any convergent 


sequences {y,} —> y* and {z,}— z* in (X,d), such that y, <z, for each 
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n EN, we have y* < z*), then the following partial retraction—displacement 
estimation holds 


d(x,x*) < I, -A)'d(x,f(x)) foreach x € X with x < x. 
In other terms, we say that f is a left W-Picard operator with ¥ : R7? > R”? 
given by P(t) := (1, — A) tt. 


In the case of a complete b-metric space, we have the following theorem, 
proved in [15]. 


Theorem 19.6 Let X be a nonempty set endowed with a partial order “<,” 
such that for every x,y € X there exists z € X, which is comparable to x and y. 
Letd : X x X — R, beacomplete b-metric with constants > landf : X > X 
bean see which has closed graph with respect tod and it is Increasing with 
respect to “<.” Suppose that there exist a comparison function g : R, > R, 
and an iene Xo € X such that: 


i) df(«).f(”)) < o(d(@, y)), for all x, y € X with x < y; 
(ii) x9 Xf (%p). 


Then f is a Picard operator. 


Proof: Let x) € X such that x) < f(%). Let us denote x, :=f"(%), 1 € N*. 
Then, we have the following results: 


(a) %4, =f(™,), 1 €N; 
(b) the sequence (x,,) is increasing with respect to <; 
(c) for each n € N* we have d(x,,,%,41) < P"(d(%.f(%))) > Oasn > co. 


Let e > 0. Since g”(€) — 0as n > oo, there exists n(€) > 0 such that p”(e) < 
for each n > n(e). Let g := f"© and y,, := g'"(xo), m € N. Then we have 


as 
4s?’ 
An Imar) = AGO” Hq) f "(BCH Q))) < BM” (Alo. B%o))) > 0, Mm > 00. 
Hence, for ¢ > 0 there exists m(e) > 0 such that d(y,,.Vin41) < x for each 
m>m(e). Let BO nie)’ €) = {y EX | dV.Ine)) Se}. We will show that 
g: BO me); 6é)> BOipiieys e). Indeed, let u € BO nies e). Then 
A(g(U), Vince) S SAQA), BV ney) + UV mney)» Vncey)) 
= 5(AQ(U), ZV me) + IW miey41 Ynte)))- 
If U, Ye) € X are comparable, then we can write directly 
A(R(U), EV me))) S$ GP" AU, I me)))s 
if not then there exists z € X, which is comparable with u, y,,,.). Then 
A(g(U), me) S S(d(g(u), (Z)) + d(B(Z), EO me)))) 
< 8(9" d(u,2)) + 9" AE Ine)))): 
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Hence, 


A(B(U), Vey) S SIs(@"(A(u, 2) + G" (AE, Ime) + I miea1» Ve] S €: 


As aconsequence, for every i,j € N with i,j > m(e), we get 


AY; 9;) < SAY; Vince) an AY» Vm(e))) < 2se, 


which proves that the sequence (y,,,) is Cauchy. By the completeness of the space 
there exists «* € X such that (y,,) ~ x* as m — oo. Since f has closed graph, it 
follows that g has closed graph too and thus x* € Fix(g). Moreover, 


Vn =O" (Xp) > XK ASM > Hw. 


We will show now that for each x € X we have that g(x) — x* as m > o. 
Let x € X. We have two cases: 


(1) If and x, are comparable, then 
d(g”"(x), 2" (%p)) = AF" (xe) f(g) S PO” (d(x, X)) > 0, m > co. 


(2) Ifx and x, are not comparable, then there exists w € X which is comparable 
to x and xy. Then, we have 


d(g"(x), g"(%q)) S s(d(g"(x), g”"(w)) + d(g’"(w), g""(%o))) 
< 5(g"" (d(x, w)) + 9" (d(w, X))) + 0, m > 00. 
In both cases, we get that g(x) — x* as m — oo, for eachx € X. 
We will show now that x” is a fixed point for f too. For each x € X, we have 
him f(g"(x)) = Jim g"(F(x)) =x" and g”(«*)—>x* asn—> oo. 


Since f has closed graph, we get that x* € Fix(f). The uniqueness of the fixed 
point follows in a similar way to Theorem 19.5. Oo 


Remark 19.4 If, inthe above theorems, we drop the assumption that for every 
elements x, y € X there exists z € X, which is comparable to x and y, then we 
lose the uniqueness of the fixed point and we can only get that the sequence 
{f"(«)} converges to x* as n > oo, for elements x € X which are comparable 
to Xp. 


Remark 19.5 ‘The above theorems take place if we replace “increasing” by 
“decreasing” and we replace the sense of the inequalities between elements. 


Remark 19.6 Notice that the approach of the proof in Theorem 19.6 does not 
implies an apriori estimation for the fixed point nor a retraction—displacement 
condition for the operator f. 


In particular, if we impose the linear contraction condition on f, we get the 
following result, see also [6]. 
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Theorem 19.7 Let X be a nonempty set endowed with a partial order “<,” 
such that for every x,y € X there exists z € X which is comparable to x and y. 
Letd : X x X > R, beacomplete b-metric with constants > landf : X > X 
be an eee which has closed graph with respect to d and is increasing with 
respect to “x.” Suppose that there exist a € (0,1) and an element x) € X such 
that: 


i) d(x). f(y)) < ad(x, y), for all x, y € X with x < 9; 
(ii) x9 < fo). 
Then, 


(i) f is a Picard operator and x* € X denotes the unique fixed point of f. 
(ii) if, additionally a < ee and the b-metric d is continuous, then we have that 


d(f"(%o), x") Si ~—d(.fl%)). for eachn EN. 
In particular, the site, retraction—displacement condition at the point 
Xo holds 

(Hq, %") SF 75 1 0-f 0): 


(iii) If, additionally, a < = + and the space X is an ordered metric space with 
respect tod and < (in the sense that for any convergent sequences {y,,} > 
y* and {z,,} — z* in (X,d), such that y, < z, for each n € N, we have y* < 
z*), then f is a left w-Picard operator with y : R, > R,, w() := rah 
that is, 


Mi< 
d(H, a") SF 


d(x, f(x)), for every x € X with x X xp. 
— as 


Proof: Conclusion (i) follows by Theorem 19.6. 

For the second conclusion, notice first that if we denote, as before, by x, := 
Ff" (%o) for n EN, then d(x, x,,,,) < a"d(xo,f(%o)), for each n € N. Then, by the 
triangle inequality, we oe for n € N and p € N*, that 


ep) = ns — OO dra fle). 


Since x,, > x" asn > oo, dees of (ii) follow by passing to the limit in 
the above estimation. 
(iii) Let x € X with x < x9. Then x < f”"(xo), for every n € N. By the fact that 


(X, d, X) is an ordered metric space we obtain that x < x*. Now the conclusion 
follows by the following relation 


d(x, x") < s(d(x,f(x)) + df (x), f(x"))) < s(d(x,f)) + ad(x, x*)). 


A(X 4% 


Remark 19.7 If we replace the assumption x) < f(x) by f(%p) X xo, then, in 
the conditions of the above theorem and of the additional assumptions in (iii), 
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we obtain that f is a right y-Picard operator withy : R, > R,, w(t) := — 
that is, 


d(x, x") < 


t 


l-as 


Ss 
l-as 


d(x,f(x)), for every x € X with x% <x. 


Remark 19.8 Theorem 19.7 extends, to the case of b-metric spaces, 
Ran-—Reurings theorem in [16], as well as Theorem 3.1 in [17], where a 
restriction on the constant a is imposed. 


Remark 19.9 Notice that a Ran—Reurings type theorem in generalized 
b-metric spaces in the sense of Perov can be proved by imposing, in a similar 
way to Theorem 19.5, the assumption that the matrix sA is convergent 
toward zero. 


A more general approach can be given in terms of the attraction basis of the 
fixed points. For this purpose, we briefly recall the notion of L-space, see [2]. 

Let X be a nonempty set and s(X) = {(*,)nenl*%, EX, mE N}. Let c(X) Cc 
s(X) and Lim : c(X) > X bean operator. By definition, the triple (X, c(X), Lim) 
is called an L-space (briefly denoted by (X, —)) if the following axioms are sat- 
isfied: 


(i) Ifx, =, for all m1 € N, then (,),cn € c(X) and Lim(x,) nen = %- 
(ii) If nen € CCX) and Lim(x,,),en = %, then for all subsequences, (rien of 
(nen We have that (x, )en € c(X) and Lim(x,, )ien = *. 


By definition, an element of c(X) is a convergent sequence, while 
x := Lim(x,),en is the limit of this sequence. We will denote this fact by 
x, > x asn — +oo. Actually, an L-space is a nonempty set endowed with a 
convergence structure. For examples and related results in fixed point theory 
see [18]. 

Recall that, if (X, >) is an L-space and f : X > X is an operator, then we 
denote by 


A(x") = {xEx : f"(«) > x*asn > ow} 


the attraction basin of a point x«* € X. 
Then, the following general result holds, see [19]. 


Theorem 19.8 Let (X,—) bean L-space, U Cc X x X be asymmetric set, such 
that the diagonal A(X) of X x X is a subset of U. Let f : X — X be an operator. 
We suppose: 


(i) for every x, y € X there exists z € X such that (, z), (z,y) € U; 
(ii) there exists %,.x* € X such that x) € A;(x*); 
(iii) ify) Ee Uandx e€ A(x"), then y € A,(x*). 
(iv) f is orbitally continuous. 


Then f is a Picard operator. 
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In particular, if we endow the L-space (X, >) by a partial order relation <, 
then we will denote by 


Xet= {wy EXxXXixxXy oryx<x} 


the set of all pairs in X x X with comparable elements. 
Then, by Theorem 19.8, the following abstract result takes place. 


Theorem 19.9 Let (X, >) be an L-space endowed with a partial order relation 
< and let f : X — X bean operator. We suppose: 


(i) for every x,y € X there exists z © X such that z is comparable to x and 
to y; 
(ii) there exists x,x* € X such that x) € A,(x*); 
(iii) ify) EX, andxe A(x"), then y € A,(x*). 
(iv) f is orbitally continuous. 


Then f is a Picard operator. 
Proof: Take U := X. in Theorem 19.8. Oo 


Moreover, the following general fixed point theorems in a complete gener- 
alized metric spaces in the sense of Perov, respectively in complete b-metric 
spaces, endowed with a partial order relation < can be proved. For the conve- 
nience of the reader we will only prove the second one. 


Theorem 19.10 Let (X,d) be a complete generalized metric space in the 
sense of Perov endowed with a partial order relation < and let f : X — X be 
an operator. We suppose: 


(i) for every x,y € X there exists z © X such that z is comparable to x and 
to y; 
(ii) X, is invariant with respect to f xf, that is, f xf)(X.) CX. 
(iii) there exists x) € X such that (x, f(x») € X33 
(iv) there exists a matrix A € M,,,,,(R,.) convergent to zero, such that 


d(f(x), f(y) < Ad(x,y), for all (x, y) € Xq. 
(v) f is orbitally continuous. 


Then f is a Picard operator. 


Theorem 19.11 Let (X,d) be a complete b-metric space endowed with a par- 
tial order relation < and let f : X — X be an operator. We suppose: 


(i) for every x,y € X there exists z © X such that z is comparable to x and 
to y; 
(ii) X< is invariant with respect to f xf, that is, (f(x), f(y)) © X<, for each 
(wy) EX; 
(iii) there exists x) € X such that (x, f(x) € Xe; 
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(iv) there exists a comparison function g : R, > R, such that 
A(f (x), f(y)) < (d(x, y)), for every (x,y) € Xz; 


(v) f is orbitally continuous. 


Then f is a Picard operator. 


Proof: By (iii) and (ii), we obtain that (f"(x9), f"'(x9)) € X., for eachn € N. By 
this fact and the assumption (iv) we can prove, in a similar way to the proof of 
Theorem 19.6, that the sequence x,, := f”(x,) is Cauchy. Thus, by the complete- 
ness of the space (X, d), there exists x* € X such that xp € A,(x*). Notice also 
that if (x, y) € X, then, by (ii), we get that (f"(x), f"(y)) € X<, for eachn € N. In 
this case, if~ € A;(x*) (ie, f"(~) > x* as nm > oo), then, by (iii), we obtain that 
f"0) > x* as n > oo. Thus, all the assumption in Theorem 19.9 are satisfied 
and our theorem follows by Theorem 19.9. Oo 


Remark 19.10 The above theorems are extensions of several results in the 
literature, including Theorems 19.5 and 19.6 from above. For example, if f 
is monotone (increasing or decreasing), then X, is invariant with respect to 
(f xf), but the reverse implication does not always holds. 


Remark 19.11 For related results concerning monotony arguments in 
operator equation theory see [20-22]. For the fixed point theory for mappings 
defined on a Cartesian product see [23]. 


19.2.2. The Multi-Valued Case 


In this section, we will present some fixed point results for multi-valued oper- 
ators, which are then applied to coupled fixed point problems. 

Let (X, d) be a b-metric space and P(X) be the family of all nonempty subsets 
of X. By P.,(X), we denote the family of all nonempty closed subsets of X, while 
P.,(X) denotes the family of all nonempty compact subsets of X. 

We recall now some useful notions and results. 

We consider, for A, B € P(X), the following generalized functionals: 


(a) The gap functional generated by d: 


D(A, B) := inf{d(a, b) |a eA, b € B}. (19.3) 
(b) The excess functional of A over B generated by d: 

e,(A, B) := sup{D, (a, B)|a eA}. (19.4) 
(c) The Hausdorff—Pompeiu functional generated by d: 

H(A, B) := max{e,(A, B),e,(B, A)}. (19.5) 


Some useful properties of these functionals are recalled [7] in the next lemma. 
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Lemma 19.3 __ If (X,d) is b-metric space with constant s > 1, then we have the 
following properties: 


(a) 
A(X9,X,) < Sd(Xq, 1) +++ +8" (Xj 9% ,1) +8" 'd(x,1,%,), V0 € N*; 
(b) 
D(x, A) < s[d(x,y)+D,0,A)], for all x,y € Xand A € P(X); 
(c) 
if A € P.,(X)and x € Xare such that D(x, A) = 0, then x € A. 
(d) 


if A,B € P(X), then for every a € Athere exists b € B 
such that d(a, b) < sH,(A, B). 


Remark 19.12 By Czerwik [7] we also notice: 


(1) If (X, d) is a b-metric space with constant s > 1, then (P.,(X), H,) is a gen- 
eralized b-metric space in the sense of Luxemburg—Jung (ie., H(A, B) € 
[0, c0]) with the same constant s > 1, while (P.,(X), Hz) is a b-metric space 
with the same constant s > 1. 

If (X, d) is a complete b-metric space with constant s > 1, then (P,,(X), Hz) 
is a complete generalized b-metric space in the sense of Luxemburg—Jung 
with the same constant s > 1, while (P.,,(X), Hq) is a complete b-metric 
space with the same constant s > 1. 


— 
i) 
Wa 


If X is a nonempty set, then a fixed point for a multi-valued operator F : 
X — P(X) is an element x* € X with the property x* € F(x*). We will denote 
by Fix(F) the fixed point set of F. 

Let us recall now a fixed point result for a multi-valued contraction in a com- 
plete generalized metric space in the sense of Perov. 

Notice that if d: XxX —>R”™ is called a vector-valued metric on a 
nonempty set X and 

d, (x,y) 
d(xy) i=] |, 
Ayn(X,Y) 
then the vector-valued Hausdorff—Pompeiu generalized metric on P,,(X) is 
given by 
H, (A,B) 
H(A, B) := tee 
Hy, (A,B) 
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IfF : X > P(X) isa multi-valued operator, then Fix(F) := {x EX : x € F(x)} 
will denote the fixed point set for F. 

In the above notations, we have the following result, which follows by 
Theorem 3.13 in [24]. 


Theorem 19.12 Let (X,d) be a complete generalized metric space in the 
sense of Perov and let F : X > P(X) be a multivalued A-contraction, that is, 
A €M,,,,(R,.) converges to zero and 


H,(F(«), F(y)) < Ad(x,y), for all x,y © X. (19.6) 
Then, 
(i) Fix(F) # @; 


(ii) for each (x, y) € Graph(F) there exists a sequence {x,,},,cxj of successive 
approximations for F (i.e.,%) = «,x, = yandx,,, © F(x,,), for eachu € N*) 
such that {x,,},,cy is convergent to a fixed point x* := x*(x, y) of F; 

(iii) for the above defined sequence {x,,},<xy and its limit x*(x, y), the following 
estimations hold 


d(x,x*) < (I-A) d(x, y) 
and 


d(x,,.x*) < A"I-—A)'d(xo,x,), for eachn € N*. 


Remark 19.13 In terms of the multi-valued weakly Picard operator theory, 
the conclusions (i)+(ii) of the above theorem is that F is a multi-valued weakly 
Picard operator. Moreover, in the same terms, the conclusions (i)—(iii) of the 
above theorems mean that F is a multi-valued weakly y-Picard operator with 
y : R7 > R® given by y(t) := (I — A)t. 


We will recall now some fixed point theorems for multi-valued contractions 
in b-metric spaces. The following two theorems, proved by Czerwik [25], are 
generalizations, to the case of complete b-metric spaces, of the well-known 
fixed point theorems of Nadler [26] and Wegrzyk [27]. 


Theorem 19.13 (Czerwik) Let (X,d) be a complete b-metric space with 
constant s > 1 and F : X — P,,(X) be a multivalued operator. Suppose there 
exists k € (0, =) such that 


H (F(x), F(y)) < kd(x,y), forall x,y € X. 


Then, F is a multivalued weakly Picard operator, that is, Fix(F) # @ and, for 
every (x,y) € Graph(F), there is a sequence of successive approximations for F 
starting from (x, y), which converges to x*(x, y) € Fix(F). 
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Theorem 19.14 (Czerwik) Let (X,d) be a complete b-metric space with 
constant s > land F : X > P,,(X) be a multivalued operator. Suppose that d 
is continuous and there exists a comparison function g : R, — R, such that 


H,(F(«), Fy) < o(d,y)), forall x,y € X. 
Then, Fix(F) # @. 


In the next part of this section, we will prove some Ran—Reurings type fixed 
point theorems for multi-valued operators in the context of a complete general- 
ized metric space in the sense of Perov and respectively in ordered and complete 
b-metric spaces. 

If X isa nonempty set and F : X — P(X) is a multi-valued operator, then the 
Cartesian product of F x F is defined by 


FXF: XxX > P(X xX), given by (F X F)(%1,%2) := F(x,) X F(x>). 


The first main results of this section are some Perov type theorems for 
multi-valued operators in a vector-valued metric space. 


Theorem 19.15 Let X be a nonempty set endowed with a partial order “<” 
andletd : X x X > R? beacomplete vector-valued metric on X. Suppose that 
the multi-valued operator F : X — P(X) satisfy the following assumptions: 


(1) X, El(F X F); 

(2) F has closed graph with respect to d; 

(3) there exists (x ,*,) € Graph(F) such that (x9,*,) © X<; 

(4) there exists a matrix A € M,,,,,(R,) convergent to zero such that 


H,(F(x), F(y)) < Ad(x,y), for each (x,y) € Xz. 


Then, F has at least one fixed point x* € X and there exists a sequence {%,,} pen 
of successive approximations for F starting from (%9,x,) € Graph(F), which 
converges to x*. Moreover, the following estimation holds: 


A(Xy.x") < A", — A) 'd(xq,x,), forall EN. 


Proof: Let x)€X and x, € F(x,) such that (%,%,)EX.. Let Q as in 
Lemma 19.1. For 1 < g < Q, by Lemma 19.3 (d), there exists x, € F(x,) such 
that 

A(%1,%2) S GHy(F (xo), FQ) S$ gAd (Xp, %}). 


Since (x9,«,) € Xz, by (2), we have that F(x) x F(x) C Xz. It follows that 
(x1,%)) € X, and so we obtain (by (2)) that F(x,) x F(x) C Xz. Let x3 € F(x) 
such that 


A(Xy,%3) S GHy(F(%)), F(x2)). 
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Thus, (x2,%3) € X, and so 
d(x5,%3) < GAd(x,,x) < (GA)’d(xp,*,). 


We construct the sequence {%,,},,<\ of successive approximations of F starting 
from x) € X such that: 


(a) x4, € F(x,), forn € N; 
(b) (%ys%n41) € X<, forn € N; 
(c) A(X4,%n41) S (GA)"d(xo, x,), forn € N*. 


We prove next that the sequence {x,,} is Cauchy. We have 
A(X ys Xap) SAG X41) + Angi Kp4a) Ho + AK pip1> Xnrp) S 
< (GA)"Ad(xq,%1) + (GA) d (xq, %1) + +++ + (GAY? d(%p, 41). 
Since gA is convergent to zero, we obtain that (1, — gA) is nonsingular and 
(In — GA) =Iy_ tGAt:::+(GAPte-:. 
Thus, by the above relation, for m € N and p € N*, we get that 
A Xp, X pep) S GA)" En — GA) 'd(%q, %). (19.7) 


Again by the fact that the matrix gA is convergent to zero, the sequence (x,,) is 
Cauchy. Since the metric space (X, d) is complete, there exists «* € X such that 
x, > x*asn ow. 

Using the assumption (2) from the hypothesis, we obtain that x* € F(x*) and 
thus Fix(F) # 6. The second conclusion follows by letting p > oo andg \, lin 
(19.7). o 


Following an idea from Dinevari and Frigon [28], we can obtain the following 
more general version of the above theorem. 


Theorem 19.16 Let X be a nonempty set endowed with a partial order “<” 
andletd : X x X > R” beacomplete vector-valued metric on X. Suppose that 
the multi-valued operator F : X — P(X) satisfy the following assumptions: 


(1) There exists (%9,«,) € Graph(F)N Xz. 

(2) There exists a matrix A € M,,,,,(R,.) convergent to zero such that for every 
(x,y) € X, andeachu € F(x) there exists v € F(y) such that (uv, v) € X, and 
d(u, v) < Ad(x, y). 

(3) F is X.-Picard continuous from x9, that is, the limit of any convergent 
sequence (%,,),,cy» With («,,%,4.,) € Graph(F) NX. for n EN, is a fixed 
point of F. - 


Then, F has at least one fixed point x* € X and there exists a sequence {x,,} ,en 
of successive approximations for F starting from (%,x,) € Graph(F), which 
converges to x*. Moreover, the following estimation holds: 


A(X4,x") < A", — A) 'd(xo,*), foralln EN. 
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Proof: Since (x9,*,) € Graph(F) 0 Xz, by (2), there exists x, € F(x,) such that 
(x1,%)) € Xz, and d(x,,%,) < Ad(xo, x,). Similarly, since (x,,«,) € Graph(F)N 
X., there exists «3; € F(x) such that (%,%3) € X< and d(x,,%3) < Ad(x,,«,) < 
A?d(xo,x). By this procedure, we inductively obtain a sequence {x,, } ,cx of suc- 
cessive approximations of F starting from (%9, x,) € Graph(F) such that: 


(a) %4, € F(x,), for n € N; 
(b) &,,%p41) € X<, forn EN; 
(c) d(X,,%n41) < A"d(Xo, x), for n € N*. 


As in the proof of the previous theorem, we immediately obtain that the 
sequence {x,} is Cauchy. Since the metric space (X,d) is complete, there 
exists x* € X such that x, > x* as n > oo. Using the assumption (3) from the 
hypotheses, we obtain that «* € F(«*) and thus Fix(F) # 9. 

Moreover, for 1 € N and p € N*, we also get that 


Ans X nap) SA" Um — A) 1d (Xp, %1)- (19.8) 


The second conclusion follows by letting p > oo in (19.8). Oo 


We will discuss now the case of Ran—Reurings type theorems for 
multi-valued operators in complete b-metric spaces. Following the same 
pattern as before we can prove the following results. 


Theorem 19.17 Let X be a nonempty set endowed with a partial order “<” 
and let d: X x X > R, be a complete b-metric with constant s > 1 on X. 
Suppose that the multi-valued operator F : X > P(X) satisfy the following 
assumptions: 


(1) X, E1(F X F); 

(2) F has closed graph with respect to d; 
(3) there exists (x),x,) € Graph(F) 0 X.; 
(4) there exists a € (0, *) such that 


H,(F(«), F(y)) < ad(x,y), for each (x,y) € X<. 


Then, F has at least one fixed point x* € X and there exists a sequence 
{x,,}nen Of successive approximations for F starting from (%9,*,) € Graph(F) 
which converges to x*. Moreover, the following estimation holds: 


sa” 


d(x,,x") < d(xp,*,), forallneN. 


1l-as 


Proof: Let x) € X and x, € F(x) such that (%,x%,) € Xz. For 1<q< =, by 
Lemma 19.3 (d), there exists x, © F(x,) such that 


d(x 1,%) < GHy(F (Xp), F(x1)) S qad(xo, x). 
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Since (%9,*,) € Xz, by (2), we have that F(x) x F(x,) C Xz. It follows that 
(x,,%)) € X, and so we obtain (by (2)) that F(x,) x F(x.) C Xz. Let x3 € F(x) 
such that 


A(x, X3) < H,(F(x,), F(*)). 
Thus, (x), %3) € X, and so 
A(X ,.%3) S qad(x,*,) < (qa)’d(xq, x1). 


We construct the sequence {x,,} ,<j of successive approximations of F starting 
from x) € X such that: 


(a) x,4, € F(x,), for € N; 
(b) &,,%n41) € X<, forn EN; 
(Cc) dy, Xn41) S (qa)"d(xo,x,), for n € N*. 


We prove next that the sequence {x,,} is Cauchy. Indeed, by Lemma 19.3, for 
each n € N and p € N*, we obtain 


A(X» Xnsp) < SA(Xy, X41) + Sd (Opi 2%ass) aoe oa es Cee eee s 
< s(qar)"d(x 9,1) +++ +8? "(qa)"? !d(x9,%1) < 


ww 
< s(qa) an qa 


This shows that the sequence {x,,} is Cauchy. Denote by x* € X its limit. By 
the closed graph assumption on F we get that x* € Fix(F). Letting p > oo and 
q \. 1 in the above relation we obtain the second conclusion. Oo 


Following again the idea from Dinevari and Frigon [28], we can obtain the 
following more general version of the above theorem. 


Theorem 19.18 Let X be a nonempty set endowed with a partial order “<” 
and let d: XX X > R, be a complete b-metric with constant s >1 on X. 
Suppose that the multi-valued operator F : X > P(X) satisfy the following 
assumptions: 


(1) there exists (x), x,) € Graph(F) 0 X.; 

(2) there exists a € (0, *) such that for every (x,y) € X, and each u € F(x) 
there exists v € F(y) such that (u, v) € X, and d(u, v) < ad(x, y); 

(3) F is X.-Picard continuous from x9, that is, the limit of any convergent 
sequence (%,,),cny, With (%,,,%,4,) € Graph(F)N Xz for n EN, is a fixed 
point of F. - 


Then, F has at least one fixed point x* € X and there exists a sequence 
{x,,} nen Of successive approximations for F starting from (x),x,) € Graph(F) 
which converges to x*. Moreover, the following estimation holds: 


sa” 


A(Xy, x") < d(xo,x,), forall“ EN. 


1l-—as 
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Remark 19.14 We may observe that a Ran—Reurings type theorem in gener- 
alized b-metric spaces in the sense of Perov for multi-valued operators can be 
proved by imposing, in a similar way to Theorems 19.15 and 19.16, the assump- 
tion that the matrix sA is convergent toward zero. 


Remark 19.15 We notice that an extended study of the fixed point problem 
(data dependence of the fixed points, well-posedness, Ulam—Hyers stability, 
and Ostrowski stability) can be considered as well. For other details and results 
on this topic see [29-31]. 


Remark 19.16 In the next section, the results of this section will be applied 
for the study of so-called coupled fixed point problems. The fixed point results 
given above are also an appropriate tool for the study of the following more 
general system of operator equations (or inclusions): 


{ x= Vi (x, y) 
y = Vy(*, y). 


19.3 Coupled Fixed Point Results 


19.3.1 The Single-Valued Case 


The study of the coupled fixed point problems goes back in 1970s with some 
papers of Amann [32], Opoitsev [33-35] and Ziebur [36, 37], while the topic get 
a strong development starting to the works of Guo and Lakshmikantham [38] 
and Bhaskar and Lakshmikantham [39]. For related results concerning coupled 
fixed point theory see [39-46] and many other papers. 

The coupled fixed point problem can be enunciated as follows: if X 
is a nonempty set and V: XxX >X is a single-valued operator, find 
(x,y) € X x X satisfying 


x= V(x,y) 
{ v= VO-n: (19.9) 


An important related problem is to find the fixed points of V, that is, the 
elements x € X with the property 


C2 Ga (19.10) 


Notice that V(x, x) is also called a diagonal operator, see [47] for a detailed study. 
The following examples illustrate this approach. 


Example 19.4 (Krasnoselskii, see [43]) Let X be a Banach space, Y be a 
nonempty, bounded, closed and convex subset of X and f,g : Y — Y be two 
operators. We suppose that: 
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(i) f is a contraction; 
(ii) g is complete continuous; 
(iii) f@+gQ)EY, forall xyeY. 


Under the above hypotheses, Krasnoselskii proved that f +g : Y > Y hasat 
least a fixed point, that is, there exists x«* € Y such that x* = f(x*) + g(x*). 
Notice that if we consider the operator V : Y x Y > Y, defined by 


Vy) := f(x) + gy), 


then Krasnoselskii’s result is a fixed point theorem for V. 


Example 19.5 (Ziebur, see [31, 32]) Let b€ R” and h,k > 0. We define 
Q:= [ev — k,b, +k] and consider the function f € C([0, 4] x Q, R”). Let us 


i=1 
consider now the Cauchy problem 


x' = f(t,x), 
Ziebur introduced a function F € C([0,h] x Q x Q,R”) with the following 
properties: 


(a) Fi,x,x)=f(t,x), forall te[0,4], x ER”; 
(b) F(t, -,x) is increasing and F(t, x, -) is decreasing. 


The following Cauchy problem was also considered: 


x’ = F(t,x,y), _ 
(CP) { y! = F(t,9,%), (x, y)(O) = (%q, Xo). 
Ziebur proved that if the Cauchy problem (CP) has a unique solution then the 
problem (CP,) has a unique solution too and a Picard type sequence converges 
to this solution. Moreover, the solutions of the Cauchy problem (CP,) are the 
fixed points of the operator V,(x, y) = F(t, x(£), (0). 


Example 19.6 (Bhaskar— Lakshmikantham [34]) We consider the follow- 
ing periodic boundary value problem: 
x'(t) =f (t, x(t) + g(t,x(t)), t € (0, T), (19.11) 
x(0) = x(T). ° 
A solution of the above problem is a function x € C1[0, T] satisfying the above 
relations. 
Under some usual continuity assumptions the above system is equivalent to 
the following coupled fixed point problem 
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£ 
x(t) = 7 (Gy (Et, s)[f(s, x) + g(s, y) + Ax — AQ] 
0 
= Gy(t, sf (s, y) + g(s,x) + Ay — Agx]) ds 


y(t) = | (G,(t, s)Uf (8,9) + 2(8, x) + Ay — Apa] 
(0) 
+ Gi, s)[f(s, x) + g(s, y) + Ayx — Any]) ds, 


governed by the operator V : C[0, T] x C[0, T] — C[0, T] defined by 


T 
V@, y(t) := ‘ (Gy (Et, s)[f(s, x) + g(s,y) + Ax — AQ] 
0 
+ Gy(t, s\If(s,y) + g(s,x) + Ay — Agx]) ds, 


where G, and G, are some known Green type functions. Any solution (x*, y*) of 
the above coupled fixed point problem for V generates (when x* = y*) a solu- 
tion of our initial periodic boundary value problem. 


For other examples and related concepts see [47]. 


Let us consider now the coupled fixed point problem (19.9). We recall first 
the concept of mixed monotone mapping. 


Definition 19.3 Let (X, <) bea partially ordered set and V : X x X — X. We 
say that V has the mixed monotone property if V(-, y) is monotone increasing 
for any y € X and V(x, -) is monotone decreasing for any x € X. 


Let (X, <) bea partially ordered set and d be a b-metric on X. Notice that we 
can endow the product space X x X with the following partial order: 


for (x, y),(u,v) EX XX, wewrite (x,y) <p (U,V) ex XU,y>v. 


Our first result is an existence and uniqueness result for the solution of the 
coupled fixed point problem (19.9), via the fixed point result given in Theorem 
19.6. 


Theorem 19.19 Let (X, <) bea partially ordered set andletd : Xx X > R, 
be a complete b-metric on X with constant s > 1. Let V : XxX > X be an 
operator with closed graph which has the mixed monotone property on X x X. 
Assume that the following conditions are satisfied: 


(i) there exists a comparison function g : R, > R, such that, for all 
(x,y), (u,v) € X X X with x < u, y > v, we have that 
max{d(V(x, y), V(u, v)), (Vy, x), V(v, u))} < p(max{d(x, u), dy, v)}); 


(ii) there exist x9, yy € X such that x) < V(%, yo) and yp = V9, %o) 
(iii) for every (x,y), (u,v) € X x X there exists (p,q) € X x X such that one 
have (x < p and y > q (or reversely)) and (u < pand v > gq (or reversely)). 
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Then, there exists a unique solution («*, y*) € X x X of the coupled fixed 
point problem (19.9), such that the sequences {x,} jen» {Yn} nen in X defined, 
for n EN, by 


X41 = VXI n> 
19.12 
{ Vint > Vn Xn)» ( ) 


have the property that {x,} > x*, {y,} > y* asn > o. 


Proof: We denote Z:=X xX. If we denote x, :=V(%,¥) and y, := 
V(¥.%o), then, by (ii), we have that Zp := (Xo, ¥) <p (%1,9) := 2. If we 
consider x, := V(x,,y,) and y, := V(y,,%,), then we get 


0 t= Ve. 9 = VOY and 9.22] Voge) = V7O5e%)s 
With these notations, due to the mixed monotone property of V, we have that 
% = V%1I1) = V%.Yo) =%, and yy, = V(Yz,%1) S VV0.%) = N1- 


Indeed, for example, for the first relation V(x,,¥,) = V(%o, Yo), notice that by 
(9,9) Sp (%1,9) and the mixed monotone property, we have that V(xy,v) X 
V(x,,¥), for any y € X and V(x, 9) < V(x, ¥y,), for any « € X. Thus, for y := 
Yo and x := 4, and using the transitivity we obtain V(xo, yo) x V(x,,¥y,). Ina 
similar way one can prove the inequality V(y,,x«,) < V(¥,%o). Thus, we have 


Z = (%1,.91) Sp (%2, Yo) 1= Zp. 


By this approach, we obtain the sequences {x,,} ens (Vd nen in X with 


Xn = V(X Vas (1 
9.13) 
{ Vn = Vn» %n)> 


Then, by mathematical induction, we can easily verify that 
Zn = Cn In) Sp 41s) += Zay1 Vn EN. 


Hence, {Z,,},< is a monotone increasing sequence in (Z, <p ). 
We introduce now the functional d : Z x Z > R, defined by 


d(x, y),(u, v)) := max{d(«,u), d(y, v)}. 
It is easy to see that d is a b-metric on Z with the same constant s > 1 and if the 


space (X,d) is complete, then (Z, d) is complete too. 
We consider now the operator F : Z > Z given by 


F(x, y) := (V(x, y), Vy, x). 


We may observe that z,,, = F(z,), for 1 € N, where Z) := (9,9). Now, by 
the mixed monotone property of V, we have that F is monotone increas- 
ing with respect to <p, that is, (x,y),(u,v) € Z, with (x%,y)<p(u,v) => 
F(x, ¥) <p F(u, v). Since V has closed graph, then F has closed graph too. 


683 


684 


Mathematical Analysis and Applications 


We will prove now that F is a g-contraction in (Z, d) on all comparable (with 
respect to <,) elements of Z. Let z, w € Z with z := (x,y) <p (u,v) := w. Then, 
we have 


A(F(z), F(w)) = d(V(x,9), Vy), (Vu, v), V(v, w))) 


g(max{d(x, u), d(y, v)}) = ep(d(z, w)). 


As a conclusion, by our hypotheses and the construction of F, we have the fol- 
lowing properties for Z and for F: 


lA Il 


(1) F : Z > Zhas closed graph on Z; 

(2) F : Z > Zis increasing on Z; 

(3) for every (x,y),(u,v) € Z there exists (p,q) €Z such that (p,q) is 
comparable with respect to <p, to (x, y) and (u, v); 

(4) there exists Z) := (%9, yo) € Z such that zy) <p F(Z,); 

(5) there exists a comparison function g : R, > R, such that 


d(F(z),F(w)) < (dz, w)), forall z,w € Z with z<,w. 


Hence, we can apply Theorem 19.6 and we get that F has a unique fixed point 
z* € Z and, for any z € Z which is comparable with z), the sequence of suc- 
cessive approximations for F starting from z converges to a fixed point of F. 
In particular, the sequence {z,} = {(%,,V,)} nen Constructed below converges 
in (Z,d) to z* 1= (x*, y*) as m — co. This completes the proof. 


If we impose a global contraction condition, then the above theorem reduces 
to the following very simple form. 


Theorem 19.20 Let (X,d) be a complete b-metric space with constant s > 1. 
Let V : X x X > X be an operator for which there exists a comparison func- 
tiong : R, > R, such that 


d(V(x,y), Vu, v)) < p(max{d(x, u), d(y, v)}), for all (x,y), (u,v) € X XX. 


Then, there exists a unique solution («*, y*) € X x X of the coupled fixed point 
problem (19.9), such that the sequences {%,,} ,en> {Y_}nen in X defined, for n € 
N, by 


Xn+1 = VO nIn) (1 
9.14) 
{ Vnti = VO'n%n)> 


have the property that {x,} > x*, {y,} > y* asm > o. 


Proof: Notice that, by the nonlinear contraction condition we get that 


d(V(y,x), Vv, u)) < p(max{d(x, u),d(y,v)}), for all (, y), (u,v) E X x X. 
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Then, for all (x, y), (u, v) € X x X, we have that 
max{d(V(x, y), Vu, v)), d(V(y, x), Vv, u))} < p(max{ d(x, u), d(y, v)}). 


As before, ifwe denote Z := X x XandF : Z > Z, F(x, y) := (V(@, y), Vy, x)), 
then Z and F satisfy all the assumptions in Theorem 19.4. Hence, the conclusion 
follows applying Theorem 19.4. Oo 


Using the vector-valued metric approach, we can prove the following result. 


Theorem 19.21 Let (X, <) be a partially ordered set andletd : XxX > R, 
be acomplete metricon X.Let V : X x X > X bean orbitally continuous oper- 
ator. Assume that the following conditions are satisfied: 


(i) there exist a, 8 € R, such that a + fp < 1 and for all (x,y), (u,v) EX XX 
with (x < u, y > v) or (x > u,y X v) we have that 


d(V(x, y), V(u, v)) < ad(x, u) + pd(y, v); 


(ii) there exist x9, ¥y € X such that x) < V(%, yo) and yo = V9, Xo) 

(iii) for every (x, y), (u,v) € X x X with x < wand y > v (or reversely) we have 
that V(x, y) < V(u,v) and V(y,x) > V(v, w) (or reversely); 

(iv) for every (x,y), (u,v) € X x X there exists (p,q) € X x X such that one 
have (x < p and y > gq (or reversely)) and (u < p and v > q (or reversely)). 


Then, there exists a unique solution («*, y*) € X x X of the coupled fixed 
point problem (19.9), such that the sequences {x,,} ,<n, {Vn} nen in X defined, 
for n EN, by 


Xn a V(X Vado (1 
9.15) 
{ Int = Vn» %n)> 


have the property that {x,} > x*, {y,} > y* asn > o. 


Proof: We denote Z := X x X and consider on Z the following vector-valued 
metricd : Z x Z > R? given by 


d(x, 9), (u,v) 2= ce >) 


Then the pair (Z, d) is a generalized metric space in the sense of Perov. 
Let F : Z > Z be defined as above by F(x,y) := (V(x, y), V(y, x)). Then, 
by (i), if we denote z = (x, y) and w = (u, v), we have that 


A(F(z), F(w)) < Ad(z,w), for all (z, w) € Ze, 


ap 
pa 
by (i), the matrix A is convergent to zero. 

By (ii) we obtain that Z) := (Xo, ¥o) € Z has the property that Z) <p F(Zp). 


whereA := ( ) and Z. := {(z,w) €ZXZ : z<pwor Ww <pz}. Moreover, 
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By (iii) we obtain that (F x F)(Z,) C Z,. Thus, our conclusion follows by 
applying Theorem 19.10. Oo 


Remark 19.17 In particular, the mixed monotone property for V implies that 
the assumption (iii) of the above theorem takes place. 


Remark 19.18 _ It is not difficult to prove a similar theorem in the context ofa 
b-metric space (X, d) with constants > 1. The only differences are the following: 


e thespace Z : X x X willbea generalized b-metric space in the sense of Perov. 
e the result will follow by applying a Ran—Reurings type theorem in general- 
ized b-metric spaces in the sense of Perov, see Remark 19.9. 


19.3.2 The Multi-Valued Case 


In this section, we will prove some coupled fixed point theorems in the 
multi-valued setting, by applying the fixed points results given in Section 1.2.2. 
More precisely, we will study the following problem. 

If (X,d) is a metric (or a b-metric) space and G: XxX > P(X) is a 
multi-valued operator, then the coupled fixed point problem for G means to 
find (x,y) € X x X satisfying 


x € Gx, y) 
{ y € Gly, x). (19.16) 


For related results and some extensions of this problem see [30, 31, 49]. 


The first result of this section is the following existence and approximation 
result for the above problem. 


Theorem 19.22 Let X be a nonempty set endowed with a partial order rela- 
tion < and let d be a complete metric on X. Consider G: X x X > P(X) a 
multi-valued operator for which we suppose: 


(i) GC, -) has the generalized strict mixed monotone property, that is, for all 
z= (x,y) and w =(s,t) € Z and, for each u = (u,,u,) € G(x, y) X Gy, x) 
and v = (U,, U2) € G(s, t) X G(t, s) we have 


Wee ae ree 

Uy > Vy Vy = Uy 

(ii) G : X x X > P(X) has closed graph; 

(iii) there exist Z) := (%, Yo) EX XX and Z, = (%1,9,) © G(%o. No) X GV, Xo) 
such that 


xX Sx) a aes 
Y=zN WZ Yo 
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(iv) there exist k,,k, € R, with k, + k, < 1 such that 
H(G(, y), Glu, v)) < k,d(x, u) + k,d(y, v), 
for all (« < uandy >v)or(uxxandvu>y). 
Then, there exists (x*, y*) € X x X such that 


x* € G(x", y*), 
Moreover, there exist two sequences {x,,},,cxy and {¥,,},ey in X, with x,,, € 
G(%,,V,) and ¥,4, € G(y,,%,) for all m € N, such that {x,} jen > 4") (Yuhbnen > 
y* as n — oo and the following estimation hold 


dee") \ gnc — grr ( Ao) 
( AY,» I") ) Sa!) ( AV.) ) ; 


where A := é a 
k, ky 


Proof: Denote Z:=X xX and consider on Z, for z:=(*%,y) €Z,w i= 
(u,v) € Z, the partial order relation 

Z<pw ifandonlyif («<u andy>v). 
We denote 

Z<, = {(z,w) :=(%,y),(4v)) EZXZ 2 ZXpw or WXpZ}. 


Let F : Z > P(Z) be an operator defined by F(x, y) := G(x, y) x Gly, x). 
We endow the space Z with the vector-valued metric d : Z x Z > R? given 
by 


d(x, 9), (u, 0)) 1 ( Aa) ) 


Aly, v) 


while on P,,(Z) we consider the following vector-valued Hausdorff—Pompeiu 
type metric generated by d: 


s H(A,,B,) 
Hy Ay CAs By xX By) = 1 a 
al 1 29271 2) Cae ) 


By our hypotheses, it follows that Theorem 19.15 is applicable for the operator 
F. Indeed, F satisfies to a contraction type condition with a matrix A given by 


_ (kk 
Ae) 
that is, we have that 


A(F(«,y), F(u, v)) < Ad((x,y),(u,v)), for all (x,y), (u,v) € Ze. 


Because of our assumption k, + k, < 1, the matrix A converges to zero. 
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Wealso observe that assumption (i) implies that Z | is invariant with respect 
to F x F, that is, (F x F)\(Z “ VEZ <, - Moreover, since G has closed graph, it 
follows that F has closed graph too. The conclusion follows by Theorem 19.15. 

Oo 


Our next result is an existence and approximation result for the coupled fixed 
point inclusion (19.9) in the setting of a complete b-metric space. 


Theorem 19.23 Let X be a nonempty set endowed with a partial order rela- 
tion < and let d be a complete b-metric on X. Let G: X x X —> P(X) bea 
multi-valued operator such that: 


(i) GC, -) has the generalized strict mixed monotone property, that is, for all 
z= (x,y) and w = (s,t) € Z and, for each u = (u,, u,) € G(x, y) X Gy, x) 
and v = (U,V) € G(s, t) x G(t, s) we have 


uy, Sv, U, Su, 
ee ce oe 
(ii) G : X x X > P(X) has closed graph; 
(iii) there exist Z) := (X,Y) € X XX and z, := (4,91) © G(X, Yo) X Glg, Xo) 
such that 


ee Bi ie XX% 
Vz WZzVo 
(iv) there exist kK € (0,1) such that 
HG, y), Glu, v)) < k max{d(x, u), d(y, v)}, 
V@Su,y>v) or(ux<x,U>)). 
Then, there exists (x*, y*) € X x X such that 
‘se E G(x", y*), 
y* € GIy", x*). 
Moreover, there exist two sequences {%,},cy and {y,,},ej in X, with x,,,; € 


G(x,,.¥,) and y,,4, € G(y,,%,) for all 2 € N, such that {x,,} ey 2%") (Yuh nen > 
y* asn — oc and the following estimation holds 


(19.18) 


sk” 


1—ks 


max{d(x,,*"),d(y,,9")} < max{d(%o,x,),d(y9,9,)}, foralln EN. 


Proof: Denote Z:=X xX and consider on Z, for z:=(%,y)€Z,wi= 
(u,v) € Z, the partial order relation 


Z<pw _ ifandonlyif («<u and y>v). 
We denote 


Z <, = {(Z,w) :=((%, y),(u,v)) EZ XZ 2 ZX<pw or wXpZ}. 
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Let F : Z > P(Z) be an operator defined by F(, y) 1= G(x, y) X GIy, x). 
We endow the space Z with the b-metric d : ZX Z > R, given by 
A(x, y),(u, v)) = max{d(x, w), d(y, v)}. 
By the definition of the Hausdorff—Pompeiu metric it follows that 
H;(A xX B,C X D) < max{H,(A, C), H,(B, D)}, VA, B, C,D © P(X). 
Then, by the above relation and our assumption (iv), we have 


Hx(F(x, y), Flu, v)) < max{H,(G(«, y), Gu, v)), Hy(Giy, x), Gv, u))} < 


k max{d(x, uw), d(y, v)} = kd((x,y),(u,v)), for all (x, y), (u, v) € Z aoe 


It is easy to check that, by our hypotheses, all the conditions in Theorem 19.17 
are satisfied for the multi-operator F. Thus, there exists at least one fixed point 
z* = (x*, y*) € Z of F (which is a coupled fixed point for G) and there exists a 
sequence Z,, := (%,,,y,,) in Z, such that Z) = (%9, Yo) € ZZ; = (*1,9,) € F(Z) are 
arbitrary and z,,,, € F(z,), for which the following estimation holds: 


d(Zys Z)< 


sk" ~ 
= 51021)» foralln EN. 


Remark 19.19 For related and complementary results see also [29]. oO 


Remark 19.20 Some applications of the above coupled fixed point theorems 
can be given for different systems of integral and differential inclusions, such 
as 


x(t) € g(t) + J,” K(s,t,x(s),9(s)) ds 
y(t) € g(t) + fy’ K(s,t,¥(s), x(s)) ds, 
or 
{ x(t) € g(t) + f; K(s,t, x(s), y(s)) ds, 
y(t) € g(t) + fy K(s, t,(s),x(s)) ds, 


where g : [0,7] > R" and K : [0, T] x [0, T] x R®” > P(R") are given opera- 
tors satisfying some appropriate conditions. 


19.4 Coincidence Point Results 


In this section, by applying some fixed point theorems given in the previous 
section, we will present some coincidence point theorems in complete b-metric 
spaces. Some properties of the coincidence point problem will be also estab- 
lished. We follow the approach given in [15]. 
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Let (X,d) and (Y, p) be two metric spaces and g,t : X — Y be two opera- 
tors. The coincidence point problem for ¢ and g means to find x* € X such that 
t(x*) = g(x"). We will denote by CP(g, t) the coincidence point set for g and ¢. 

The following auxiliary result, given in the context of b-metric spaces, follow 
in a similar way to the case of classical metric spaces, see [15]. 


Lemma 19.4 Let (X,d) and (Y, p) be two complete b-metric spaces. Let f : 
X > Y be an injective and continuous mapping such that f-! : f(X) > X is 
uniformly continuous. Then f(X) is a closed subset of Y. 


First main result of this section is a coincidence point theorem in a complete 
b-metric space. 


Theorem 19.24 Let (X,d) bea b-metric space with constant s, > 1 and Y be 
a nonempty set. Let p be a complete b-metric on Y with constant s, > 1 and 
g,t : X > Y be two operators. Suppose that the following assumptions take 
place: 


(i) g(X) C t(X); 
(ii) g : X > Y is a y-contraction, that is, g : R > R, is a comparison func- 
tion and 


d(g(x1), 2(%)) < G(d(x,,x>)), forall x,,x, € X; 
(iii) t : X > Y is expansive, that is, 
p(t(x,), E(%)) > d(x,,x>), for all x,,x. € X; 


(iv) one of the following conditions hold: 
(a) t : X = Y is continuous; 
(b) £(X) is closed with respect to the b-metric p; 
(c) the b-metrics d and p are continuous. 
Then C(g, t) = {x*}. 


Proof: By (iii) the operator t¢ is an injection. Thus, t : X > t(X) is a bijection. 
Let t-! : t(X) > X. By (iii), using the notation x, := t-(y,) and x, := t71(y,), 
we have 


d(t'(y,), E19) S$ p(t(t"',)), (6°09) = 1,92), for all y,, 7. € t(X). 


Thus, ¢-! is a nonexpansive mapping and hence ¢7! is also uniformly 
continuous. 


(a) We suppose first that tf : X > Y is continuous. Then, by Lemma 19.4 
we obtain that £(X) is closed in (Y,) and hence (f(X), p) is complete 
too. Consider now the function / : t(X) > t(X) defined by / := get}, 
Notice that /: is a single-valued operator by the above remarks and it is 
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a self-operator by condition (i). Moreover, / is a g-contraction since, for 
¥1,¥_ € t(X), we have 


p(h(y,), Aya) = pet '(94)), g(t" (2) S$ CCE). E702) S$ GCP. 2))- 


Thus, by Czerwik’s theorem (see Theorem 19.4) there is a unique y* € t(X) 
with y* = h(y*). If we denote x* = t71(y*), then we get y* = g(x*) = t(x*). 
Hence x* € C(g,t). Uniqueness of the coincidence point follows by the 
uniqueness of the fixed point of h. 

) The case when ¢(X) is closed with respect to the b-metric p follows in a 
similar way. 


(c) If t : X > Y is not necessarily continuous, suppose that the b-metrics d 


and p are continuous. Notice that, in this case, the pair (£(X), p) is complete 
in (Y, p). Since t+ is uniformly continuous we may define an operator f"! : 
t(X) > X by 


ot t(y) if y € 4X), 
POH 4 lim eg,) ify € CO\LO0, 


where (y,,) C £(X) is such that y,, > y as n > oo. It is easy to see (by the 
continuity of the b-metrics d and p) that t~' is nonexpansive. Consider 
now the operator h defined by i := g ei!. Then as before we can prove 
that / : 100) => t(X) and it is a g-contraction. Hence, by Czerwik’s fixed 
point theorem (Theorem 19.4) we get that there exists a unique y* € t(X) 
such that /(y*) = y*. Let us show that y* € t(X). Since y* = h(y*) we get 
that y* = (gof-!)(y*) € g(X) C t(X). Next, if we denote x* = t71(y*), then 
we obtain that y* = g(x*) = t(x*). Uniqueness of the coincidence point fol- 
lows as before by the uniqueness of the fixed point of h. Oo 


The second main result of this section is a coincidence point theorem in an 


ordered complete b-metric space. 


Theorem 19.25 Let (X,d) be a b-metric space with constant s, > 1, Y bea 
nonempty set and “<” be a partial order relation on X and on Y. Let p be a 
complete b-metric on Y with constant s, > 1 and g,t : X — Y be two opera- 
tors. Suppose that the following assumptions take place: 


( 


(i) g(X) C t(X); 
ii) there exists a comparison function g : R > R, such that 


P(E(%1), 2(%>)) < P(d(%,,x,)), forall x,,x, € X with x, <x; 


(iii) tf : X — Y is increasing with respect to < and expansive, that is, 


p(t(x,), E(%)) = d(x,,x«>), forall x,,x, € X; 


(iv) g has closed graph with respect to d and p and it is increasing with respect 


to x; 
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(v) one of the following conditions hold: 


(a) t : X = Y is continuous; 
(b) ¢(X) is closed with respect to the b-metric p; 
(c) the b-metrics d and p are continuous; 


(vi) there exists x) € X such that t(%) < g(%o); 
(vii) for every y, w € Y there exists z € Y which is comparable to y and w. 


Then C(g, t) = {x*}. 


Proof: By (iii) the operator ¢ is an injection. Thus t : X > t(X) is a bijection. 
Hence, using again (iii) for t-! : t(X) > X, we have 


A(t"(9,), F'n) S pEE*O)), CE") = PO1I2), for all y1,72 € t(X). 


Thus ¢~! is a nonexpansive mapping and hence ¢7! is uniformly continuous. 
Moreover, t~! is also increasing. 


(a) We suppose first that tf : X > Y is continuous. Then, by Lemma 19.4 we 


Ne 


obtain again that t(X) is closed in (Y, p) and hence (¢(X), p) is complete 
too. Consider now the function i : t(X) > t(X) defined by ht := get7}. 
Notice that / is single-valued and increasing by the above remarks and it 
is a self-operator by condition (i). Additionally, if we denote y, := t(x9), 
then we have y, < h(y,). Moreover, for y,,y, € t(X) with y, < y., we can 
prove that 


p(A(Y,), AW2)) < P(015.72))- 


Indeed, let y,, y. € t(X) such that y, < y,. Then, there exist «,,x, € X such 
that y, = t(x,) and y, = t(x,). Since t7! is increasing we get that t“'(y,) < 
t-'(y,). Then, by (ii) and (iii), we get 


pA), AW.) $ PAE"), 602) S$ P(OO1.92))- 


Then, by Theorem 19.6, there exists a unique y* € t(X) such that y* = h(y*). 
As a consequence, if we denote x* := ¢71(y*), then we obtain y* = g(x*) = 
t(x*). 

The case when ¢(X) is closed with respect to the b-metric p follows in a 
similar way. 

Ift : X > Y isnot necessarily continuous, suppose that the b-metrics d and 
p are continuous. Notice that the pair (£(X), p) is complete in (Y, p). Since 
t~! is uniformly continuous we may define an operator #1 : t(X) > X by 


ae Mie if y € e(X), 


lim £"(7,) if y € OD\100, 


where (y,,) C £(X) is such that y,, > y as n > ov. It is easy to see (by the 
continuity of the b-metrics d and p) that £! is nonexpansive. Consider now 
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the operator h defined by h := got7!. Then, as before, we can prove that 
h : t(X) > t(X) and it satisfies the following relation: 


(hy), A(y2)) $ P(—P(,,92)), for all 1,99 € t(X) with y, < yy. 


Hence, again by Theorem 19.6 there exists a unique y* € t(X) such that 
h(y*) = y*. Let us show that y* € ¢(X). Since y* = h(y*) we get that 


y* = (get *)(y*) € g(X) C #(X). 
If we denote x* = t71(y*), then we obtain that y* = g(x*) = t(x*). The 


uniqueness of the element x* follows by the assumption (vii). Oo 


Our next result is a data dependence theorem for the solution set of the coin- 
cidence point problem. 


Theorem 19.26 Let (X,d) be a b-metric space with constant s, > 1, Y bea 
nonempty set and “x” be a partial order relation on Y. Let p be a complete 
b-metric on Y with constant s, > 1 andg,t : X — Y be two operators satisfy- 
ing all the assumptions of Theorem 19.25. Denote by x* the unique coincidence 
point of g and t. Let g,,t, : X > Y be two operators having at least one coinci- 
dence point «| © X. We also suppose that: 


(i) t, : X > Y is injective, t,(X) C t(X) and t(X) is a closed subset of (Y, p); 
item there exist 4,,7,,43 > 0 such that 


P(g(x), g(x) <n, forallx eX; 
p(t(x),t,(*)) <n, forallx ex; 


d(t'(y), t7'(y)) S nz, for all y € ¢,(X); 
(ii) the function y: R, > R,, y() :=t-s,¢Q(4) satisfies the condition 
lim (2) = 00. 
Then, the following estimation holds 
A(x", 7) S 84(W(m, 3) + Ny), 
where y : R¥ > R, is given by 
w(m.n3) += sup{t > 0| f— s,Q(t) < s3(p(n3) + m)}. 
Proof: Let us consider h : t(X) => t(X) defined by h:=get! and 


h, : t(X) > t(X) defined by h, :=g,et7'. Denote y* = t(x*) = g(x*) 
and y} = t,(x}) = g,(«}). Then y* and y* are fixed points for and respectively 
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h, and, by the proof of Theorem 4.2, the operator / is a g-contraction. Then, 
we have the following estimation: 


00.9) = PUY"), AyD) S$ 8/0"), HOD) + PUG), 7%) 
< 8,((00". 9) +0), 


where n > 0 is given by the following relation 


Ah) (77) = p(w et YO), & et OW) 
< s,(p((g et ')(yi), (get, (yi) + (ge 7 DOW), (& ° t7 OW) 


< 8,(o(d(t"), GD) +m) S 5.(0(M3) + my) 2= 0. 


Hence, 


PO" It) — 82900") S $5(P(N3) + my). 
We conclude that 


POM.) S Wty. ng) += sup{t > 0 | £—s,@(0) < s3(e(n3) + m)}. 
Since ¢ is expansive, we get that 
d(x", x7) < plt(x"), t7)) 
S 8y(p(t(x"), t(%7)) + p(t, (%7), L047) 
S 8(0(",¥1) + Na). 


As a conclusion 


A(x", X73) S 84(W (ys M3) + Np). 
We recall now the concept of well-posed coincidence problem. Oo 


Definition 19.4 Let (X, d) and (Y, p) be two b-metric spaces with constants 
s,; > land respectively s, > 1. Letg,t : X — Y be two operators. By definition, 
the coincidence problem for g and t is well-posed if: 


OCe hae}; 
(ii) for any sequence {x,,},,<x) in X for which p(g(%,,), t(x,,)) > 0 as mn > co, we 
have that x,, > «* as —> oo. 


The following theorem is a well-posedness result for the coincidence point 
problem in b-metric spaces. 


Theorem 19.27 Let (X,d) be a b-metric space with constant s, > 1, Y bea 


nonempty set and “x” be a partial order relation on Y. Let p be a complete 
b-metric on Y with constant s, > landg,t : X > Y be two operators satisfying 


Coupled Fixed Points and Coupled Coincidence Points via Fixed Point Theory 


all the assumptions of Theorem 19.25. Additionally, suppose that the mapping 
y:R, OR, wO=t- s5o(t) is a bijection such that y!(u,,) > Oasu, — 0, 
for 1 > oo. Then, the coincidence problem for g and t is well-posed. 


Proof. By Theorem 19.25, we have that C(g,t) = {x*}. Let {%,},cy be a 
sequence in X such that p(g(x,,), t(%,,)) > 0 asm > o. Then, we have 
A(X y,X") S p(t(x,), Ux") 
S $(p(t%,), (%,,)) + P(C(%,), £%"))) 
< 8, A(t(%,,), S(%q)) + $5(O(G(%,), G(X") + plg(x*), t(x*))) 
S 5, 0(L(%,), B(%p)) + 85 9(A(x,,, X*)). 
Thus 


A(Xq,x") ae s5o(d(«,,x*)) < Sy P(E(X,,), B(%,)) 
and so 
A(x") < wo (s,p(t(x,), @(X,))) 20 as n> oo. Oo 


We will study now the Ulam—Hyers stability of the coincidence point prob- 
lem. For a general study of this problem in generalized metric spaces see Rus 
[50]. 


Definition 19.5 Let (X, d) and (Y, p) be two b-metric spaces with constants 
s,; > land respectively s, > 1. Letg,t : X — Y be two operators. By definition, 
the coincidence problem for g and t is Ulam—Hyers stable if there exists an 
increasing function y : R, > R, continuous in 0 with y(0) = 0 such that for 
each € > 0 and each e-solution * € X of the coincidence problem for g and t 
(ie., p(t(X), g(x)) < e), there exists a solution x* € X of the coincidence problem 
for g and ¢ such that d(x*, x) < w(e). 


Theorem 19.28 Let (X,d) be a b-metric space with constant s, > 1, Y bea 
nonempty set and “x” be a partial order relation on Y. Let p be a complete 
b-metric on Y with constants, > landg,t : X > Y be two operators satisfying 
all the assumptions of Theorem 19.25. Additionally, suppose that the mapping 
y:=R, oR ,yv@®=t- s59(t) is strictly increasing and onto. Then the coinci- 
dence problem for g and ¢ is Ulam—Hyers stable. 


Proof: By Theorem 19.25, we have that C(g, t) = {x*}. Lete > Oand% € X such 
that p(¢(x), g(%)) < e. Then we have 


d(x", &) < p(t(x"), ()) 
S $y(p(t(x"), g(%)) + pg), (%))) 
< 85(p(t(x*), g(x") + ple"), g(®))) + 89€ 
< s59(d(x*, ®)) + sy€. 
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Hence, d(x*, %) — s}p(d(x*,%)) < sy€ and so d(x*,%) < y~\(s,e). This completes 
the proof. Oo 


The last result of this section is another coincidence point theorem of 
Ran—Reurings type. The result is a slight extension of Theorem 1 in [51] anda 
generalization of Theorem 3 in [52]. 


Theorem 19.29 Let (X,d) be a b-metric space with constant 4 >1, Y bea 
nonempty set and “<” be a partial order relation on Y. Let p be a b-metric on 
Y with constant s > 1 and g,t : X > Y be two operators with closed graph. 
Suppose that the following assumptions take place: 


(i) UX) C g(X); 
(ii) (¢(X), p) is a complete subset of Y; 
(iii) there exists a comparison function g : R, > R, such that 


p(t(x), ty) < p(o(g(x), g(y))), for all x,y € X with g(x) < g(y); 


(iv) there exists x) € X such that g(x) € t(X) and g(%) X tx); 
(v) tis increasing with respect to g, that is, 


H1,% EX and g(x,) X g(x.) > t(%,) X ty). 


Then, there exists «* € X such that g(x*) = t(x*) and the sequence {z,,} 
defined by g(z,,,) = t(z,,) (where n € N and z, :=%,) € X) converges to 
x*asn > o. 
If, in addition: 
(vi) for every y, w € Y there exists z € Y which is comparable to y and w; 
(vii) g is an injection, then C(¢,g) = {x*} and the sequence {Z,,} <x, defined by 
£(Z,44) = t(Z,,), starting from any point z, € X converges to x*. 


Proof: Let x) € X such that g(x9) X f(x,). Let us define f := t¢eg~!. Then, we 
have for f the following properties: 


(1) f is a single-valued operator on t(X); 

(2) f : UX) > UX); 

(3) f has closed graph; 

(4) pfOD)LW2)) < P(001,72)), for all y,, y. € t(X) with y, < 99; 
(5) f is increasing on t(X); 

(6) If := g(x), then yp X (£° g~")(¥o) =f): 


By Theorem 19.6, we obtain that f is a Picard operator. Thus, Fix(f) = {y*}. 
Then, (¢° g~!)(y*) = y*. Thus, if we denote x* := g~(y*), then we have t(x*) = 
g(x") = y*, showing that x* is a coincidence point for t and g. Moreover, the 
sequence y,,, :=f(y,,) (where n € N), starting from yp := g(%) € t(X) con- 
verges to y* as n > oo, while the sequence z,, defined by g(z,,,,;) = t(Z,,) (where 
n€Nandz := x) € X) converges to x* asm > oo. 


5 
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The uniqueness of the coincidence point follows by (vi) and (vii). Indeed, 
by the first part of this theorem there exist x* © X and y* € t(X) such that 
t(x*) = g(x") = y*. Suppose that there exist u* € X and v* € t(X) such that 
t(u*) = g(u*) = v*. We have two cases: 


Case 1. If g(x*) and g(u*) are comparable, that is, g(x*) < g(u*) or reversely. 
Letf : t(X) > t(X), f(y) := tg (y) with the above six properties. Suppose, 
for example, that g(x*) < g(u*). Then t(x*) < ¢(u*) and so 
pO", 0") = pFO"). FW )) < P(e", v")). 


By the properties of the comparison function @ we get that p(y*, v*) = 0. Thus, 
y* = v* which implies g(x*) = g(u*). By the injectivity of g we get that x* = u*. 


Case 2. Suppose that g(x*) and g(u*) are not comparable. Then, there exists 
z €Y such that z is comparable to g(x*) and g(u*). Suppose g(x*) < z X g(u*). 
Thus, y* < z < v*. Consider f : t(X) > t(X), f(y) := t° g71(y). Then, since f is 
increasing, we get that f"(y*) < f"(z) < f"(v*), for all 1 € N*. 


Let y\,7. € t(X) with y,<y,. By the monotonicity of f we obtain 
that f"(y,) <f"0), for all z € N*. Now, by induction, we get 


PF (fa) S$ P"(PO1,)2)), forall n E N*. 
Applying the above relation we get 
py", v*) = p(f"(y*),f"(v")) 
< s(o f(y"), f"(2) + of"). f"(v*))) 
< s(p"(p(y", Z)) + 9"(plZ, v"))) = 0 asn > oo. 


Thus, y* = v*. As before, by the injectivity of g we obtain x* = u*. The rest of 
the cases can be treated similarly. Oo 


Remark 19.21 Our results are in connection with several previous theorems 
given in Buica [53], Falset and Mlesnite [54], Mlesnite [52], and Rus [55]. 


Let us consider, as an illustration of the previous results, an integral equation 
of the following form: 


T(x(s)) = / g(p,x(p)) dp, forse [0,a] (with a> 0), 
x(0) = 0, : 


(19.19) 


where 


(i) T: R, ~ R, and T(0) =0; 
(ii) g : [0,a]xR, > R, 
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are two continuous mappings. 
If we consider 
X :=C,((0,a]) = {x : [0,a] > R, : x is continuous and x(0)=0} 


and the operators t,G : X > X given by 


tx(s) := T(x(s)) and Gax(s) := ip g£(p,x(p)) dp, 
0 

then our problem can be rewritten as a coincidence point problem of the fol- 
lowing form: 

tx =Gx, xEX. 
Notice that on C,([0, @]) we can define a partial order relation by 

x<cy ifandonlyif <x(s)< 7s), Vs €[0,a] 
and a Bielecki type norm given by 

lIxll_p = max (|x(s)[e), where t > 0, 


with respect to which the space X is complete. 
We have the following existence and uniqueness result for (19.19). 


Theorem 19.30 Consider the functional-integral equation (19.19). We sup- 
pose that: 
(i) T: R, > R,andg: [0,a] xR, > R, are two continuous mappings; 
(ii) T is onto, increasing and expansive; 
(iii) there exist t > Oanda functiony : R, — R, such that for arbitrary g > 1 
we have w(qt) < qw(t), for all t € R,, the function g(t) = +y(t) is a com- 
parison function and : 


If(s, u) —f(s,v)| < w(ju— vl) V s €[0,a] and Vu,v € R, with u < v; 
(iv) f(s,-) : R, > R, is increasing, for all s € [0, a]; 
(v) there exists x) € C,([0, a]) a lower solution of (19.19), that is, 


T(%9(s)) < / &(p,%(p)) dp, for s € [0, a]. 
0 


Then, the functional-integral equation (19.19) has a unique solution in 
C,([0, a]). 


Proof: Consider the space X endowed with the partial order <- and the Bielecki 
type norm ||x||, and the operators ¢,G defined as above. Then, we have the 
following results: 


(a) G(X) C (X) = X; 
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(b) for x,y € X with x <-y, for each s € [0, a] and any t > 0 we successively 
obtain 


|Gx(s) — Gy(s)| < / lFtp. x) — fo. x) dp < / wl) =O) ap 
0 0 


T, 1 TS 
< [evil le) de < tw(lx—slne 
0 


= p(Ilx — yllpe™. 


Thus, ||Gx — Gy||p < e(llx— lp) V x.y € X, with <-y. 
(c) tf and G are continuous and increasing with respect to <,; 
(d) there exists x) € X such that tx <¢ Gx. 


Thus, all the conditions of Theorem 19.25 are satisfied and the conclusion 
follows. a 


Remark 19.22 In particular, if T(u) := e” — 1, then the assumptions on T of 
the above theorem are satisfied (see also [54]) and under the conditions on g 
given in Theorem 19.24 there exists a unique solution x* € C,([0,a]) of the 
equation 


eX) = | gp, x(p))dp+1, forse [0,a] (with a>0). 
0 


19.5 Coupled Coincidence Results 


Applying some coincidence point theorem from the previous section, we will 
present now some coupled coincidence point theorems in b-metric spaces. We 
will follow the methods presented in [56]. 

Let (X, d) bea metric spaceand T : Xx X > X,g : X XX > X be two oper- 
ators. The coupled coincidence point problem for T and g means to find (x, y) € 
X XX satisfying 


we = T(x,y), 
gy) = T(,). 


We denote by CCP(T, g) the coupled coincidence point set for T and g. 
Let (Y, <) be a partially ordered set. Then, we can endow the product space 
Y x Y with the following partial order: 


(19.20) 


for (x, y),(u,v) E YX Y, wehave (x, y)<Xp(u,v) exX<u. yRv. 


Lemma 19.5 Let (X,d) be a b-metric space with constant s > 1. Then, the 
functionals d,,d, : (X x X) x (X xX) > R, defined by 
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d,((x, y), (u, v)) := d(x, u)+d(y,v), d,((x,y), (u,v)) := max{d(x, u), d(y, v)} 


are b-metric on X X X with the same constant s > 1. 


Our first main result concerning the coupled coincidence problem is the 
following. 


Theorem 19.31 Let (X, d) be a b-metric space with constant s,gel, (Y, p) be 
a b-metric space with constant s, > land T : XxX —> Y,g:X— Y be two 
operators with closed graph. Let < bea partial order relation on Y. We suppose: 


(i) TX xX) C g(X); 
(ii) (T'(X x X), p) is complete in (Y, p); 
(iii) there exists a comparison function g : R, > R, such that 
p(T (x, y), Tu, v)) + p(T, x), Tv, u)) < P(p(g(x), g(u)) + p(g), Z))), 


for all (x, y), (u,v) € X x X with g(x) < gw) and g(y) > g(v) (or reversely); 
(iv) there exists (%,)) € X XX such that g(x), g(vo) € T(X XX), g(%) X 


T (Xo, Yo) and gio) = To, Xo)s 
(v) T is increasing with respect to g, in the sense that, for all (x,y), (u,v) € 
X x X the following implication holds 


[g(x) < gy), gy) = g(v)] > [T@,y) < T u,v) and TYy,«) = T(v,u)]; 


(vi) g is injective and for every (x, y), (u,v) € Y x Y there exists (z, w) € Y x Y 
such that x < zandy > w (or reversely) and u < zandv > w (or reversely). 


Then, there exists a unique z* = (x*, y*) € X x X such that 
g(x") = T",y") and gy") = TO",x"). 
Moreover, the sequence Z,, := (u,,,U,,) € X x X defined by 
Uy) = TU,,v0,) and g(v,4,;) =Tv,,4,), neEN 


starting from any element (u,v) € X X X converges to z*. 


Proof: Denote Z := X x X and W := Y x Y. Define on Z the b-metric 
A(x, y),(u, v)) = d(x, u) + d(y, v) 

and on W the b-metric 
A(x, y), (U,V) = p(x, u) + ply, V). 


Obvious (Z,d) and (W, ) are a b-metric spaces with constant s, > 1 and 
respectively s, > 1. Consider the following two mappings 


SG: Z3W, Sy) :=(T(«,y), T(y,«)) and G(x, y) = (g(x), g(y)). 


We will prove that S and G satisfy all the assumption of Theorem 19.24. Indeed, 
we have: 
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(a) by (i) we have that S(Z) C G(Z); 
(b) by (ii) we have that (S(Z), f) is complete in W; 
(c) by (iii) we get that 
AS, y), SU, v)) < PWG, y), GU, v))) V (%, 9), (Uv) € Z 


with G(x, y) <p G(u, v); 
(d) by (iv) it follows that (%,y.)€@Z such that G(x, 7) € S(Z) and 


G(Xo, Yo) Sp S(%,.Vo)s 
(e) by (v) we get that S is increasing with respect to G, that is, 


(w,y),(u,v)EZ with Gx, y) Xp Glu, v) > S(x,y) Xp Sy, v); 


(f) by (vi) it follows that G is injective and for every z, w € W there exists t € 
W, which is comparable to z and w with respect to <p. 


Hence the conclusion follows by Theorem 19.24. Oo 


If the contraction condition (v) is satisfied on X x X, then no monotonicity 
assumptions are needed. Then, we have then the following result. 


Theorem 19.32 Let (X, d) be a b-metric space with constant s, > 1, (Y, p) be 
a b-metric space with constant s, > landT: XxX -— Y,g:X-—Y be two 
operators with closed graphs. We suppose: 


(i) TX xX) C g(X); 
(ii) (T'(X x X), p) is complete in (Y, p); 
(iii) there exists a comparison function g : R, — R, such that 


p(T (x, y), T(u, v)) + p(T, x), T(v, 4)) < p(p(g(*), g(u)) + pg), g(v))), 


for all (x, y), (u,v) E X XX. 
Then, there exists a unique z* = (x*, y*) © X x X such that 


G(x") = Tx", y*) and giy*) = Ty", x"). 
Moreover, the sequence Z,, := (u,,, U,,) € X X X defined by 
SU) =TU,,v,) and g(v,.,)=Tv,,u,), neN 
starting from any element (u, Uo) € X X X converges to z*. 


Proof: The proof goes in the lines of the proof of the above theorem and the 
conclusion follows by Theorem 3 in [52]. Oo 


We will consider now the following system of operator equations: 


s(x) = G(x, y), 
oe GG a. (19.21) 
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Our next result will be a consequence of Theorem 19.25. 


Theorem 19.33 Let (X,d) bea b-metric space with constant s, > 1, (Y, p) be 
a complete b-metric space with constants, > landG: XxX ~ Y,s:X ~Y 
be two operators. Let < be a partial order relation on X and on Y. We suppose: 


(i) G(X x X) C s(X); 
(ii) there exists a comparison function g : R, > R, such that 
p(G(x, y), G(u, v)) + p(Gly, x), G(v, u)) < P(d(~, u) + d(y, v)), 
for all (x, y), (u,v) € X x X with x < uandy > v; 
(iii) s is increasing with respect to < and expansive, that is, 
P(S(X1), S(%_)) > d(x1,%_) forall x,,x, € X; 


(iv) there exists (%,¥o) € XXX such that s(%) X G(X, ¥%) and s(y) = 
GV» %o)s 
(v) G has closed graph and it is mixed monotone, that is, G is increasing in 
the first variable and decreasing in the second one; 
(vi) s is continuous or s(X) is closed or the b-metrics d and p are continuous; 
(vii) for every (x, y), (u,v) € Y x Y there exists (z, w) € Y x Y such that x < z 
and y > w (or reversely) and u < zand v > w (or reversely). 


Then, there exists a unique solution z* = (x*, y*) € X x X for the coupled 
coincidence system (19.21). 


Proof: Denote Z := X x X and W := Y x Y. Define on Z the b-metric 
d(x, y), (U, v)) += d(x, uw) + d(y, v) 

and on W the b-metric 
A(x, y), (Us v)) += pl, U) + ply, v). 

Consider on Z and on W the partial order relation <p defined by 
(x.y) XpU,vu)exSu, yev. 


As before, we notice that (W, f) is a complete b-metric space with constant 
Sy = 1. Consider the mappings T,S : Z > W given by 


T(x, y) >= (Gy), Gy,x)) and S(x,y) := (s(x), s(y)). 
By our assumptions we have: 


(a) T(Z) c S(Z); 

(b) A(T(z), T(w)) < o(d(z, w)), for all z = (x,y), Ww = (u,v) € Z with z Xp w; 

(c) Sis increasing and p(S(z), S(w)) > d(z, w), for all z = (x,y), W = (u,v) € Z; 

(d) T has closed graph and it is increasing with respect to <p; 

(e) S is continuous or S(Z) is closed in (W, f) or the b-metrics d and # are 
continuous; 
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(f) there exists Z) := (X9,%) € Z such that S(zZ)) Xp T (Zp); 
(g) for all z,Z € Z there exists w € Z which is comparable (with respect to <p) 
to zand Z. 


Hence, our conclusion follows by Theorem 19.25. 


As before, if the contraction condition (ii) is satisfied on X x X, then no 
monotonicity assumptions are needed and we obtain the following result. 


Theorem 19.34 Let (X, d) be a b-metric space with constant s, > 1, (Y, p) be 
a complete b-metric space with constants, > landG: XxX > Y,s:X > Y 
be two operators. We suppose: 


(i) GX x X) C s(X); 
(ii) there exists a comparison function g : R, > R, such that 
p(G(, y), Glu, v)) + p(GYy,x), G(v, u)) < p(d(x, u) + d(y, v)), 


for all (x, y), (u,v) € X xX X; 
(iii) s is expansive, that is, p(s(x,), s(x>)) > d(x, %,), for all x, x. € X; 
(iv) s is continuous or s(X) is closed or the b-metrics d and p are continuous. 


Then, there exists a unique z* = (x*,y*) € X XX solution for the coupled 
coincidence system (19.21). 


It is easy to see that a similar result takes place under a slight modification of 
the contraction condition, as follows. 


Theorem 19.35 Let (X, d) be a b-metric space with constant s, > 1, (Y, p) be 
acomplete b-metric space with constant s, > landG: XxX > Y,s:X > Y 
be two operators. We suppose: 


(i) GX x X) C s(X); 
(ii) there exists a comparison function g : R, > R, such that 
max{p(G(x, y), Gu, v)), p(G(Y, x), G(v, u))} < p(max{ (d(x, u), d(y, v))}), 


for all (x,y), (u,v) € X xX X; 
(iii) s is expansive, that is, p(s(x,), s(x,)) > d(x,, >), for all x,,x. € X; 
(iv) s is continuous or s(X) is closed or the b-metrics d and p are continuous. 


Then, there exists a unique z* = (x*,y*) € X XX solution for the coupled 
coincidence system (19.21). 
Proof: The proof runs in a similar way to the proof of Theorem 5.4 working 


with the the b-metric 
A(x, y),(u, V)) = max{d(x, w), d(y, v)} 
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on Z := X XX and with the b-metric 


P((x, y), (U, v)) += max{ p(x, u), p(y, v)} 
on W := Y x Y. The conclusion follows by Theorem 3.12 in [54). oO 
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20.1 The Corona Problem 


20.1.1 Banach Algebras: Spectrum 


In order to state the corona problem, a few notions on Banach algebras are 
needed. In this section, we will recall the needed definitions and results, without 
proofs. The interested reader can find the theorems proven in [1, Section 12.1]. 

A commutative algebra B over C with unit 1 is said to be a Banach algebra if 
it is a Banach space with a norm || - || such that 


HUI = 1, Meyll s Ilell byl 


for all x,y € B. 
A Banach algebra B is called an uniform algebra if for all b € B 


Ib"I| = ld’. 


This condition is very restrictive and the only uniform algebras are algebras of 
C-valued functions. 

From now on, B will always denote a Banach algebra. 

The spectrum of an element b € B is the subset of C 


o(b) = {AEC: A-1-—bis not invertible}. 


For every b € B, the spectrum o(b) is a compact subset of C. 

A character of B isa homomorphism of algebras vy : B > C. Every character 
x of a Banach algebra is continuous. In particular the norm of every character 
is bounded by 1. If the character y is not trivial (i.e., does not send B in 0) than 
since y(1) = 1 ||7|| =1. 
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The spectrum of B is the set §(B) of all nontrivial characters of B. If B* 
denotes the dual space of B than 


MB) c {b* € B* : ||b*|| < 1}, 


thus the spectrum, with the topology induced by the weak-* topology on B* 
(called the Gelfand topology), is compact, thanks to Banach—Alaoglu. 
M(B) equipped with the Gelfand topology is a compact Hausdorff space. 
For every b € B, the map b: M(B) — C defined by 


b(x) = x(b) 


is called the Gelfand transform of b. By B we denote the set of all Gelfand trans- 
forms of B. 

The Gelfand topology is the weakest topology that makes every Gelfand 
transform a continuous map. 

The mapI : B > C°(M(B)) sending an element of B to its Gelfand transform 
is continuous (the space of continuous C-valued functions on the spectrum 
being endowed with the sup norm). 


20.1.2. Banach Algebras: Maximal Spectrum 


The closure of any proper ideal of a Banach algebra B is a proper ideal. Hence 
maximal ideals are closed. The set of all maximal ideals of B, Q(B), is called the 
maximal spectrum of B. 

There is a natural bijection between the spectrum and the maximal spectrum 
of algebra, sending a nontrivial character to its kernel: 


T : M(B) > Q(B), ge Kerg. 


The spectrum of a Banach algebra is a nonempty compact space. 


20.1.3. The Algebra of Bounded Holomorphic Functions and the 
Corona Problem 


Let D be a domain (i.e., an open connected set) in C” or more generally in a 
complex manifold or a complex space X. 

By O(D), we denote the algebra of holomorphic functions on D and by H™(D) 
the algebra of bounded holomorphic functions on D. H™(D) is a Banach algebra 
when endowed with the supnorm: 


IIfll.o = sup |f(@)I- 
zED 


Assume H®(D) separates the points of D, that is, given any two points 
z#w & D there isa function f € H®(D) such that f(z) # f(w). 
Then there is a natural embedding 1 of the domain D into the (maximal) spec- 
trum M(H (D)) given by 
u(z) = {f € H*(D)|f@ = 0}, 


that is, z is sent to the ideals of functions vanishing in z. 
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Obviously, :(D) is not all of the spectrum (e.g., the ideals of functions vanish- 
ing at a point of the boundary is not in the image), also for the compactness of 
the spectrum. 

Consider the set 


M(H™(D))\(D), 


called the corona. 

The corona conjecture states that the corona is empty, that is, the domain D 
naturally embeds densely in the spectrum I(H™(D)). 

We remark that the corona conjecture has an analytic equivalent form: 


Theorem 20.1 Assume bounded holomorphic functions separate points 
of D. 
i(D) is dense in IN(H™(D)) if and only if for all f,, ....f, € H°(D) such that 


YP = 5 >0 
i=1 


for all z € D, there exists g,,...,g,, € H™(D) such that 


Yfi@g@=1 VzeD. 


i=1 


For a proof, see [1, p. 342]. 


20.2 Carleson’s Proof and Carleson Measures 


The conjecture (which is false in all generality) was first posed by Kakutani in 
1941 for the unit disk A C C. 

A first step towards the solution of the corona conjecture for the disk A was 
done by Newman in 1959 [2], and a positive answer was given by Carleson [3]. 

Carleson’s original proof was based on Carleson measures. 

Carleson measures were defined by Carleson for all H?(A) spaces. H?(A) for 
p = lis the Banach space of all holomorphic functions with finite norm 


2a 
. 1 id 
fly = tim [ Lftreyp a, 


Definition 20.1 Let y be a positive Borel measure on the disk A. y is said to 
be a Carleson measure iff there exists a constant C such that for all f € H?(A) 


[ifor du < CllfIl,. 
A 


Observe that y is a Carleson measure for H?(A) iff the identity maps H?(A) 
continuously into L?(A, 4). 
If this inclusion is compact, we say that py is a vanishing Carleson measure. 
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Using Carleson measures and interpolations methods for Blaschke products 
[4], Carleson was able to prove the corona conjecture for the disk. 

Both the corona theorem and the methods of Carleson’s proof had a huge 
impact on mathematics in the subsequent decades. In the next sections, we will 
follow the developments of the corona conjecture and of the theory of Carleson 
measures from 1962 to today. 


20.2.1 Wolff's Proof 


Later, in 1980, Wolff gave in a seminar a more elementary proof (written down 
by Gamelin [5]) based on d-estimates — following a strategy outlined by Hér- 
mander [6] — in which he proved a stronger result obtaining an explicit bound 
on the norms of the functions g, of Theorem 20.1: 


Theorem 20.2 For all 1 € N and 6 > 0 there exists a constant C(v, 6) such 
that iff,,....f, € H*(A) satisfy || fll, < 1 and 


Y U@P > 6 
i=1 


for all z € A, there exists g,,...,g,, € H™(A) such that 


VAs =1 VzeED 
i=1 
and [Igillos < C,(1,4). 


The constant C,(u, 6) can be explicitly computed (see, e.g., [1, p. 347]) and is 
a polynomial in x. 


20.3 The Corona Problem in Higher Henerality 


In the last 50 years, the corona problem has been treated in several different 
situations. In this chapter, we cover only a few of those results. There are 
also matrix-valued (both in the complex and the quaternionic case) and 
operator-valued versions of the corona problem which we do not treat here. 
The interested reader may read a more complete story in [7]. 


20.3.1 The Corona Problem in C 


In view of the Riemann mapping theorem, the corona problem has a positive 
answer for all simply connected domains D € C. In C the problem has a triv- 
ial positive answer due to the fact that the only bounded holomorphic entire 
functions are constants. 
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In 1970, Gamelin [8] proved that if D C CP? is such that there exists an inte- 
ger m such that the complement of each component of D has at most m com- 
ponents (i.e., each connected component of D is (m + 1)-connected), then the 
corona problem has a positive answer. 

Actually Gamelin proves the following stronger version of the theorem, sim- 
ilar to Theorem 20.2: 


Theorem 20.3. Let D c CP! be an (m+ 1)-connected domain. For all € N 
and 6 > 0 there exists a constant C,,,(u, 6) such that if fi, ....f, € H®(D) satisfy 
IIfillan < Land 


YUP = 6 
i=1 


for all z € D, there exists g,,...,g,, € H™(D) such that 
YAK =1 VzED 
i=1 


and [[gjlley < Cyy(1-8). 


Open problem. The corona conjecture is still an open problem for an arbi- 
trary open subset D of C. 


Remark 20.1 In the cited paper, Gamelin shows that an affirmative answer to 
this question is equivalent to the boundedness for each integer m > 1 and 6 > 0 
of the best possible constants C,,,(1, 6) of Theorem 20.3. 

In case the best possible constants are not bounded, a counterexample to the 
corona conjecture for D C C is easy to produce. 


20.3.2. The Corona Problem in Riemann Surfaces: A Positive and a 
Negative Result 


In 1963, Alling [9] proved that if X is a finite open Riemann surface, then the 
corona conjecture has a positive answer: X is dense in the spectrum of bounded 
analytic functions on X. 

A finite open Riemann surface X is a proper open connected surface of a 
compact Riemann surface W whose boundary coincides the boundary of the 
complement of X in W and is consists of a finite number of closed analytic 
arcs. Since W \ X has nonempty interior, Riemann—Roch theorem shows that 
bounded holomorphic functions separate points of X and the corona conjec- 
ture is meaningful. 

This theorem of Alling implies the corona theorem for finitely connected 
domains of the projective plane CP! bounded by analytic curves, that is, a 
weaker version of Theorem 20.3 by Gamelin, which was to be proved 7 years 
later. 
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It is known that the corona problem for Riemann surfaces has in general a 
negative answer. The first counterexample was due to B. Cole (see Chapter 4 
in [10]). 

The construction of the example runs along these lines, using the idea of 
Gamelin in C (see Remark 20.1). 

Fix 6 > 0. First are constructed a sequence {R,,,} ,cx Of finite bordered Rie- 
mann surfaces and bounded holomorphic functions f, ,,,, fy, of norm at most 1 
on R,,, such that |f, (2) + [fon(2)| 2 6 on R,, and if 2) 4,89 € H*(R,,) satisfy 


SimSim tion kith =1 


on R,, then either |[g) jrllo. OF Ilg2mlloo are greater than m. This means that 
{Rijmen iS a sequence of finite bordered Riemann surfaces where, if the 
corona problem has positive answer, the best possible constants are unbounded: 
Cp (2,6) = m. 

‘The unboundedness of these constants allows the construction of a con- 
nected Riemann surface R containing all the Riemann surfaces R,, and their 
borders as disjoint subsets and of two holomorphic functions f,, f, on R 
whose norms are bounded by 1 such that | f,| + |f,| = 6 on R and there are no 
holomorphic bounded functions g,,g, on R such that fig, +g. = lonR. 

Cole’s counterexample can be easily fattened in order to provide a counterex- 
ample in any dimension. 

Cole’s example was later modified by Nakai [11] in order to show that in Rie- 
mann surfaces of Parreau—Widom type, whose algebra of bounded analytic 
functions shares many properties with H™(A), the corona problem does not 
have a positive answer. The counterexample is of course a Riemann surface with 
infinite genus and infinite connectivity. 


20.3.3. The Corona Problem in Domains of C” 


While for domains in C it is still unknown whether the corona conjecture has 
always a positive answer, in C” several counterexamples are known. 

In several complex variables, the corona conjecture fails even for domains of 
holomorphy, as the following example, due to Sibony [12], shows. 


Example 20.1 Let {Z;};<,, be a sequence of points in the unit disk A without 
limit points in A and such that each point in bA is a nontangential limit of a 
subsequence of {z,}. Let {;}jc,, be a sequence of positive numbers such that 
» 4, is finite. Defining the function 


lee} 


VQ= I] 


j=l 
on the disk A and 
M(A, V) = {((z,w) EAXC: |w| < gO) 


is a bounded domain of holomorphy such that all bounded holomorphic func- 
tions f € H™(M(A, V)) are restriction of bounded holomorphic functions on 


Z— zl 


2 
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the bidisk A? (for details we refer to [1, pp. 340, 347-348]). Thus, the corona 
problem has a negative answer for this domain, which is a Runge domain. 


Using the previous example, Sibony [13] was able to construct a domain in C? 
that shows that the corona conjecture has a negative answer even for a pseudo- 
convex bounded domain whose boundary is strictly Levi-convex at all points 
but one of its boundary. This is extremely interesting since the related problem 
for the algebra A(Q) of holomorphic functions continuous up to the bound- 
ary has a positive answer for pseudoconvex bounded domains Q, that is, the 
spectrum of the algebra coincides with Q, as proved by Sibony himself with 
Hakim [14]. 

Open problem. The corona problem is still open in the simple domains as the 
unit ball and the unit polidisk in C”, for n > 1. 


20.3.4 The Corona Problem for Quaternionic Slice-Regular Functions 


20.3.4.1 Slice-Regular Functions f : D > H 

Let H be the space of quaternions, that is, of elements q = x9 + ix, + jx, + kx, 
where x,ER (J=0,...,3) and ? =j? =k* = ijk =—1. Quaternions are a 
skew field. 

Many attempts have been done in the last century to define a notion similar to 
that of holomorphic functions in C for functions f : H > H. The main problem 
in doing so in a satisfying manner (i.e., being able to reproduce some of the 
nice properties and theorems that can be obtained in the complex case) lies in 
the lack of commutativity of quaternions, which has many nasty consequences. 
Just to explicitly name a few, it makes necessary a distinction between right 
and left differentiation; and monomials are not only the ones written in a nice 
way aq” or q"a but also things of the sort a,qa,q---4a,qda,,,,. Thus, differential 
conditions are pretty difficult to use (and any differential condition in C has 
two natural generalizations in H) and even simple functions as polynomials are 
rather complicated. 

Several definitions given in early 1900 had the problem of having too few 
regular functions (for example not even the identity was regular) and of the 
notion not being preserved by pointwise multiplication of functions. To make a 
long story short, a satisfying definition was given in 2006 by Gentili and Struppa 
[15], where a notion of slice-regularity was introduced. 

We briefly recall some basic definitions. For details and proofs, the interested 
reader should refer to [16] or [17] for an even more general theory on alternat- 
ing algebras. 

Let S C Hbe the sphere of imaginary units of H, that is, the set of quaternions 


gq of modulus |q| = /x5 + x} + «5 + x3 = 1 and such that q” = —1. Notice that 
S = {ix, + jx, + kx, € Hla} +x5 +x} = 1}. 


For any fixed J € S the set C, = {x + ly|x, y € R} is a complex plane. 
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For g =%) + 1yp) € H, y $ 0, we denote by [gq] the two-dimensional sphere of 
quaternions with same real part and same modulus as q; if qg € R, [q] = {q}. A 
domain Dis said to be axially symmetric if for each g € D the set [q] is contained 
in D. The axially symmetric completion of a domain D is the domain 


qeD 


A domain D C His said to be s-regular if its slices D, = DM C, are connected 
for every] €S. 


Definition 20.2 Let D C H be a domain and f : D > H be R-differentiable. 
The function f is said to be (left) slice-regular if for every I € S its restriction f; 
to D, = DNC; satisfies 

0 


Of (xe +1y) = ; (2 +12) fo+I)=0 


We will call SR(D) the set of (left) slice-regular functions on D. 


Notice that polynomials and power series with coefficients on the right, that 
is, of the special form f(g) = >} g"a,, are left slice-regular. A similar definition of 
right slice-regularity can be given as to make right slice regular all polynomials 
and power series with coefficients to the left. 

Any (left) slice-regular function on D can be extended to a (left) slice-regular 
function defined on the axially symmetric completion of D. Thus, it is mostly 
interesting to study (left) slice-regular functions in axially symmetric domains. 

The notion of (left) slice-regularity is mostly interesting for domains inter- 
secting the real axis, as if DQ R = 9, slice-regularity does not even imply con- 
tinuity. It can however be given a different definition that agrees with the one 
above on domains intersecting the real axis and is meaningful and interesting 
also in the case the domain does not intersect R. We are not interested in such 
a definition here, as we will treat just the unit ball. 

The sum of two slice-regular functions is slice-regular, but their pointwise 
product is not. Therefore, a new product has been introduced on slice-regular 
functions, to turn them into an algebra. We do not present here the com- 
plete definition of «-multiplication, but just how it works for power series. 
Let f(@ = Dd q"a, and g(q) = > q"b, be two power series converging on 
B(O,r) C H for some r > 0. Then 


(f * Sq) = by Q"Cys Cn = Sy AD y_1> 
k=0 


that is, their *-multiplication is defined as if the coefficients commuted with 
the variable q. 
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A big problem when dealing with slice-regular functions is that the composi- 
tion of two slice-regular functions is not necessarily slice-regular, so something 
in the spirit of Riemann uniformization theorem is actually either impossible 
or useless. 


20.3.4.2_ The Corona Theorem in the Quaternions 
The results in this section are due to Shelah [18]. 

Slice-regular functions (and their zeros) behave quite weirdly. While for the 
disk A c C the condition )7., | fl? = 6 > 0 for functions f, € H®(A) is both 
necessary and sufficient for the existence of g, € H®(A) such that )),.f.g = 1, 
things are quite different in the ball B C H. 

First of all, since *-multiplication is not commutative we have to consider 
two different problems (H™ denotes the space of bounded left slice-regular 
functions): 


1. The left inverse problem: given f,, ....f, € H®(B) under which condition 
there exist g),...,g, € H™(B) such that 


YD & *f = 1? 
k=1 


2. The right inverse problem: given f,, ...,, € H™(B) under which condition 
there exist g),...,g, € H®™(B) such that 


Vf *#& =1? 
k=1 


While — as in the complex case — for the right inverse problem the condition 
VLE? = 5 > 0 (20.1) 
k=1 


is necessary, for the left inverse problem it is not, as the following example 
shows. 

Let fi(q@) = q —iand f,(q) = (q — ij. Then both functions have a zero ing = i, 
yet defined g,(q) = 5 and g,(q) = 


Ni~ 


«MG + & *AO = 5 *(q-D+ 5 * G- di 


NI~. 


—i? — ijk 
SH hie = =F a4, 

Open problem. It is unknown whether condition (20.1) is sufficient for the left 
or right inverse problem. 


In [18] also a quaternionic matrix-valued corona theorem is proved. 
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20.4 Results on Carleson Measures 


Carleson measure, as already noted at the beginning of this chapter, were ini- 
tially introduced by Carleson in the setting of Hardy spaces. However, their 
definition makes sense in a much bigger generality. 

Let D be any complex domain (of an Euclidean complex space or of some 
complex manifold or even complex space). Let A be a Banach algebra of holo- 
morphic functions on D and assume A C L?(D) for some p > 0. 


Definition 20.3 Let be a positive Borel measure on D. yp is said to be a 
Carleson measure of A C L*(D) iff there exists a constant C such that for all 
f € H(A) 


[for dus cisip. 
D 


Observe that y is a Carleson measure for H?(D) iff the identity maps A con- 
tinuously into L?(D, 2). 
If this inclusion is compact, we say that y is a vanishing Carleson measure of A. 


20.4.1 Carleson Measures of Hardy Spaces of the Disk 


The first algebras for which Carleson measure were studied are Hardy spaces. 
While there seems not to be a priory reasons for Carleson measures relative to 
different Hardy spaces H?(A) to have relations with each other, the notion of 
Carleson measure is actually not dependent on p > 0, as proved by Duren in 
1959 [19]. 


Theorem 20.4 A finite positive Borel measure yp is Carleson of H?(A) if and 
only if the y-measure of the Carleson boxes 


S,, = (re? € All-—h<r<1,|0—-0| <h} 
oh 0 


is controlled by a fixed multiple of h, that is, there exists C > 0 such that 
H(So,,) < Ch for all / and all 65. 


This means that a measure py is a Carleson of a Hardy space of the disk if and 
only if the z-measure of any Carleson box S, ;, is bounded by (a fixed multiple 
of) its side. 

It is sufficient to prove the theorem for p = 2, after factoring Blaschke prod- 
ucts out of the bounded holomorphic function f, considering f?/? instead of f. 

The functions f,(z) = (1 — az)!, a € A show the necessity of the condition, 
while the sufficiency is the difficult part to prove. 

The Carleson boxes are not invariant under biholomorphisms, so the char- 
acterization given by Theorem 20.4 is not an intrinsic characterization. It is a 
characterization based on the extrinsic Euclidean metric (i.e., based on how the 
disk lies inside C) rather than based on the intrinsic hyperbolic Poincaré metric 
of the disk. 
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20.4.2 Carleson Measures of Bergman Spaces of the Disk 


IfD Cc C” is a bounded domain then we define the Bergman space of functions 
A?(D) as the space of holomorphic L?(D) functions endowed with the LZ? norm. 

The Carleson measures of the Bergman spaces of the disk A C C were inves- 
tigated by Hastings [20], who found a characterization in terms of the measures 
of Carleson boxes. Again, thanks to this result, the set of Carleson measures of 
A?(A) does not depend on p (but it is different from the set of Carleson mea- 
sures for the Hardy spaces). 


Theorem 20.5 A finite positive Borel measure y is Carleson of A?(A) if and 
only if the y-measure of the Carleson boxes 


S,,= {re® € All-—h<r<1,|0-0| <h} 
Ooh 0 


is controlled by a fixed multiple of H, that is, there exists C > 0 such that 
H(Sp, 1,) < Ch? for all h and all 6. 


This means that a measure yw is a Carleson of a Bergman space of the disk 
if and only if the z-measure of any Carleson box Sy, ;, is bounded by (a fixed 
multiple of) its Lebesgue area. 

As already noticed, the Carleson boxes are not invariant under biholomor- 
phisms and this is not an intrinsic characterization. 

A characterization of Carleson measure of Bergman spaces of the disk in 
terms of hyperbolic balls was given by Luecking [21]. 

Consider in A the Poincaré distance @ or its strictly related pseudohyperbolic 
distance p (the relation between them being p = tanh(q@)). Let 


0 


—Z 
<r 
Zz 


Zz 
Bybun= 426 = 

1—Z 
be the Poincaré disk of center z) € A and pseudohyperbolic radius 0 < r < 1. 
Then the following theorem holds. 


Theorem 20.6 A finite positive Borel measure y on A is Carleson of A?(A) if 
and only if for some (for all) 0 < r < 1 there is a constant C,. > 0 such that 


H(By (Zo, 1) S C,A(By Zs 1), 


A being the Lebesgue measure, that is, if and only if the ~-measure of Poincaré 
disks are uniformly controlled by their Lebesgue measure. 


The Poincaré disks are invariant under automorphisms of the disk, thus this 
characterization — which is always a characterization based on a bound on the 
H-measure in terms of the Lebesgue measure — is way better than the previ- 
ous one. 
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20.4.3. Carleson Measures in the Unit Ball of C” 


The first results on Carleson measures in several complex variables has been 
obtained for the unit ball B” C C” by Cima and Wogen [22]. Again the char- 
acterization is given — similarly to the one by Hastings (or the original one by 
Carleson for H?(A) — in terms of Carleson boxes. A Carleson box in B" of loca- 
tion ¢ and dimension f¢ is the set 


S@,t) = {ze B"||[1—z-¢| <¢}, 


that is, the set of points whose scalar product with z is sufficiently near to 1. As 
in the case on the unit disk, Carleson boxes are defined in terms of the extrinsic 
euclidean geometry. 


Theorem 20.7 A positive Borel measure on B” is Carleson of the Bergman 
space A?(B” if and only if there is a constant C > 0 such that, for all Carleson 
boxes 


M(S(C,t)) < CASE, £)), 


where 4 is the Lebesgue measure, that is, the ~-measure of all Carleson boxes 
is uniformly bounded by their Lebesgue measure. 


Again this theorem shows that the set of Carleson measure is the same for all 
Bergman spaces of the unit ball. 

To provide a characterization that only uses the intrinsic geometry of the unit 
ball, a distance with properties similar to those of the Poincaré distance in the 
disk is needed. There are actually several possibilities. 

In great generality, we will define two pseudodistances on a connected com- 
plex manifold (or even a complex space) X, that is, functions 


d:XxXxX>R, 


symmetric, satisfying the triangular inequality (d(x, z) < d(x, y) + d(y,z)) and 
such that d(x, y) = 0 if = y € X. We remark that if the last if is actually an iff, 
d isa distance. 

Both pseudodistances we define are based on the Poincaré distance w on the 
disk A. The Carathéodory pseudodistance cy is based on holomorphic func- 
tions from X to A, while the Kobayashi pseudodistance ky is based on holo- 
morphic maps form A to X. Let z, w € X, then we define: 


e (Carathéodory) cy(z, w) = sup{@(h(z), h(w)) | h : X > A holomorphic}; 
e (Kobayashi) k,(z, w) = inf{ yr o(G;,nj)}, where ¢;,n; € A are such that 
there are holomorphic disks g; : A > X connecting z and w: z = $o(o), 


fj(n;) = Pj Gar) Pin Nn) = W. 


Both cy and ky are pseudodistances (in general not coinciding) that are 
decreasing under holomorphic maps: 
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Proposition 20.1 Let f : X — Y beholomorphic maps. Then for all z, w € X 
cy(f(Z),f(W)) < cx(Z, w), 
ky(f(@),f(W)) S ky, w). 


Hence, these pseudodistances are invariant under biholomorphisms and 
actually reflect the complex structure of the manifold (space) X. 

If ky is a (complete) distance, X is said to be (complete) Kobayashi hyper- 
bolic; if cy is a (complete) distance, X is said to be (complete) Carathéodory 
hyperbolic. While this notions are usually different, they coincide (and coincide 
with several other notions of hyperbolicity, as Brody hyperbolicity) in case of 
domains of C” with convexity properties (as convexity [23] or C-convexity [24]). 

Due to Proposition 20.1 and the fact that kg, and cp, are explicitly known 
(and are distances), bounded domains of C” are Kobayashi (and Carathéodory) 
hyperbolic. 

For more details about this distances we refer the reader to [25, Section 2.3] 
or [26, 27]. 

An intrinsic characterization of Carleson measures of Bergman spaces of the 
unit ball similar to the one provided by Luecking in dimension one has been 
proved by Duren and Weir [28], using the Kobayashi distance, or more precisely 
the pseudohyperbolic distance p: p = tanh(kg,.). 

Let the Kobayashi ball of center z) and pseudohyperbolic radius r be 


B, (Zo) = {z = B"| p(Z, Z) < r}. 


Theorem 20.8 A finite positive Borel measure y on A is Carleson of A?(B”) 
if and only if for some (for all) 0 < r < 1 there is a constant C, > 0 such that 


H(B,(Z9,1)) S C,A(B,(Z.1))s 


A being the Lebesgue measure, that is, if and only if the ~-measure of Kobayashi 
balls are uniformly controlled by their Lebesgue measure. 


In the very same paper [28], Duren and Weir obtained yet another character- 
ization of Bergman spaces of the unit ball, based on the Bergman kernel. 

If D c C", the space A?(D) of L? holomorphic functions is a separable Hilbert 
space endowed with the inner product 


(fg) = - fEda. 


Given a point z € D, consider the continuous functional e, of evaluation at 
z:e,(f) =f (2) for all f € A?(D). Thanks to Riesz representation theorem, e, can 
be represented as a scalar product, that is, there is Kp(z, -) € A?(D) such that 


(O=2G2G KES i: Role.) da, 
D 


for every f € A*(D). K,(z,-) is a reproducing kernel, known as the Bergman 
kernel. 
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We recall that the Bergman kernel on the diagonal is real and strictly positive, 
more precisely Kp(z, z) = ||Kp(z, -)|I5. For details and properties of the Bergman 
kernel, refer, for example, to [1, Section 1.6]. 

For any finite positive Borel measure y one can define its Berezin transform 
as the function Bu : D > R, given by 


IKp(, 2)| 
a du(s). 
p Kp, 2) 
Duren and Weir [28] proved the following theorem. 


Bu) = 


Theorem 20.9 Let bea finite positive Borel measure on B”. p is a Carleson 
measure of A?(B”) if and only if its Berezin transform By is bounded. 


20.4.4 Carleson Measures in Strongly Pseudoconvex Bounded 
Domains of C” 


Proving results in the disk A or in the ball B” is usually made easier by the 
abundance of tools we have at our disposal working there, for example, the huge 
automorphism groups, which are transitive. Usually this approach cannot be 
generalized to other domains, as even strongly pseudoconvex domains which 
are not biholomorphic to the ball admit very few automorphisms. 

But one should expect most results obtained in the ball to still be valid for 
strictly convex (or more generally strongly pseudoconvex) bounded domains 
of C”. 

Cima and Mercer [29], while studying the properties of the composition 
operator between holomorphic functions, characterized Carleson measures 
of A?(D) for D bounded strongly pseudoconvex domain of C”. In doing this, 
Carleson measures with a given weight were introduced. 

Their characterization depends on the extrinsic Euclidean geometry of C” 
and shows that also in this setting the set of Carleson measures of A?(D) is the 
same for all p. 

In order to get an intrinsic characterization of Carleson measures of bounded 
strongly pseudoconvex domains, it is necessary to have an understanding on 
the geometry of Kobayashi balls and precise estimates on the Bergman kernel, 
both on and out of the diagonal. 

In this way, for bounded strongly pseudoconvex domains, the very same char- 
acterizations as in the ball case of Carleson measures (via Berezin transform or 
via estimates on the y-volume of Kobayashi balls) hold, as Abate and Saracco 
[30] proved in 2011. 


Theorem 20.10 Let yw be a finite positive Borel measure on a strongly 
pseudoconvex bounded domain D c C”. Then the following statements are 
equivalent: 


1. wis a Carleson measure of A?(D) for some (and hence all) p € (0, +00); 
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2. the Berezin transform of py is a bounded function; 

3. for every r € (0, 1) there exists a positive constant C, such that for all z) € D 
H(Bp(Zp.7)) S C,A(Bp (yr): 

4. for some r € (0, 1) there exists a positive constant C, such that for all z) € D 
H(Bp(Z,1)) < C,A(Bp (Zo, r)). 


20.4.5 Generalizations of Carleson Measures and Applications 
to Toeplitz Operators 


As observed in Definition 20.3, the definition of Carleson measure can be 
restated as the continuity of the identity map between A and L’(D, 1) and so 
it makes sense to ask for something more, as, for example, the compactness of 
this inclusion. 

If the inclusion is compact, the Carleson measure yp is said to be vanishing. 
The results we stated in the previous sections have their corresponding coun- 
terparts in the setting of vanishing Carleson measure. The idea of vanishing 
Carleson measure is mostly useful in the study of Toeplitz operators. 

Let D c C” be a domain. The reproducing Bergman kernel K,(z, ¢) is very 
interesting because not only it is a means to reproduce the values of a function 
f € A?(D) by an integral: 


{@= | Kp, S)f(S) dace), (20.2) 
D 


(A as always denotes the Lebesgue measure) but also because the very same 
integral expression gives a projection B of O(D) onto A?(D), called the Bergman 
projection: 


Bi@ = / Kp, Of) dad), f € OW). (20.3) 
D 


Since for each p > 1 there are functions in A?(D) but not in A%7(D) for any 
q > p, one cannot in general expect the Bergman projection to send functions 
in A?(D) in A4(D) if g > max(2, p). However, it might be useful to have an oper- 
ator which regularizes holomorphic functions giving better growth conditions. 

With this idea in mind Cuckovié and McNeal [31] in 2006 introduced the 
Toeplitz operators T;, of the following form: 


Ts, f (2) = BO"f) = [Kot S)O(C)"F() AC), 
D 


where 6(¢) = d(¢, 0D) is the Euclidean distance of ¢ from the boundary of D 
andy > 0, thus wy = 6" - Ais a positive Borel measure. If D is abounded domain, 
u = 6"- iisa finite positive Borel measure. 

Cuékovié and McNeal proved that these Toeplitz operators actually give a 
gain in growth in the case D is a bounded strongly pseudoconvex domain. 
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More generally, if D cC C” is a domain and ya finite positive Borel measure 
on D, we can define the Toeplitz operator associated to p as 


fe) = | Kye. 
D 


The first to consider such operators was Kaptanoglu [32] in 2007 for the unit 
ball of C”. 

In the most general setting of bounded strongly pseudoconvex domains, 
Abate et al. [33] provided an interesting link between 0-Carleson measures 
and properties of Toeplitz operators. 

As we have already observed, a finite positive Borel measure is Carleson of 
A?(D) (D Cc C" being bounded strongly pseudoconvex) iff 4 is (geometric) Car- 
leson, that is, for some (for all) 0 < r < 1 there is C, > 0 such that 


M(BpZo.1)) < C,A Bp") 


for all Kobayashi balls. 

Thus, given 6 > 0, we can define a finite positive Borel measure to be a 
(geometric) 6-Carleson measure iff for some (for all) 0 < r < 1 there is C, > 0 
such that 


H(Bp(Zo.1)) < C,ABpEo, 7)” 
for all Kobayashi balls. 
If, moreover, 


lim p(Bp(Zo,r))A(BpZo,1))” = 0, 
Z%—70D 


His said to be a vanishing (geometric) 0-Carleson measure. 
If 9 = 1 we get again the notions of Carleson measure or vanishing Carleson 
measure. 


Theorem 20.11 Let Dc C” be a bounded strongly pseudoconvex domain, 
a finite positive Borel measure on D and 1 < p <r < ow. The following are 
equivalent: 


1. T, : A?(D) > A"(D) continuously (resp. compactly); 


2. wis a (resp. vanishing) (1 + : - +) -Carleson measure. 


Actually the notion of (resp. vanishing) geometric Carleson measure is linked 
to the continuity (resp. compacticity of the inclusion of a Bergman space with 
weight in L?(D)). For details, see [33]. 


20.4.6 Explicit Examples of Carleson Measures of Bergman Spaces 


For Bergman spaces, as we have seen, the property of being Carleson for a 
finite positive Borel measure yp is a property of having the v-measure of sets 


The Corona Problem, Carleson Measures, and Applications 


(as Carleson boxes or Kobayashi balls) bounded by (a multiple of) the Lebesgue 
measure. 

Thus, some Carleson measures are easily constructed: If «= CA or even 
p= fA, with f bounded on the domain D, then p is Carleson. 

On the other side of the spectrum lie measures that are sum of Dirac’s deltas. 
Obviously any finite positive Borel measure with compact support is a Carleson 
measure, and so the property of being Carleson in this setting is interesting to 
explore for converging sums of Dirac’s deltas. 

To construct an important class of examples it is necessary to introduce the 
notion of uniformly discrete sequence. Let (X,d) be a metric space. A sequence 
of points {x,},< is said to be uniformly discrete if there exists 6 > 0 such that 
any two points of the sequence are at least 6-apart from each other. 

Carleson measures and uniformly discrete sequences are linked by the fol- 
lowing theorem, proved in the unit ball by Duren and Weir [28], Jevti¢ et al. [34], 
Massaneda [35], and in bounded strongly pseudoconvex domains by Abate and 
Saracco [30]. 


Theorem 20.12 Let DCC” be a bounded strongly pseudoconvex domain 
andT = {z,},<¢, C D. Then the following are equivalent: 


e Tis a finite union of uniformly discrete (with respect to the Kobayashi dis- 
tance) sequence; 
eu=), er d(Z;, oD)6,, is a Carleson measure of A?(D). 


(6, is the Dirac measure at zj and d(-, dD) is the euclidean distance from the 
boundary.) 


20.4.7. Carleson Measures in the Quaternionic Setting 


20.4.7.1 Carleson Measures on Hardy Spaces of B c H 
As we have seen, *-multiplication turns SR(D) into a (right) algebra, the def- 
inition of Carleson measure makes sense also in the quaternionic setting. As 
the only results known so far are in the ball B C H, we will give the definitions 
there. 

Let p>0, 1 €S and B,; =BNC,. We define the following subalgebra of 
SR(B): 


AP(B) = {f € SR(B)IIIFIl, < oo}, 


where 


20 
ILfll, = sup lim ( i [f(re”? |? 7) 
IES rol 0 


Definition 20.4 A finite positive Borel measure yp on Bis said to be a Carleson 
measure for H?((B) if there exists C > 0 such that for all f € H?(B) 


[\feor dua < cust, 
B 


1/p 
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A finite positive Borel measure y on B is said to be a slice Carleson measure 
for H?(B) if there exists C > 0 such that for all f € H?(B) andalll ES 


i Lf + BDI? duj(x +19) < CIPI, 
B, 


where ju, is the restriction of 4 on B;. 


The first results on Carleson and slice Carleson measures in the quaternionic 
unit ball were obtained on H?(B) by Arcozzi and Sarfatti [36] and then extended 
to H?(B) by Sabadini and Saracco [37]. 

Slice Carleson measures are in particular Carleson measures. The character- 
ization of both these classes of measures is given in terms of the quaternionic 
analog of Carleson boxes. 


Definition 20.5 If q = re’ € B(J € S), we define the Carleson box S;(0y,r) 
in the plane C, as 


S,(Oq.r) = {pe ||0-O| Sr, 1—-r<p <1}, 
and the symmetric Carleson box S(8o, 1) as 


S(Gp,7) = |_J 5p, 7). 


IeS 


Then the following characterizations hold [36, 37]. 


Theorem 20.13 A finite positive Borel measure on B is 


e aslice Carleson measure of H?(B) iff there exists C > 0 such that for all Car- 
leson boxes p1,(S;(0, 7) < Cr; 

e aCarleson measure of H?(B) iffthere exists C > 0 such that for all symmetric 
Carleson boxes u(S(6y,1)) < Cr. 


20.4.7.2 Carleson Measures on Bergman Spaces of B c H 
As in the complex case, Bergman spaces of slice-regular functions can be 
defined in a broader class of domains. The first definitions in this setting were 
given by Colombo et al. [38-41]. 

Let D Cc H be an axially symmetric s-domain. For p > 0, let the slice-regular 
Bergman space A?(D) be the set of all slice regular function f : D > H with 
finite norm 


1/p 
fla = (sep | ifs + Int ate + 5) ) 3 
IES D, 


A being the Lebesgue measure on C,. 
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Definition 20.6 Let Dc Hbean axially symmetric s-domain and y bea finite 
positive Borel measure on D. y is said to be 


e a slice Carleson measure on A”(D) if there exists C > 0 such that for all f € 
A?(D) 


[feet ini? diag 1) <I 
D, 
e a Carleson measure on A?(D) if there exists C > 0 such that for all f € A?(D) 


[vor du(q) < If Ili. 


The only results known so far are obtained in the unit ball B c H, for A?(B) 
[39-41] and A?(B) [37]. 

Open problem. So far no characterization of slice Carleson or Carleson mea- 
sures is known in a general axially symmetric s-domain. 

As in the H? case, being slice Carleson of A?(B) implies being Carleson of 
A?(B). 

Differently from what happens in the complex case, for the quaternionic case 
no characterization of Carleson measures of A?(B) is possible in terms of pseu- 
dohyperbolic balls holds [37]. The main problem in generalizing the result is 
the lack of a Moebius-like transformation of the unit quaternionic ball preserv- 
ing slice-regular function, that is, the fact that the composition of slice-regular 
functions may not be slice-regular. 

Instead, there is a characterization based on the hyperbolic geometry of the 
slices. Let B,(x + ly, r) be a pseudohyperbolic disk of pseudohyperbolic radius 
rin B, and B(x + Ly,r) its axially symmetric completion 


Bee + lyr) = J Be +J9,0). 
Jes 


Let us denote by A(x + Iy,r) the euclidean area of B,(x + ly, r). 
Then, slice Carleson and Carleson measure were characterized by Sabadini 
and Saracco [37] in the following way: 


Theorem 20.14 Let y bea finite positive Borel measure on B. 


1. pis slice Carleson of A?(B) if and only if for every (for some) 0 < r < 1 there 
is C such that for allx+ ly € B 


(B(x + ly, r)) < CA(x« + lyr); 


2. wis Carleson of A?(B) if and only if for every (for some) 0 < r < 1 there is C 
such that for allx+ ly € B 


M(B(w + ly, r)) < CA(x + ly, r). 
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